344 Nonlinear Analysis: Modelling and Control, 2013, Vol. 18, No. 3, 344-358

Some new fixed point results in non-Archimedean fuzzy
metric spaces

Peyman Salimi®', Calogero Vetro® 2, Pasquale Vetro®:>

#Department of Mathematics, Astara Branch, Islamic Azad University, Astara, Iran
salimipeyman @ gmail.com

P Universita degli Studi di Palermo, Dipartimento di Matematica e Informatica
Via Archirafi 34, 90123 Palermo, Italy
cvetro@math.unipa.it; vetro@math.unipa.it

Received: 12 December 2012 / Revised: 29 March 2013 / Published online: 18 June 2013

Abstract. In this paper, we introduce the notions of fuzzy («, 3, ¢)-contractive mapping, fuzzy
a-¢-1p-contractive mapping and fuzzy a-(-contractive mapping and establish some results of fixed
point for this class of mappings in the setting of non-Archimedean fuzzy metric spaces. The results
presented in this paper generalize and extend some recent results in fuzzy metric spaces. Also, some
examples are given to support the usability of our results.
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1 Introduction

The concept of fuzzy metric space was introduced in different ways by some authors
(see i.e. [1,2]) and further to this, the fixed point theory in this kind of spaces has been
intensively studied (see [3—11]). Here, we underline as the notion of fuzzy metric space,
introduced by Kramosil and Michalek [2] was modified by George and Veeramani [12,13]
that obtained a Hausdorff topology for this class of fuzzy metric spaces. Recently, Mihet
[14] enlarged the class of fuzzy contractive mappings of Gregori and Sapena [7] and
proved a fuzzy Banach contraction result for complete non-Archimedean fuzzy metric
spaces, see also Vetro [15]. Now, we briefly describe our reasons for being interested
in results of this kind. The applications of fixed point theorems are remarkable in dif-
ferent disciplines of mathematics, engineering and economics in dealing with problems
arising in approximation theory, game theory and many others (see [16] and references
therein). Consequently, many researchers, following the Banach contraction principle,
investigated the existence of weaker contractive conditions or extended previous results
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under relatively weak hypotheses on the metric space. Motivated by Samet et al. [17],
we introduce the class of fuzzy («, 8, ¢)-contractive mappings, fuzzy a-¢-1-contractive
mappings and fuzzy «-f3-contractive mappings. The reader is referred to [18-20] for
some discussions and applications on a non-Archimedean metric space and its induced
topology. For example, let X be a non-Archimedean metric space, some assumptions on
X can allow to extend a group of isometries of X to the group of Mobius transformations
on X. Additionally, this result applies when the metric space is a field, that is, the p-adic
numbers @, and it is known that many metrics arise from valuations on a ring. Also
for this, our results can be of interest in such areas of mathematics as algebra, geometry,
group theory, functional analysis and topology. In this paper, we give fixed point results
for some new classes of fuzzy contractive mappings. Our results substantially generalize
and extend several comparable results in the existing literature, in particular we consider
a recent result of Shen et al. [21].

2 Preliminaries

For the sake of completeness, we briefly recall some basic concepts used in the following.

Definition 1. A binary operation x : [0, 1] x [0, 1] — [0, 1] is called a continuous ¢-norm
if it satisfies the following assertions:

(T1) % is commutative and associative;

(T2) *is continuous;

(T3) ax1=aforalla € [0,1];

(T4) a*b < cxdwhenevera < candb < dforalla,b,c,d € [0,1].

Definition 2. A fuzzy metric space in the sense of George and Veeramani is an ordered
triple (X, M, %) such that X is a nonempty set, * a continuous t-norm and M is a fuzzy
set on X x X x (0,+o0) satisfying the following conditions for all z,y,z € X and
t,s > 0:

(F1) M(z,y,t) > 0forallt > 0;

(F2) M (z,y,t) = 1if and only if z = y;
(F3) M(z,y,t) = M(y,z,1);

(F4) M(z,y,t)

*M(y,z,8) < M(z,2,t+ s);
(F5) M(z,y,-): (0,+00) — (0,1] is continuous.

Then the triple (X, M, %) is called a fuzzy metric space. If we replace (F4) by

(F6) M(z,y,t)* M(y,z,8) < M(zx,z, max{t, s}),

then the triple (X, M, %) is called a non-Archimedean fuzzy metric space. Since, (F6)
implies (F4) then each non-Archimedean fuzzy metric space is a fuzzy metric space.

Definition 3. Let (X, M, ) be a fuzzy metric space (or a non-Archimedean fuzzy metric
space). Then

(i) asequence {x, } converges to z € X, if and only if lim,,_, { oc M (zy,x,t) = 1 for
allt > 0;
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(i) a sequence {z,} in X is a Cauchy sequence if and only if for all e € (0,1) and
t > 0, there exists ng such that M (z,,, ., t) > 1 — € for all m,n = no;

(iii) the fuzzy metric space (or the non-Archimedean fuzzy metric space) is called com-
plete if every Cauchy sequence converges to some z € X.

Definition 4. Let f : X — X and o : X x X — [0,400). Then f is an c-admissible
mapping if

alz,y) =1 implies offx,fy)>1, =z,yeX.
Definition 5. Let f : X — X, : X x (0,+00) — [0,400) and & : (0, +00) — (0,1).
Then f is a (k, 8)-admissible mapping if

Blx,t) < \/k(t) implies [B(fxz,t) < Vk(t), ze€ X, t>0.

Denote with @ the set of all the functions ¢ : [0,1] — [0, 1] with the following
properties:
(¢1) ¢ is decreasing and continuous;
(¢2) ¢©(N\) = 0if and only if A = 1.

Definition 6. Let (X, M, %) be a non-Archimedean fuzzy metric space and f be an
a-admissible and (k, 3)-admissible mapping. If there exists ¢ € @ such that

a(z, fx)aly, fy)e(M(fz, fy,t) < B(x,t)B(y, t)p(M(z,y,1)) (1)

holds for all z,y € X with ¢ # y and all ¢ > 0. Then f is called a fuzzy (o, 8, ¢)-
contractive mapping.

3 Main results

The following theorem is our first result on the existence of fixed points for fuzzy
(a, B, p)-contractive mappings.

Theorem 1. Let (X, M,x) be a complete non-Archimedean fuzzy metric space, « :

X XX = [0,400), 8: X x (0,+00) = [0,400) and k : (0,400) — (0,1). Assume

that f is a fuzzy (o, B, @)-contractive mapping such that the following assertions hold:

(a) there exists xo € X such that o(xg, fxo) > 1 and B(xo,t) < \/k(t) forallt > 0;

(b) if {xn} is a sequence such that oy, xpnt1) = 1foralln € N, and z,, — x as
n — +oo, then oz, fx) > 1.

Then f has a fixed point. Moreover, if y = fy implies a(y, fy) = 1 and forall x € X
and allt > 0, B(z,t) < 1 then f has a unique fixed point.

Proof. Let o € X such that a(zg, fxg) > 1. Define a sequence {z,} in X by x,, =
ffxo = fo,_q foralln € N. If .41 = x,, for some n € N, then x = z,, is a fixed
point for f and the result is proved. Hence, we suppose that x,, 11 # x, for alln € N.
Since f is an a-admissible mapping and a(zo, fzo) = a(xg,x1) > 1, we deduce that
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a(x1,x2) = afxo, fz1) > 1. By continuing this process, we get a2y, £n+1) > 1 for
all n € NU {0}. Similarly, we deduce that 8(x,,,t) < y/k(¢) forall n € NU {0} and all
t > 0. Also define 7, (t) = M (2p, Tp+1,t) foralln € NU {0} and all ¢ > 0. From (1)
with x = z,,_; and y = x,, we get
@(Tn(t)) = @(M(xn,xn+1,t))
(mn 17xn ($n7$n+1)<ﬁ(M($m$n+1at)>
O‘(xn 1, fxn 1)05(3;”’ fxn)w(M(fxn—h f'rna t))
ﬁ(xn ) (ZL’n,t)QO(M(ZL'n_l,iL'n,t))
< k‘(t)(p( (xn 17$n’t))
< p(Tn-1(t)). 2)
Since ¢ is decreasing, then 7,1 (t) < 7,(t), that is, the sequence {7, (¢)} is an increasing
sequence for all ¢ > 0. Take lim, o0 7 (t) = 7(f). We will show that 7(¢) = 1
for all ¢ > 0. Suppose, to the contrary, that 0 < 7(¢9) < 1 for some ¢y > 0. Since
Tn(to) < 7(to) and ¢ is continuous, by taking the limit as n — +o0 in (2) with ¢ = ¢,
we obtain

N

p(7(to)) < k(to)e(r(to)) < ¢(7(to)),
which is a contradiction. Hence, 7(¢) = 1 for all ¢ > 0. Now, we want show that {z,, } is
a Cauchy sequence. Assuming it is not true, then there exists € € (0,1) and to > 0 such
that for all £ € N there exist n(k), m(k) € N with m(k) > n(k) > k and

M (Zp (k) Tn(r) to) < 1— €. )

Assume that m(k) is the least integer exceeding n(k) satisfying the above inequality.
Equivalently,

M(xm(k)_l,xn(k),to) >1—e€ @)
and so, for all k, we get

L — € > M(Tpk), Tn(k) to)
2 M(Zpn(k)—15 Tm(k)> t0) * M(Tim(k)—1, Tn(k)s to)
> Tm(k)(to)*(l —6). )
By taking limit as n — +o0 in (5), we deduce that
REIEOOM(xm(k),%(k) to) =1—e

From

M (Zy(k)+15 Tn(k)+1, o)
2 M(Zpm(k)+15 Tm(k)> t0) * M (T (k)s Tr(k)s to) * M(Zpn), Tniry+1,to)
and
M (21 (k) Tn(k)» to)
= M(Zpy(k)+1> Tm(k)s 10) * M (Tp(k)+15 Tr(k)+1, t0) * M (T (k)s Trk)+1, to)
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we get
lim M (% (k)41 Tn(ry+1,t0) = 1 — €.

Now, by (1) with & = 2,,(1) and y = @, (1), we have

@ (M(Zm(k)+1, Tn(k)+1, to))
L AT () T () +1) T (k) > Tro () 1)L (M (T (1) 415 T ()41, T0))
= o Zpky)s fTm()) (T () fTn() ) (M (fZm()s k), to))

< B(@mr)s 10)B(@n(iys t0) P (M (Tm(r)s Tn(iys to))

< Ek(t0) (M (T, Tn(i)» to))-
Using the continuity of the function ¢, by taking the limit as k¥ — +oo in the above
inequality, we get

o(1— €) < klto)p(1 — ).

Now, if ¢(1 — €) = 0 then by (¢2) we have € = 0, which is a contradiction. Otherwise,
we assume that ¢(1 —€) > 0. Then 1 < k(to), which is a contradiction, since 0 <

k(to) < 1. Thus {z,} is a Cauchy sequence. The completeness of (X, M, x) ensures that
the sequence {z,} converges to some z € X, that is, for all ¢ > 0,

lim M(z,,z,t) =1

n—-+oo

Since, x,, # 41 forall n € NU{0}, by (F2), we get 0 < 7,,(t) = M (2p, Tpy1,t) < 1
for all £ > 0. Hence, there exists a subsequence {z,,()} of {x,} such that z,,(,y # z for
alln € N. From (1) with x = x,,(,y and y = z, we have

O(M (2141, [2, 1) < ATy, Tngryr1)(z, f2) @ (M (@n(ry+1, f2,1))
= a(Tn(r), [Tn(r))a(z, f2)o(M(fTny, f2,1))
< B(@nry, )B(2, )0 (M (2 (), 2, 1))

< k(t)go(M(xn(r),z,t)).

Taking the limit as n — +oo in the above inequality, we have

lim 90( (In(r)-i-lufzvt)) < k(t)@(l) =0

n—-+4o0o

and hence lim,, oo M (2y,(ry41, f2,t) = 1 forall £ > 0. From

M(xn(r)Jrla fza t) * M(xn(r)Jrlv Z, t) g M(Z7 fza t)7

by taking the limit as n — +o00, we obtain

1=1%1
= (lim My £2.0)« (lip My, =.0)
M 2.0
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Hence, M (z, fz,t) = 1and so z = fz.

Now, we assume that y = fy implies a(y, fy) > 1 and 5(z,t) < 1 forallz € X and
all t > 0. We show that z is the unique fixed point of f. Assume that w # z is another
fixed point of f and M (z,w,t) < 1 forall ¢ > 0, then we have

@(M(z,w,t)) = cp(M(fz, fw,t))
< alz, f2)a(w, fw)p(M(fz, fw,t))
< Bz, )B(w, t)p(M(2,w,1))
< cp(M(z,w,t)),

which is a contradiction and hence M (z,w,t) = 1 fort > 0, that is, w = z. O

Definition 7. Let (X, M, x) be a non-Archimedean fuzzy metric space and f : X — X
be an a-admissible mapping. Also, suppose that 1, ¢ : [0, 1] — [0, 1] are two continuous
functions such that 1) is decreasing, ¥ (t) > (1) — ¢(1) and ¢(¢t) > 0 for all ¢t € (0,1).
We say, f is a fuzzy a-¢-1)-contractive mapping if

holds for all z,y € X and all £ > 0.

For this class of mappings we have the following result of existence and uniqueness
of fixed point.

Theorem 2. Let (X, M,x) be a complete non-Archimedean fuzzy metric space, « :
X x X — [0,400), ¥,¢ : [0,1] — [0,1] as in Definition 7 and f be a fuzzy a-¢-1)-
contractive mapping such that the following assertions hold:

() there exists xg € X such that a(xg, fxo) = 1;

(i) if {xn} is a sequence such that oy, xnt1) = 1 foralln € N and x,, — x as

n — 400, then a(z, fz) > 1.

Then [ has a fixed point. Moreover, if y = fy implies a(y, fy) = 1, then f has a unique
fixed point.

Proof. Define a sequence {z,} in X by z,, = f"z¢g = fa,_q1 foralln € N. If z,,41 =
x, for some n € N, then x = z,, is a fixed point for f and the result is proved. Hence,
we suppose that x,,11 # x, forall n € N. Then, 0 < M(z,,z,+1,t) < 1. Since f is
an a-admissible mapping and a(zg, f2g) = a(xg, 1) > 1, we deduce that a(xy, z2) =
a(fxo, fr1) > 1. By continuing this process, we get a(Zp,xny1) = 1 forall n €
NuU {0}. From (6) with © = z,,_1 and y = z,,, we obtain

V(M (T, Tpg1, 1) < @(@n—1, Tn)(@n, Tnp1) 0 (M (fTn—1, fTn,t))
< ¢(M($n_1, Tn, t)) - ¢(M(xn—1a Tny t))
<

(M(2p-1,2n,1)). (7
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Since ¢ is decreasing, then M (z,_1,zn,t) < M(xn,2p41,t). It follows that
{M (2n,xny1,t)} is an increasing sequence in (0, 1] and hence there exists I(t) € (0, 1]
such that

lim M(z,,Tne1,t) =1(t)

n—-+4oo

forall t > 0. Let us prove that [(t) = 1 for all ¢ > 0. Suppose that there exists ty > 0
such that 0 < I(#p) < 1. By taking the limit as n — +oc in (7), we have

¥(I(to)) < v (I(to)) — o(1(t0))-

Then ¢(I(ty)) = 0, which is a contradiction and so [(¢) = 1 for all ¢ > 0. We will show
that {x,,} is a Cauchy sequence. Again, assuming it is not true and proceeding as in the
proof of Theorem 1, there exist € € (0, 1) and to > 0 such that for all & € N there exist
n(k), m(k) € Nwith m(k) > n(k) > k such that

ngl-ir-loo M(xm(k)7 Tn(k)> to) =1-c¢
and

nggloo M(xm(k)-‘rla Tn(k)+1, tO) =1l-e¢

From (6) with x = x () and y = (1), we deduce

U(M(Zon(k)+15 Ty 41, t0))

= (M (fZmk) [Tnk), o))
Ty STm()) Ty s FTn () ) (M (fTiahys fTn(i)s to))
D (M (@), Tnr)s t0)) = O(M (Zan(r)s Tngiys to))-

Applying the continuity of the functions ¢ and 1, by taking the limit as k& — +o0 in the
above inequality, we get

NN

Y1 —e) <Yl —€)—¢(l—¢)

and so ¢(1 — €) = 0, which is a contradiction. Then {z,,} is a Cauchy sequence. Since
(X, M, *) is a complete non-Archimedean fuzzy metric space, then the sequence {z,,}
converges to some z € X, that is, for all ¢ > 0, we have
lim M(z,,z,t) = 1.
n—-+oo

Assume that there exists ¢y > 0 such that 0 < M (z, fz,t9) < 1. Then by (6) and (i)
we get,

w(M($n+1,fZ,t0)) '(/J(M(fxnvfzato))
Oé(l‘n, fxn)oz(z, fZ)iﬁ(M(fl}u fZ, tO))
(G

(M(xn, z, to)) - gb(M(xn, z, to)).

NN
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By taking the limit as n — +o0 in the above inequality, we have

d)(M(Zv fZ7t0)) < 1/}(1) - d)(]')v

which is a contradiction. Hence, M (z, fz,t) = 1 forall t > 0, thatis, z = fz.
Now, we assume that y = fy implies a(y, fy) > 1. If z, w are two fixed points of f
such that there exists to > 0 with 0 < M (z,w, ty) < 1, using (6), we get

Oé(Z, fz)a(w, fw)w(M(fZa fw7 tO)) < ¢(M(Z,w7t0)) - ¢(M(Z7w7t0))

Then

w(M(Za w, tO)) < ’(/J(M(Z, w, tO)) - ¢(M(Z7 w, tO))7
which implies ¢(M (z,w, tg)) = 0, that is a contradiction. It follows that M (z,w,t) = 1
forallt > O andso w = z. O

Definition 8. Let (X, M, *) be a non-Archimedean fuzzy metric space, « : X x X —
[0,4+00) and f : X — X be an a-admissible mapping. We say, that f is a fuzzy «a--
contractive mapping if there exists a function 5 : [0,1] — [1,+00) such that for any
sequence {t, } C [0, 1] of positive reals, 3(¢,,) — 1 implies ¢,, — 1 and

M(fz, fy,t) > al@, fr)aly, fy)B(M(z,y,t)) M (2, y,1) ®)
forall z,y € X and all ¢t > 0.

For the class of fuzzy «-fB-contractive mappings we have the following result of
existence and uniqueness of the fixed point.

Theorem 3. Let (X, M,x) be a complete non-Archimedean fuzzy metric space, « :
X x X = [0,400), 8:1]0,1] — [1,400) as in Definition 8 and | be a fuzzy o-p-contr-
active self-mapping on X. Also suppose that the following assertions hold:

(i) there exists xo € X such that a(xg, fxo) = 1;

(i) if {zn} is a sequence such that o(xp,xny1) = 1 foralln € N and xz, — x as

n — +oo, then a(x, fx) = 1.

Then f has a fixed point. Moreover, if y = fy implies a(y, fy) = 1 then [ has a unique
fixed point.

Proof. Define a sequence {z,} in X by z,, = f"z¢g = fa,—q foralln € N. If 2,41 =
x,, for some n € N, then z = z,, is a fixed point for f and the result is proved. Hence,
we suppose that 2,11 # 2, for all n € N. Then, 0 < M(z,,Zn4+1,t) < 1. Since f is
an a-admissible mapping and «a(zg, fxo) = a(xo, 1) > 1, we deduce that a(x, z2) =
a(fxo, fr1) > 1. By continuing this process, we get a(z,,Tp+1) = 1 foralln €
N U {0}. From (8) we get

M(fxn—la f-rnv t)
P Oé(.l?n_1, fxn—l)a(xvm fmn)ﬁ(M(xn—h T, t))M(l‘n—la T, t)
= 5(M(93n—1a Ly t))M(xn—la LTy t),
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and so
M(xnv JC714-17 t) 2 /B(M(xn—la x?“ t))M(:C'IL—la Ina t) 2 M(zn—17 xna t) (9)

Then, { M (z,,, xn+1,t)} is an increasing sequence in (0, 1]. Thus there exists [(¢) € (0, 1]
such that lim,,_, y oo M (2p, Zny1,t) = I(¢) for all ¢ > 0. We will prove that [(t) = 1 for
all t > 0. By (9) we deduce

M(.’L‘n, xn+l; t)

P Pt 1Y) S B (M(wny, 2, 1)) > 1,
Mon 1, am ) > DM (En-s2.1))

which implies lim, oo B(M (2y—1,2n,t)) = 1. Regarding the property of the func-
tion B, we conclude that
lim M(zp,2nt1,t) = 1.

n—-+oo

Next, we will prove that {x,, } is a Cauchy sequence. Suppose, to the contrary, that {z, }
is not a Cauchy sequence. Proceeding as in the proof of Theorem 1, there exist € € (0, 1)
and to > 0 such that, for all k¥ € N, there exist n(k), m(k) € N with m(k) > n(k) > k
such that

lim M (2, k), Tn(k), to) = 1 — €

n—-+4oo
and

lim M (% k)41, Tn(ry+1,t0) = 1 — €.

From (8) with z = x,,,(xy and y = (1) we deduce
M (fZmkys fTnr)sto)
= ATy [Tm()) (@) ) B(M Ty Triys 1) M (Zin(r)s Tn(ry» to)
2 B(M(Zmk) Tngk)> 1) M (T (k) Tnk), o)
which implies

M (% (k)41 T(k)+1, to)
M (Z (k)5 Tr(k)» to)

WV

B<M(xm,(k)7 Tn(k) to)) > 1.

Taking the limit as £ — +o0 in the above inequality we get

li M to)) =1

k_glooﬁ( (T (k) Tn(k)s t0)) = 1,

which implies

1l—e= 1l M tp) =1
¢= lim (T (k)> Tn(r), to)
and so € = 0, which is a contradiction. Then {x,, } is a Cauchy sequence. Since (X, M, %)
is a complete space, then the sequence {z,} converges to some z € X such that, for all
t > 0, we have
lim M(zy,zt) =1.

n——+oo
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By (8) we get

M(fxn, f2,t) = a(z,, fxn)oz(z,fz)ﬁ(M(xn,z,t))M(xn,z,t)

P
> M(zp, 2,t).
Taking the limit as n — +o0 in the above inequality, we have

lim M(fz,, fz,t)=1

n—-+oo

for all £ > 0 and then
S T .
M(z, fz,t) > ngrfm M(fxn,z,t) *HETOOM(fxn,fz,t)
—1xl=1,

thatis, z = fz.

Now, we assume that y = fy implies a(y, fy) > 1. We show that z is the unique
fixed point of f. Suppose that y, z are two fixed points of f and there exists ¢ty > 0 such
that 0 < M (y, z,t0) < 1. Using (8), we deduce

M(fZ, fy7t0) > a(z, fz)a(yv fy)ﬂ(M(Z7y,t0))M(Z,y,t0)

and hence A )
%Y, tO
= 5 .~ 2 M ’ 7t 2 17
M2y, 1o) B(M(z,y,t0))
which implies M (y, z,t9) = 1 that is a contradiction. Therefore, M (y, z,t) = 1 for all
t>0andsoy = z. O

Finally, we briefly discuss a recent result of Shen et al. [21]. Precisely, we consider
the following theorem.

Theorem 4. (See [21].) Let (X, M, x) be a complete fuzzy metric space and f be a self-
mapping on X. Assume that k : (0, +00) — (0, 1) is a function and ¢ € P. Also, suppose
that

p(M(fz, fy, 1)) < k(t)p(M(z,y,1)) (10)
holds for all x,y € X withx # yand allt > 0. Then f has a unique fixed point.

Shen et al. [21] claimed that if {2, } is not a Cauchy sequence, then there exist 0 <
€ < 1 and two sequences {p(n)} and {¢(n)} such that, for all ¢ > 0, we have

p(n) > q(TL) = n, M(xp(7L)7mq(7L)7t) <l-—e

(11)
M('rp(n)flqu(n)flat) >1- €, M(xp(n)flqu(nﬁt) >1-—e

Here, we note that if (X, d) is a complete metric space, then (X, M,«) is a complete
fuzzy metric space if

t
M(x,y,t):m forall z,y € X and ¢t > 0. (12)
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Now, if M (2p(n), Tq(n),t) < 1 — € holds for all £ > 0, clearly, we have

i M(zp), To(n) 1) S 1 —¢,

which is a contradiction with respect to (12) that implies

lim M(aﬁp(n), xq(n), t) =1.

t—+o0

Thus, the proof is wrong.
On the other hand, by taking a(x,y) = 1 and B(x,t)?> = k(t) in Theorem 1, we
deduce the following correct version of Theorem 4.

Theorem 5. Let (X, M, %) be a complete non-Archimedean fuzzy metric space and f be
a self-mapping on X. Assume that k : (0, +00) — (0,1) is a function and ¢ € . Also,
suppose that

o(M(fz, fy. 1)) < k(t)o(M(z,y,1))
holds for all x,y € X withx # y and allt > 0. Then f has a unique fixed point.

4 Examples

In this section, we will present some examples to illustrate the usefulness of the proposed
theoretical results.

Example 1. Let X = [0, +00), a * b = min{a, b},

Mz, y, 1) = {1/(1 +max{z,y}) ifzx#y,

1 if x =y,

forallt > 0, fz = z/(2(z + 2)), %(z,t) = k(t) = 1/2, a(x,y) = 1 forall z,y € X
and ¢t > 0. Also define ¢(t) =1 — ¢ forall ¢ € [0, 1].

Proof. Clearly, (X, M,x) is a non-Archimedean fuzzy metric space. Without loss of
generality we assume that x > y. Since

o= x o
22 42) w2
then zfx 4+ 2fx < x. Thus

max{x, y} max{fz, fy} + 2max{fe, fy} < max{z,y}.

Therefore,

max{z, y} max{fz, fy} + max{fx, fy} + max{z, y}
< 2max{9:, y} - ma’X{f‘Ta fy}
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and so

(1 + max{fa, fy}) (1 + max{z,y})
— 1+ max{z, y} max{fz, fy} + max{fz, fy} + max{z,y)
< 2max{z,y} —max{fz, fy} +1

= 2(1 + max{x,y}) — (1 + max{ fz, fy})
Hence, we have

< 2(1 + max{:c, y}) B (1 + max{fxa fy})
= (T+max{fz, fy})(1 + max{z, y})

which implies

:2M(fI,fy,t)*M(I’,y,t),

1—M(fl',fy,t)< (1—M(m7y,t)),

DN | =

that is,

a(z, fx)aly, fy)e(M(fz, fy.t)) < Bz, t)B(y, t)p(M(z,y,t))

for all z,y € X with x # y and hence f is a fuzzy («, 3, ¢)-contractive mapping. Then
all the conditions of Theorem 1 hold and f has a fixed point (here = 0 is a fixed point
of f). Moreover, for all z € X, we have a(z, fx) > 1 and so the fixed point of f is
unique. O

Example 2. Let (X, M, ) be the non-Archimedean fuzzy metric space and 3, ¢ be the
functions considered in Example 1. Also, define

fo— {x/(Q(x+2)) ifz €[0,1],
(14 3cos?(mz))/(3 + cos(mz)) ifx € (1, +00),

and

w1 if 2 € [0,1],
a(r,y) =

Y 0 otherwise.
Letz,y € [0,1] and z # y, then fx # fy. Hence

1 1
= Ty M MUn ) = e ey

Also, fr = z/(2(z + 2)) and a(z,y) = 1. By the similar method in the proof of
Example 1, we can show that

a(z, fr)aly, fy)e(M(fz, fy. 1) < Bla,t)B(y, )e(M(z,y,1)).

Otherwise, a(z, fx)a(y, fy) = 0 and so the condition (1) trivially holds.

M(x,y,t)
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Let z,y € X, if a(z,y) > 1 then z,y € [0,1]. On the other hand, for all z € [0,1],
we have fx < 1. It follows that «(fx, fy) > 1, thatis, f is c-admissible and hence f is
a fuzzy (o, 3, p)-contractive mapping. In reason of the above arguments, «(0, f0) > 1.

Now, if {z,} is a sequence in X such that a(x,,,zp41) > 1 foralln € NU {0}
and z,, — = asn — oo, then {z,} C [0,1] and hence = € [0, 1]. This implies that
a(x, fx) > 1. Therefore, all the conditions of Theorem 1 hold and f has a unique fixed
point.

Example 3. Let X = [1, +00), axb = min{a, b} and M (z,y,t) = min{x, y}/ max{z,y}
for all ¢ > 0. Define

fo /3 if z € [1,3],
V1i4+a2+er ifz e (3,+00).

Also define

(z.5) 1 ifz,yell,3],
a(z,y) =
Y 0 otherwise,

() =1—1t/2and ¢(t) =t/2 forall ¢ € [0,1].
Clearly, (X, M,«) is a non-Archimedean fuzzy metric space, ¢, ¢ : [0,1] — [0,1]
are continuous, 1) is decreasing, 1(t) > ¢(1) — ¢(1) and ¢(t) > 0 forall t € (0, 1).
Let, z,y € [1,3]. Then ¢»(M (fz, fy,t)) = 0 and hence

a(z, fz)aly, fy)o (M(fz, fy,t)) = 0 < (M (z,y,t)) — ¢(M(z,y,1)).
Otherwise, a(z, fx)a(y, fy) = 0 and so

a(z, fx)aly, fy)v(M(fz, fy,t) =0 < Y (M(z,y,1)) — ¢(M(z,y,t)).

Since f is a-admissible we obtain that f is a fuzzy a-¢-1-contractive mapping. By the
similar proof as in Example 2 the conditions (i) and (ii) of Theorem 2 hold. Then by
Theorem 2, f has a unique fixed point.

Example 4. Let (X, M, ) be the non-Archimedean fuzzy metric space considered in
Example 3. Define

F 2z ifx e1,3],
T =

1/V1+z ifz e (3,+00).
Also define

1 ifx,yell,3],
afr,y) = _
0 otherwise,

and 8(t) = 1forall t € [0, 1].
Let, z,y € [1,3] and < y. Then

g g = a(z, fz)aly, fy)B(M(z,y,t)) M (z,y,t).

www.mii.Jt/NA



Some new fixed point results in non-Archimedean fuzzy metric spaces 357

Otherwise, a(z, fz)a(y, fy) = 0 and so

M(fz, fy,t) >0 = alz, fz)aly, fy)B(M(z,y,t)) M (z,y,t).

By the similar proof as in Example 2 the conditions (i) and (ii) of Theorem 3 hold. Then
by Theorem 3, f has a unique fixed point.

Acknowledgments. The authors would like to thank the editor and reviewers for their
helpful comments.
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