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Abstract. This work explores a coupled Oregonator model. By analyzing the associated
characteristic equation, linear stability is investigated and Hopf bifurcations are demonstrated, as
well as the stability and direction of the Hopf bifurcation are determined by employing the normal
form method and the center manifold reduction. We also discussed the Z» equivariant property and
the existence of multiple periodic solutions. Numerical simulations are presented to illustrate the
results in Section 5.
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1 Introduction

Delay in dynamical systems is exhibited whenever the system behavior is dependent at
least in part on its history. Many technological and biological systems are known to exhibit
such behavior, such as coupled laser systems, high-speed milling, population dynamics
and gene expression [1-4].

X = F(X), 1)

where X € U, F € C’2(U), U € R" is a compact closure of the open set. When two
identical oscillators coupling in the way of linear difference, the equation of motion of the
system is

X =F(X)+ K (Y - X),

. (2)
Y = F(X) + Ky (X —Y),

where K1, K> are the coupling coefficient matrix (see [5—8]). Chemical diffusion cou-
pling often described in this form [9]. In 1979, Tyson simplified the three-dimensional
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oscillator Oregonator to 2-D:

d _

e—z::z:(l— ) — hz u,

dt T+ u 3)
= _ _,

dt ’

here x = [HBrOg], z = Ce (IV). In 1999, Tianshou Zhou and Chunsuo Zhang proposed
a coupled Oregonator model [10]

5% =x1(1—21) — hzy ii +Z + D(x2 — 21),
le
at =1 — 21,
% = :Ug(l — CEQ) — hZQiz +Z + D(l‘l — 1‘2)7
dzo
X =9 — 29

When electric current is applied, the catalyst Ce (IV) is perturbed and other species
are not affected (see [11]). Consequently, in modeling, the perturbation term is introduced
only in equation dz/dt = = — z, and we rewrite this equation as the following form:

i—i:zfz+k‘z(t77'). @

Then the purpose of this paper is to consider coupled Oregonator model with a delay

dz, T1—U

= (11— —h D(z2 —

ST z1(1— 1) le1+u+ (z2 — 21),

d

§:$1—21+k21(t—7),

d:ct T2 —U ©
6d—t2=I2(1—$2)_h22xz+u+D(331_5U2)7

dz

d7t221‘2—22+kz2(t_7-),

wheree =4 x 1072, =4 x 1074, u = 8 x 1074, h € (0, 1) is an adjustable parameter.
The remainder of this paper organized as follows. In the next section, we shall consider
the stability and the local Hopf bifurcation. Base on the symmetric bifurcation theorem
of Golubitsky [12], we also discussed the Z; equivariant property and the existence
of multiple periodic solutions in Section 3. In Section 4, based on the normal form
method and the center manifold reduction introduced by Hassard et al. [13], we derive
the formulae determining the direction, stability and the period of the bifurcating periodic
solution at the critical value of 7, a conclusion is drawn in this section. To verify the
theoretic analysis, numerical simulations are given in Section 5.
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Dynamic properties of the coupled Oregonator model with delay 379

2 Stability and local Hopf bifurcations

Through out the paper, we assume that ¥ < 1 (resulting in equilibrium point xo/zg =
1—Fk>0).

Definition 1. (See [1].) Suppose S(z%,z7,x5,25) is the uniform steady state of sys-
tem (5). If z§ = x5, 2{ = 23, then S is an uniform steady state.

Let S(x1, 21, 2, 22) be an equilibrium point of system (5). Obviously, S(x1, 21, T2, 22)
satisfying equation group

zZ1 =

271 %
_ (6)
1 u+D($2_x1):O7

1—xz)—h
3?1( 371) le1+u

zz*z—l—D(l‘l—l‘g):O.

1- —h
IQ( 132) ngz +

Let x1 = x9 = z, then we have

h T —u
—x
1-k z+u

(1 —x)— =0. (7

Equation (7) have has three roots x = 0, z = x4, x = z_, where

1—&—ui\/(1—ﬁ—u)2+4u(l+ﬁ)
Ty = 5 . (8)
So, system (5) has three steady-state solution, S_(x1_, 21—, 22—, 22_), S0(0,0,0,0),
St+(z14, 214, Tat, 224 ). Obviously, there is an unique uniformly positive steady state.
The following is to prove that the uniformly positive steady state is unique. Let G(z) =
x(1—x)—(h/(1—k))x(z—u)/(x+u), from (7) and (8) we conclude there is an unique
x4 satisfying G(z) = 0, and when 0 < = < x4, we have G(x) > 0; when z > x4, we
have G(z) < 0. Further more we obtain G(z,) = 0, G(x,) < 0. From (6) we have
x2 =21 — G(21)/D, D > 0and G(z1) + G(z2) = 0, that is why

G(x1 - GCEl)) +G(z1) = 0. )
D
The following we will study the function
g(z, D) =G<x— Gg)) +G(x) =0. (10)

Clearly g(z4+, D) = 0, that means x is a positive real root of Eq. (10). Notice that 0 <

x < x4, from G(zy) < 0 and G(x) > 0, we can obtain = — G(z)/D < x < x4 and
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G(xz—G(z)/D) > 0, it follows that g(z, D) > 0. On the other hand when = > z, from
G(z) < 0, we conclude that z — G(z)/D > = > x4 and G(x — G(x)/D) < 0, further
more we have g(x, D) < 0. Then, the following lemma holds.

Lemma 1. Foranye > 0,u > 0, h > 0and D > 0, system (5) have an unique uniformly
positive steady state S (z10, 210, 20, 220)-

The following work is expanded around the uniformly positive steady state and we
don’t consider of other steady state. Let S (10, 210, Z20, 220) satisfying Egs. (6), where

T10 = T20 =

9

Ll =k /(= g =) + du(l + 1)
2

Z10
1—k
Letx; = 21 —x10, T2 = To — X0, 21 = 21 — 210, 22 = 29 — 299. Then we can rewrite (5)
as the following equivalent system:

210 = 220 =

dxl 1 (ZE1+$10)7U
—L = -2 —210) — h @T+)=v | he
T ((Il +z10)(1—21—210) (z14210) (1 +210) T 1 + D(zy—11) ),
d
& x1—21+kz(t—71),

dt
d 1 (94 20) (11)
T2 T21TT20)—U
—2 _ _ 1—2o—a00) — h W2 020) 7Y | B

at - ((9U2+3320)( Ty —T20) (Z2+Z20)(x2+x20)+u+ (1 1;2)),
dz
T: = xo—29+kza(t—7).

Set o = 10,20 = ?10-
The linearization of system (11) at (0,0, 0,0) is

dxl + +D( )
—— =a171 +az1 + — (22—
1 171 221+ — (@2 1)
d

ﬁzml—zl—i—kzl(t—r),

dxg + +D( )
—= =a1T2+asz+ —(x1 —
i 1T2 + 222 + — (1 2),
d

—;2 =2y — 29 + k2ot — 7),

where a; = (1/¢)(—2uhzo/(u + x0)? + 1 — 2130), ag = (1/€)(uh — hxg)/(u + x0).
Moreover, its corresponding characteristic equation is

)\—(al—g) —a9 —g 0
-1 A+1—Fke > 0 0
—g 0 )\—(al—g) —a2
0 0 -1 A+ 1— ke ™
. )\ — a —as )\ — ((Zl — %) —ag

oir| = A1A2 =0, (12)

—1 A+1—Fke? -1 A+1—k
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Dynamic properties of the coupled Oregonator model with delay 381

where A = A2 — bi A — by — ke + k:ale_’\T, Ay = A2 — bi A — by — EAe=A" +
k‘ale_M + (2D/€)(/\ +1-— k;e_”), by =a1—1,by =a; + as.

In this section, we will study the distribution of roots of Eq. (12). We first introduce
the following important result, which was been proved by Ruan and Wei using Rouche
theorem [14]. For 7 = 0, the two roots of A; = 0 have negative real parts if and
only if K 4+ b; < 0, ka; — by > 0. Because of D > 0, we obtain if £k + b; <
0, then k + by — 2D/e < 0 and if ka; — by > 0, then ka; — by — k(2D /e) +
2D/e > 0. Thus, the two roots of A; = 0 have negative real parts. We impose the
following condition:

(A1) kay > ba, k < —by.

Lemma 2. Let 7 = 0. Then if (Al) is satisfied, all the roots of (12) have negative real
parts, hence (210, 210, T20, 220) Is asymptotically stable.

Next, we mainly focus on the case of 7 > 0.

Case 1. If A = iwq (wy > 0)is a purely imaginary root of Ay = 0 for 7 > 0, then we have
—w% — briwy — by — kiw e T 4 kaeT T = (.
Separating the real and imaginary parts, we obtain

—wf — by — kwy sinwy T + kay coswiT =0,

(13)
—biwy — kw1 coswiT — kay sinwiT = 0,
which implies
wi 4 (20 + b2 — E*)w? 4 b3 — k*a? = 0. (14)
Let 2 = w? and denote
up = 2by + b% — k‘2,7“1 = bg — k‘Q(I%.
Then, (15) becomes
m2+u1m+r1:O. (15)

In order to seek a positive solution for Eq. (14), we impose the following condition:

B1) m < 0.
Clearly, under the condition (B1), (12) has a unique positive root m = (1/2) x
(—u1 + J/u? — 4r).

(B2) 1 > 0,u; > 0.
Under the condition (B2), (12) has no positive root.

(B3) m1 > 0,u; <0.

Under the condition (B3), if there are real positive roots, then |k| is very large,
h infinitely close to one, does not match with the actual situation.
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Summarizing the above discussions, we obtain the following.

Lemma 3. For the polynomial equation (15), we have the following result:
() If v < 0, then equation Ay = 0 has a unique positive root m = (1/2) x
(—u1 + /u? — 4ry).
(ii) Ifry > 0, then equation A1 = 0 has no positive root.
Suppose that Eq. (15) has positive roots. Without loss of generality, we assume that

it has a positive root defined by m. Then, Eq. (14) has a positive root w;, moreover w;
must satisfies the following equation:

( wi + arby )2 n (w:f +wi (af +a2))2 —1.

k(w? + a?) kw? + ka?

By (13), we have

cos(wyT) = 711)% + a1by sin(wy7) = _w‘i‘ + w01 + o)
YT k(w? + a2) N kw? + ka2
Thus, denote
N __w?—l—wl(a%—i—ag) 5, = w} + a1by
' kw? + ka? YT k(w? + a2
w%(arccos B1 + 2j7), a; =0,
T15 =
! %1(271' — arccos B, + 2j7), a1 <0,
where j = 0,1,2, ..., then £iw, is a pair of purely imaginary roots of (12) with 7 = 7y;.

If (B1) hold, we have k < 0, then

1
Ty = w—l(arccosbl +2jm), je{l,2,...}.

Case 2. If A = iwy (w2 > 0) is a purely imaginary root of Ay = 0 for 7 > 0, then we
have

2D 2D ; 2D .
— (b1 — >iCLJ2 — <b2 — > - kineﬂ“""T + k(a1 - )e“"” =0.
3 3 9

Separating the real and imaginary parts, we obtain
2D 2D
—wg — (bg — ) — kwo Sin waT + k(al — ) coswoT = 0,
€ €

2D 2D
— <b1 — )wz — kwoy cOs woT — k:(a1 — ) sinwyT =0,
€ €

which implies
2D 2D\* 2D\’ 2D\’
w§+<2(b2—5>—|—(b1—5> —k2>w§+<b2—6) —kZ(m—E) =0. (17)
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Denote

2
U22<622D>+<b12D> 7]62,
g e
2 2
r2:<b2—2D> —k2<a1—2D>.
3 3

Then, Eq. (17) becomes
m? + ugm + ro = 0. (18)
In order to seek a positive solution for (18), we impose the following condition:
(Cl ro <.
Clearly, under the condition (C1), (18) has a unique positive root m = (1/2) x
(—ug + \Ju3 — 4ra).
(C2) ro > 0,ug > 0.
Under the condition (C2), (18) has no positive root.
(C3) 79 > 0,us < 0.
Under the condition (C3), if u% — 4ry > 0, then (18) has a pair of roots

—ug + u% — 4ry
5 .

mio =

Summarizing the above discussions, we obtain the following.

Lemma 4. For the polynomial equation (18), we have the following result:
(i) If o < 0, then equation Ay = 0 has a unique positive root m = (1/2) x
(—ug + \/u — 4rs).
(i) If ra > 0, ug < 0, then equation Ay = 0 has a pair of roots my 2 = (1/2) x

(7’[1,2 + \/U% — 47’2).

Suppose that Eq. (18) has some positive roots. Without loss of generality, we assume
that it has a positive root defined by m. Then, (14) has a positive root ws, moreover wy
must satisfies the following equations:

<w§ + (a1 — 22) (b2 — 2€D)>2 N <w§’ +wn((an —22)° + az))2 _
k(w? + (a1 — 22)?) kws + k(ay — 22)? '

€

By (16), we have

w§ + (a1 — 22)(by — 22)

k(wi + (a1 — 22)%)
2D

~wi +wa((ar — 2P)° + an)

kw3 + k(a; — 22)2

g

cos(waT) =

sin(we7) =
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Thus, denoting

_ 7w§’ + wy((a1 — 22)2 + ay)
2 kw3 + k(a; — 22 Dy2 7
By = w3 + (a1 — 22) (b2 — %)
k(wi + (a1 — 22)2)
w%(arccos B2 + 2j7), ag =0,
T2 =
! w%(?ﬂ — arccos 2 + 2jm), ay <0,

where j = 0,1,2, ..., then £iws is a pair of purely imaginary roots of (12) with 7 = 75;.

If (C1) hold, we have

1
Toj = w—z(arccosﬁg +2jm), je€{1,2,...}.

As the same, for condition (C3) and u3 — 4ro > 0 is satisfied, then (17) has at least two

(1) (2)

roots w, * and wy . So, we have
—t (arccos ﬂél) + 2jm), aél) >0,
7.2(1) — ) W2
! L (27 — arccos Bél) + 2jm), aél) <0,
Wa
where
@5+ i ( i)
%2 = (D2 ’
k(wy )2 + k(ar — 2P)?
1
g _ (@8 + (a1 = %)(bg 2)
5 = :
B((ws))? + (a1 = 22)2)
And ) )
@ _ wgg) (arccos ﬁé )+ 2j7), aé ) >0,
.
% —&5 (27 — arccos BéQ) + 2jm), aéz) <0,
Wa
where

o _ () wl (a1~ 22)? + as)
2 )

k(w$?)? + k(ay — 22)2

g _ (@) + (o = 2 (ba = 2P
T k() + (- 22))

Because the condition (C3) and u2 —4ry > 0 is satisfied, (d(Re )\(T))/dr)

L ) 0

2]72J
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(we will proof of it in later). So, 7, = min{7'2(j1-)7 72(]2-)}.

Here we consider the whole system (12). Note that when 7 = 0, Eq. (12) becomes
9 9 2D
(A2 = (k+b)A+kar —ba) [ A2 — (k+bi)A+kay —b+—(A+1-k) ) =0. (19)

Using Lemmas 1-3, we have the following results.

Lemma 5. For the exponential polynomial equation (12), we have:
() Ifmin{ry,ro} > 0, u3 — 47y < 0 and the condition (Al) is satisfied, then all roots
with positive real parts of Eq. (12) has the same sum as those of the polynomial
equation (19) for all T > 0.

(ii) If (B1) is satisfied, then all roots with positive real parts of equation Ay = 0 has
the same sum as those of the polynomial equation \> — (k + by)\ + ka; — by = 0
forT € [0, 7'10).

(iii) If (C1) is satisfied, then all roots with positive real parts of equation Ay = 0 has
the same sum as those of the polynomial equation \*> — (k + by)\ + kay — by +
(2D/e)(A+1—=k) =0forT € [0, T20).

@iv) If (C3) is satisfied, then all roots with positive real parts of equation Ay = 0 has
the same sum as those of the polynomial equation \*> — (k + b))\ + kay — by +
(2D/e)(A+1—=k) =0forT € [0, T20)-

For convenience, we make some hypotheses as follows:

(P1) (1) min{ry,r} > 0;
(2) kai > bo, k < by,
3) us >0orusg < O,u% —4re < 0.

P2) (1) r1 <0,79 > 0;
(2) k+ b1 — 2D /e <0, kay — by — k(2D/e) + 2D /e > 0;
(3) ug > 0orug < 0,u3 — 47y < 0 is satisfied.

Then denoting 7; = 71;.
(P3) r1 > 0, ka; > ba, k < by, and one of the following holds,

(D) m <0;
(2) uz < 0and u3 — 4ry > 0.

Then denote 7; = To;.
(P4) One of the following is satisfied:

(1) r1 <0andre < 0;
(2) r1 <0andry > 0, uy <0, u3 —4rg > 0.

Let A(7) = a(7) + iw(7) be the root of Eq. (5) near 7 = 7; satisfying a(r;) = 0,
w(T;j) = w;. Then, the following transversality condition holds.
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Lemma 6. Suppose that one the the hypothesis (P2), (P3), (P4) is satisfied, then
(d(ReX(7))/dr)L,. >0, (d(ReX(7))/dr) 2, > 0.

T=T1j T=T25

Proof. Substituting \(7) into (12) and differentiating the resulting equation in 7, we
obtain

2(/\2 — (k + bl)/\ + ka; — b2>
dx
x ((2/\ — A+ Tk e — ke M — Ta;e ) i Meare 7 + k/\Qe“)
T

+ ?(A +1—ke )

dx
x ((2)\ — b A+ 7hAe T — ke — ra;e ) e Neaje ™7 + kve—“)
T
2D dx dx
+ (N = (B +bi)A 4+ kar —bo) [ == + Mee ™ + ke M= | = 0.
€ dr dr

Denote

Al = (2A = biA + ThAe ™ — ke M — Tale_M)Q — Mkare T £ kX%e T,

dr
we have

2D 2D . d\
20 1A + = (A+1—ke M)A + =A==
€ € dr

2D dX

+ = (Ake’\T + Tke“> A =0. (20)
15 dr

We first focus on the case A; = 0. Under the condition (P2), when 7 = 7| j» we have
A1 = 0. Thus Eq. (20) becomes

2D
(A +1-ke )
€
— AT — AT — AT dA — AT 2 =T
X (2)\ —biA+ThkNe N — ke — Tae )d— — Aka1e” 4+ kX%e = 0.
T

Then

AT 22— b A+ ThAe N — ke M — raje
dr B Meai1e= T — kX2e=AT '

We can easily obtain

dReX()\ " RS 22— bid + ThAe ™ — ke A — ra;e™ T
dr Akaje=AT — kA2e—AT ——

B ( 1 (3 — a1)(w? + by) + Tkay —Tal)
- \wi+ai k(af +wp) '

T=T1j
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For a; < 0, we have k& < 0. In the previous part of this paper we know |k| can’t be very
large. As mentioned above, it can be obtained that

[ 1 (3 —a1)(w? + by) + 7ka; — Tay \]
> 0.
e (w Tal haT + u?) _
Fora; > 0,wehave 0 < k <1 —2f and a; < 2. It can be obtained that
sgn_ 1 (3 —a1)(w? + by) + Tka; — Tay \] 50
[\ wi +ai k(a? +wi) 17

Then we focus on the case where Ay = 0. As the same, we have

(d(RZ im))‘l

T=T2j5

_ Sgn[(kz + (3= (a1 = 22))(w} + (b = 22)) + r(ar — 22) (i - il

k(a1 — 22)? + w3)
In the previous part of this paper we know |k| and wo can’t be very large, ¢ is very small,
it can be obtained that

k+(3— (a1 — %))(w% + (b — %)) + (a1 — %)(k -1)
k((ar — %) + w3)
So under the condition (P3), we have

(d(RZ1 jm))l

> 0.

T=T2j

As the same, under the condition (P4), we have

(d(RZi(T)))_l o (d(RZi(T))>_1 o

T=T1j T=T2j

In the case of 71 < 0, 73 < 0, we have k < 0. Then we have the following results:

1 1
T = w—l(arccos by + 2j7), Toj = w—Q(arccos by + 2j7), 7; = min{7;, 72, }.

In addition, the second condition of (P4) is not established. Then condition (P4)
modified as r; < 0, ro < 0. Therefore, the transversality condition holds and Hopf-
bifurcation occurs at 7 = 7. O]

From Lemmas 4 and 5, we have the following.

Theorem 1. (i) If the condition (P1) is satisfied, then the zero solution of system (5) is
asymptotically stable for all T > 0.

(ii) If one of the hypothesis (P2), (P3), (P4) is satisfied, then the zero solution of
system (5) is asymptotically stable for 7 € (0, 1), and unstable for 7 > 1. The system (5)
undergoes a Hopf bifurcation at the zero solution when 7 = 7; (j = 0,1,2...).

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 3, 377-397
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3 Existence of multiple periodic solutions

In the following, we consider the symmetric properties of Eq. (5). Using the theories of
functional differential equation, we know that the system (5) is Z»-equivariant with

(pU)y = Urq1  (mod 2)

for any U,. in R?. It is much interesting to consider the spatio-temporal patterns of bifur-
cating periodic solutions. For this purpose, we give the concepts of some spatiotemporal
symmetric periodic solutions. Assume that the state (uy(t), v1(t), u2(t), v2(t)) can pos-
sess two different types of symmetry: spatial and temporal. The oscillators (w1 (t), v1(t))
and (ugy(t),v2(t)) are in-phase if the state taking the form

(u(t), v(t), u(t), v(t))

for all times ¢. On the other hand, oscillator (u;(t),v1(t)), is half a period out of phase
with (anti-synchronous) oscillator (us(t), v2()) means the state taking the form

(u(t),v(t),u(t + Z),q(t + Z))

Now, we explore the possible (spatial) symmetry of the system (5). Consider the action
of Zy x S* on ([—,0], R*) with

(r,0)z(t) = rz(t+0), (r,0) € Zy x S*,

where S is the temporal. Let T = 27/w; or T = 27 /ws, and denote Pr the Banach
space of all continuous T-periodic function z(¢). Denoting SPr the subspace of Pr
consisting of all T-periodic solution of system (5) with 7 = 7; (k& = 1,2), then for
each subgroup X C Z, x S,

Fix(X,SPr) = {z € SPr, (r,0)z = z forall (r,0) € X}
is a subspace.

Theorem 2. The trivial solution of system (5) undergoes a Hopf bifurcation at giving rise
to one branch of in-phase (respectively, anti-phase) periodic solutions.

Proof. Letw; satisfies Eq. (15). The corresponding eigenvectors of A; = 0 can be chosen

as
as az T i 9
0) = , 1, - , 1) e™1m?,
0 (0) <iw1 + a1 iw, + aq )

The isotropic subgroup of Z5 x St is z3(p), the center space associated to eigenvalues
+iw; is spanned by ¢;(#) and G (), and the bifurcated periodic solutions are in-phase,

taking the form
(u(®), v(t), u(t), v(t)).
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Similarly, if wo satisfies Eq. (18), then corresponding eigenvectors of Ay = 0 can be
chosen as

T

a9 ag i

q2(0) = 1, — —1) elw2mf
. 2D . 2D
1w2+a1—? 1w2—|—a1—7

Z3 x S1 has another isotropic subgroup zz(p, ), the center space associated to eigen-
values +iws is spanned by ¢2(6), g2(6) which implies that the bifurcated periodic solu-
tions are anti-phase, i.e., taking the form

<u(t),v(t),u(t + §>,0<t + Z))

where 7' is a period. O

4 Direction and stability of the Hopf bifurcation

In the previous section, we have obtained some conditions to ensure that the system (5)
undergoes a single Hopf bifurcation at the origin (210, 210, Z20, 220) When 7 = 7; passes
through certain critical values. In this section, we shall study the direction, stability, and
the period of the bifurcating periodic solutions. The method we used is based on the
normal form method and the center manifold theory introduced by Hassard et al. [13].

We first focus on the case A; = 0, because the other case can be dealt with analo-
gously. We re-scale the time by ¢ — ¢/7, to normalize the delay so that system (11) can
be written as

u+ (1 + x0) u+ (21 + x0)

drz; 7 ( uh(z1 +20)  h(z1+z0)(21 + 20)
dt €

+ (1’1 + 1’0)(1 — X1 — :L'()) -+ D(ZL’Q — 1'1)),

d
R Ty — 72 + Th2 (t — 1),
dt o
% o T( Uh(z2 + Zo) B h(l‘g + .%'0)(2:2 + ZO)
dt  e\u+ (x2+ x0) u+ (z2 + x0)
+ (2 + 20)(1 — 29 — 29) + D(21 — 1‘2)>,
dz
ditl =711 — 721 + Thz(t — 1).

Letting 7 = 71 + a (a € R), then a = 0 is Hopf bifurcation value of (21), Eq. (21) can be
rewritten as:

dx D D

ditl =(n —|—a)<(a1 - E)a:l 4 agz1 + ;.%‘2 —|—M1),
d

—(;1 = (7’1 —|—(1)($1 — 21 +/§zl(t_ 1))a
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dz D D
d—; =(n+a) <(a1 - E)Q?z + agzg + — 1 + M2>,
dZQ
P (114 a) (z2 — 22 + kz2(t — 1)),
where
1 — 1 1 2
M=t hzo(u —zg + 1) 2241 uh _—
€ (u + zg)? e (u+ xo)
1|h — 1 1 —2uh
M= L[holuzzo+ DYy 1 2k
€ (u+ x9)? e (u+ xo)

Select the phase space C' = C([—1,0], R*). For any ¢ = (1, 2, @3, 04)T € C,
setting

am-L2a 2 0 ¢1(0)
Lo(8) = (71 + a) é _01 o 2 D 6?2 f}figg;
0 0 1 —1) \¢u0)

0000\ /ér(—1)

(-1

0k 00| [pa(=1)
M+ o000 e

000k) \¢a(—1)

and .
fla, ) = (114 a)(My, 0, My, 0)".

By the Riesz representation theorem, there exists a function 1(6, 1) (0 < 6 < 1), whose
elements are of bounded variation such that

0

Luo= [ dn6,0)60), o€ C.

21
‘We choose
n(0,a) = (11 +a)Ad(0) + (11 + a)Bo(6 + 1),

where 4 is defined by
5(6) = 1, 6=0,
0, 6+#0.

For ¢ € C1([—1,0], R*), define

do(6) fc[-1,0
T G
f_l d’](t» a)¢(t)’ 0= 0,
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and
07 e _17 0)7
R(a)p = |
fla,p), 0=0.
Then, system (21) is equivalent to the following operator equation:
i = A(a)us + R(a)uy, (22)

where u; = u(t + 0) (6 € [—1,0]).
For v € C*([0,1], (R*)*), define

—dqg(ss), s € (0,1],
A"Y(s) =4 4
f_l dnT(87G)¢(—3)7 s =0,

and a bilinear form
0

0
(6(),6(0)) = B0 / [ (e - 6) dn@ro() e
6=1¢=0
where 7(0) = n(6,0), then A(0) and A* are adjoint operators. Setting ¢(¢) and ¢*(s) is
the eigenvector of A(0) and A* corresponding to iTyw; and —iTw;. By direct calculation
we have

T
L](e) _ ( as 1, - az : 1> eiw17’167
1wy + aq 1wy + ay

1 1 .
q*(s) :D< ,1, - ’1>el'w17’1$7
1wy + ag 1wy + ag

-1
_ 92 . .
D= (( 5 a2 5 —|—2> — 2k (e_”””1 + iwlﬁe_lwlﬁ)> .
ay +w

Then (¢*,¢) = 1 and (¢*,q) = 0.

In the following, we follow the ideas in Hassard et al. [13] and by using the same
notations as there to compute the coordinates describing the center manifold Cy at a = 0.
Let u; be the solution of (22) when a = 0. Define z(t) = (¢*,us), W(t,0) = u:(0) —
2Re{=(1)q(6)}.

On the center manifold Cjy we have W (t,0) = W (~(t),7(t),0), where

where

72 ,.YQ ,)/3
W(v,7,0) = W20(9)? + Wi (0)vy + Woz(e)? + Wsog +--,

~ and 7 are local coordinates for center manifold Cj in the direction of ¢* and §*. Note
that W is real if u, is real. We only consider real solutions. For solution u; € Cj of (15),
since a = 0, we have

(1) = iwiz + (¢"(0), F (W + 2Re{~(t)a(0) }))

i, + ¢°(0) fo (7, 7)-
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We rewrite this equation as

v (t) = iwyy(t) + g(7,7), (23)
with

9(7,7) =T (0)f(W(7,7,0) + 2Re{~(t)q(0) })

— 27
= 920% +91177+902l -1-9217 2

cee 24
5 5 (24)
It follows from (23) and (24) that

W= - g 7= {AW ORefT a0}, 0€[1,0)

AW —2Re{q*(0)foq(0)} + fo, 0=0.
Comparing of coefficients we have:

1 hZ()(u — X+ 1) 1 hZ(](U — o + ].)
g20 a1 (0) (U I $0)2 + ds (O)E

(u+ x0)?
1 —2uh 1 —2uh
=247 (0)= ———— +2¢3(0) = ———
911 = 2¢; ( )S(Hmo) as( )8(u+x0)
go2 =0,
1 hZo(u — Xo + 1) 2a1a9 1 2a1a9 1
= 2q¢7(0)— 0
921 i ( )E (u+ 20)2 a%_’_w%wll( )+ a%+w%w20( )
1 —2uh 1 1 1 2@1&2 9
e b
e (u+ xo)

2a1a2 2

5 W20 + §mw20(0) + mwu(o)
1h — 1 2

+agg(o) PR ) (e

2a1a
1 1642 1
0) + 22192 1 0) ),
e (u+x0)? a%—l—w%w”( )+ a%—i—w%wm( )>
where
1 1
*(0) = , X(0) = 7
GO= s G0)=
920 i 920 o\ w6 21 0
Wao(0) = — 222 4(0)ei1? — O)e— w10 4 [, 2w
20(0) or (0)e 3iW1Q( Je + Epe”?,

Wi1(0) = .gﬂq(O)eiwle — &Q(O)e_iwle + Es.
1w 1w
Moreover F7 and F satisfies the following equations, respectively:

21’11}1 — (a1 - g)

—as —g 0
-1 2iwy + 1 — ke™2w1 0 0 B
- 0 2wy — (a1 — 2) —as !
0 0 -1 2w; + 1 — ke~ 2w
_ (1hz0(u—x0+1) 0 lhzo(u—xo—i-l) 0>T
e (ut+z0)2 "7 e (utm)? ’
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1 _—2uh
_(al - g) —asz _g 0 € (u+tzo)
-1 1-k 0 0 b 0
D D 2= | 1 _—2uh
-z 0 —(a1—73) —a = Gatao)
0 0 -1 1—-k 0
Then we can compute the following quantities:
i 1 g21 Re C1 (O)
0)=— -2 e 2 = ="
c11(0) %1 (920911 lg11 3 |goz| ) + 5 21 ReN(m)’ 05
Ty = _Im{cl (0)} + W2 Im{)\'(ﬁ)}

s ﬁgl = 2R601(0).
w1

Then we focus on the case Ay = 0. As the same, we have

v Lhzo(u— a9+ 1) v Lhzo(u — 29 + 1)

= 2q7(0) = BT T ) ooy IO T
920 ai >5 (u+ x0)? a3 )s (u+ x0)?

1 —2uh 1 —2uh

= 2¢71(0)= — " 4 2g5(0) =

g1 QI( )E(u-i-l‘o) qS( )€(U+-TO)

goz =0,

g = 201 (0) PRI (0 (o) 4 31 u0))
+ i (50h(0) + 5 320 + FE %t 0)
+2q3 (0)2 hzo((;t_:js)j D <a§zl_a;}% wh(O) + %wéo (0)> )
where
0= s G0 =

7@(1(0)6“&0 B 9'20 q(o)efiWQG + E162iw29,
w2 310.)2

WH(Q) _ %q(o)einO - %q(o)eqma + B,

moreover /1 and E satisfies the following equations, respectively:

21’11}2 — (a1 - 2)

- —ay -2 0
-1 2iwy + 1 — ke~ 2iw2 0 0 B
—% 0 2iw2 — (a1 — g) —a9 ) 1
0 0 -1 2iwg + 1 — ke 2w2
(1 hz(u—x0+1) 1hzo(u— 20+ 1) OT
\e (u+wm)?2 T e (utx)? ’
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1 _—2uh
—(a1 — ?) —02 % 0 e (utmo)
-1 1-k 0 0 > 0
20 ) | P |
0 0 -1 1-k 0
And
1 g21 Re C1 (0)
0) = — -2 2 2 = =——=
c12(0) 90 (920911 |g11] 3|902\ )+ 5 V22 Re X (72)’ o6
I 0 Im{N
Too = — mici(0)} +o.)l:2 mi (T2)}7 Ba2 = 2Rec1(0).

Hence we have the following theorem by the result of Hassard et al. [13].

Theorem 3. In (25) (in (26)), the sign of vo1 (va2) determined the direction of Hopf
bifurcation: if va; > 0 (vea > 0), then the Hopf bifurcation is supercritical and the
bifurcating periodic solution exist for T > To1 (T > To9); if v21 < 0 (v22 < 0), then
the Hopf bifurcation is subcritical and the bifurcating periodic solution exist for T < Toy
(T < T92). P21 (Ba22) determined the stability of the bifurcating periodic solution: the
bifurcating periodic solution is stable if B2y < 0 (S22 < 0); the bifurcating periodic
solution is unstable if B31 > 0 (Baz > 0). Toy (Tho) determines the period of the
bifurcating periodic solution: the period increase if To1 > 0 (Iae > 0); the period
decrease if To1 < 0 (T2 < 0).

5 Numerical simulations

Let us now give some numerical simulations to illustrate the above results.
Setu =8 x 1074 h = 2/3,k = —2.5, e = 0.04, D = 1, we consider following
system:

dx 1 2 x1—8x107*
! <$1( —xl)— ! +(1‘2—Z‘1)>,

dt ~ 0.04 370 18 x 10+
dz

ditl =T — 21 —2.521(15—7')7

dxs 2 x9—8X 10_4

1
_— = — 1— —_ = _— —
at  0.04 (”32( T2) = 3% a0 T ”))’

dZQ
dt
We have the equilibrium point (0.8075, 0.2307,0.8075,0.2307) and 79 = 1.6918, 799 =
0.9653, than 79 = min{ﬁo, 7‘20} = 0.9653.
Figs. 1, 2 show that zero solution is asymptotical stable. Figs. 3, 4 depict that anti-
phased periodic solutions are bifurcated from the trivial solution. Figs. 5, 6 illustrate that
two waveforms are completely symmetrical.

= T2 — 22 — 2522(t - 7').
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60 80 100

Fig. 1. Equilibrium point is asymptotical stable with 7 = 0.9 < 79, initial value 1 = 0.7,

To = 0.5.
0.3 . .
025t _ ; |
N : AM/\MN LAV O S P PO S N NN A
N 0.2y
0'150 60 80 100
t
Fig. 2. Equilibrium point is asymptotical stable with 7 = 0.9 < 79, initial value z; = 0.3,
zo = 0.2.

10 20 ; 30 40 50

Fig. 3. A branch of anti-phased periodic solutions is bifurcated from the trivial solution
with 7 = 0.97 = 79, initial value x1 = 0.7, 2 = 0.5.

0.35

0 10 20 t 30 40

50

Fig. 4. A branch of anti-phased periodic solutions is bifurcated from the trivial solution
with 7 = 0.97 = 79, initial value z; = 0.3, z2 = 0.2.
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—x1
0.9 2
0.8 \
| [

50 100 150 200
t

x1,x2

Fig. 5. A branch of synchronous periodic solutions is bifurcated from the trivial solution
with 7 = 710 = 1.69, initial value z; = 0.7, z2 = 0.7.

A

t

Fig. 6. A branch of synchronous periodic solutions is bifurcated from the trivial solution
with 7 = 79 = 1.69, initial value z; = 0.3, zo = 0.3.

6 Conclusions

For a coupled Oregonator model with delay, an important issue is how delays change the
stability of Oregonator model states, steady or oscillatory, causing further oscillations or
significantly altering existing ones and hence inducing delay-controlled periodic behav-
ior. In this paper, experimental and numerical investigations on the effect of electrical
feedback in the oscillating Belousov—Zhabotinsky reaction are studied. By analyzing the
associated characteristic equation and means of space decomposition, we subtly discuss
the distribution of zeros of the characteristic equation, and then derive some sufficient
conditions ensuring that all the characteristic roots have negative real parts. By regarding
the eigenvalues of the connection matrix of the system as bifurcation parameters, we
discuss Hopf bifurcation of the equilibria. Meanwhile, with the help of center manifold
reduction and normal form theory, we study Hopf bifurcation of the equilibria, and obtain
the detailed information about the bifurcation direction and stability of various bifurcated
periodic solutions. Finally, numerical simulations have demonstrated the correctness of
the theoretical results.

From a chemical viewpoint, both means that time delay could cause a stable equi-
librium to become unstable and cause the properties in a coupled Oregonator model to
fluctuate: if 7 < 7, the density of various elements reach an equilibrium. If 7 increases
and crosses the value 7;, then this equilibrium becomes unstable: the density of various
elements oscillates around the unstable equilibrium.
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