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Abstract. In this paper we introduce generalized cyclic contractions in G-metric spaces and
establish some fixed point theorems. The presented theorems extend and unify various known fixed
point results. Examples are given in the support of these results. Finally, an application to the study
of existence and uniqueness of solutions for a class of nonlinear integral equations is given.
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1 Introduction

Fixed point theory is an important and actual topic of nonlinear analysis. Moreover, it
is well known that the contraction mapping principle, formulated and proved in the PhD
dissertation of Banach in 1920, which was published in 1922 is one of the most important
theorems in classical functional analysis. During the last five decades, this theorem has
undergone various generalizations either by relaxing the condition of contractivity or
changing the underlying space or sometimes both. Due to the importance, generalizations
of Banach fixed point theorem have been investigated heavily by many authors. This
celebrated Banach contraction theorem can be stated as follow.

Theorem 1. (See [1].) Let (X, d) be a complete metric space and f be a mapping of X
into itself satisfying:
d(fz, fy) < kd(z,y) Vo,y€ X, (M

where k is a constant in (0,1). Then, [ has a unique fixed point z* € X.
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Generalized cyclic contractions in G-metric spaces 161

The simplicity of its proof and the possibilities of attaining the fixed point by using
successive approximations let this theorem become a very useful tool in analysis and
its applications. There is a great number of generalizations of the Banach contraction
principle in the literature (see, e.g., [2] and references cited therein).

It is important to note that the inequality (1) implies continuity of f. A natural question
is that whether we can find contractive conditions which will imply existence of fixed
point in a complete metric space but will not imply continuity.

The above posed question was answered by Kirk et al. [3] and turned the area of
investigation of fixed point by introducing cyclic representations and cyclic contractions,
which can be stated as:

Definition 1. (See [3].) Let (X, d) be a metric space. Let p be a positive integer, A,
Az, ..., Apbesubsetsof X,Y = (J0_  A;and f: Y — Y. ThenY is said to be a cyclic
representation of Y with respect to f if

1 A;,i=1,2,...,p, are nonempty closed sets, and

(i) f(A1) C Aa, ..., f(Ap—1) CAp, f(Ap) C A

Moreover, f is called a cyclic contraction if there exists & € (0,1) such that
d(fz, fy) < kd(z,y) forallz € A; and y € A; 1 with Ay = A

Notice that although a contraction is continuous, cyclic contraction need not to be.
This is one of the important gains of this notion. Kirk et al. obtained, among others,
cyclic versions of the Banach contraction principle [1], of the Boyd and Wong fixed point
theorem [4] and of the Caristi fixed point theorem [5]. Following the paper [3], a number
of fixed point theorems on cyclic representation of Y with respect to a self-mapping f
have appeared (see, e.g., [6-17]).

On the other hand, in 2006, Mustafa and Sims [18, 19] introduced the notion of
generalized metric spaces or simply G-metric spaces. Several authors studied a lot of
fixed and common fixed point theorems in such spaces (see, e.g., [20-30]).

An attempt to extend the investigation specified in [3] to G-metric spaces was done
by Aydi in [31]. A new variant of cyclic contractive mapping, named as generalized
cyclic contraction mapping satisfying generalized altering distance condition in G-metric
spaces, is introduced in the present paper. It is followed by the proof of existence and
uniqueness of fixed points for such mappings. The obtained result generalizes and im-
proves many existing theorems in the literature. Some examples are given in the support
of our results. In conclusion, we apply accomplished fixed point results for generalized
cyclic contraction type mappings to the study of existence and uniqueness of solutions for
a class of nonlinear integral equations.

2 Preliminaries

For more details on the following definitions and results, we refer the reader to [19].

Definition 2. Let X be a nonempty set and let G : X x X x X — R™ be a function
satisfying the following properties:
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(Gl) G(z,y,2) =0ifz =y = z;

(G2) 0 < G(x,x,y) forall z,y € X with x #£ y;

(G3) G(x,z,y) < G(z,y,2) forall z,y, z € X with z # y;

(G4) G(z,y,2) = G(x,z,y) = Gy, z,x) = --- (symmetry in all three variables);

(G5) G(z,y,2) < G(z,a,a) + G(a,y, z) forall z,y, z,a € X (rectangle inequality).
Then the function G is called a G-metric on X and the pair (X, G) is called a G-metric

space.

Note that it can be easily deduced from (G4) and (G5) that
|G(xay7y)_G('r’Z7z)| <26;(3‘/7’372:) (2)
holds for all z,y, z € X.

Definition 3. Let (X, G) be a G-metric space and let (z,,) be a sequence of points in X.

(i) A pointz € X is said to be the limit of sequence (zy,) if limy, 00 G(2,20,2m ) =0,
and one says that the sequence (z,,) is G-convergent to x.

(ii) The sequence (z,,) is said to be a G-Cauchy sequence if, for every ¢ > 0, there is
a positive integer N such that G(z,,, m, z;) < € for all n,m,l > N, that is, if
G(Zp, Tm,x;) = 0asn,m,l — oo.

(i) (X, Q) is said to be G-complete (or a complete G-metric space) if every G-Cauchy
sequence in (X, G) is G-convergent in X .

Thus, if 2, — « in a G-metric space (X, G), then for any € > 0, there exists a positive
integer N such that G(z, x,, ) < € for all n,m > N. It was shown in [19] that the
G-metric induces a Hausdorff topology and that the convergence, as described in the
above definition, is relative to this topology. The topology being Hausdorff, a sequence
can converge to at most one point.

Lemma 1. Ler (X, G) be a G-metric space, (x,,) a sequence in X and x € X. Then the
following are equivalent:
(i) (xy) is G-convergent to x;
(i) G(zp,xn,x) = 0asn — oo;
(i) G(zp,x,x) = 0asn — oo.
Lemma 2. If (X, G) is a G-metric space, then the following are equivalent:
(i) the sequence (x,,) is G-Cauchy;
(i) for every e > 0, there exists a positive integer N such that G(Zp,, Ty, Tm) < € for

alln,m > N.

Lemma 3. Let (X, G), (X', G") be two G-metric spaces. Then a function f : X — X'
is G-continuous at a point x € X if and only if it is G-sequentially continuous at x, that
is, if (fan) is G'-convergent to fx whenever () is G-convergent to 1.
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Definition 4. A G-metric space (X, G) is said to be symmetric if

G('T7 xz, y) = G(Iv Y, y)
holds for arbitrary x,y € X. If this is not the case, the space is called non-symmetric.

To every G-metric on the set X a standard metric can be associated by
dG(l’, y) = G(LU, z, y) + G(l’, Y, y)

If G is symmetric, then obviously dg(x,y) = 2G(x,y,y), but in the case of a non-
symmetric G-metric, only

3
§G(x,y,y) <da(z,y) < 3G(x,y,y)

holds for all z,y € X.
The following are some easy examples of G-metric spaces.

Examples. (a) Let (X, d) be an ordinary metric space. Define G by
Gs(z,y,2) = d(z,y) + d(y, z) + d(, 2)

forall z,y,z € X. Then it is clear that (X, G) is a symmetric G-metric space.
(b) Let X = {a, b}. Define

G(a,a,a) = G(b,b,b) =0, G(a,a,b) =1, G(a,b,b) =2,

and extend G to X x X x X by using the symmetry in the variables. Then it is clear that
(X, G) is a non-symmetric G-metric space.
Khan et al. [32] introduced the concept of altering distance function:

Definition 5. (See [32].) A function ¢ : [0,4+00) — [0,+00) is called an altering dis-
tance function if the following properties are satisfied:
(1) v is continuous and non-decreasing;

(i) ¥ (t) = 0if and only if ¢ = 0.

3 Main results

First we define the notion of generalized cyclic contraction under an altering distance
function in a G-metric space.

Definition 6. Let (X, G) be a G-metric space. Let p be a positive integer, A1, As, ..., A,
be nonempty subsets of X and Y = (J!_, A;. Anoperator f : Y — Y satisfies a genera-
lized cyclic contraction, if

O Y= Ule A, is a cyclic representation of Y with respect to f;
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(I1) forany (z,y,2) € A; x Ajy1 X Aip1,1=1,2,...,p(with 4,11 = A,),
$(G(f, fy. £2))
< By <max{G<x, v, 2), Gla, fo, f2), Gy, fy. F4), Gz, f2, £2),

(G fu )+ Gly. f2.£2) 4 e fn ) )

where 8 € [0,1) and ¢ : [0, +00) — [0, 400) is an altering distance function.
The following is the main result of this paper.

Theorem 2. Let (X,G) be a G-complete G-metric space, p € N, Ay, Ay, ..., A,
nonempty closed subsets of X and Y = Ule A;. Suppose f - Y — Y is a generalized
cyclic contraction mapping. Then f has a unique fixed point. Moreover, the fixed point

of f belongs to (\/_, A;.

Proof. Let 2y € Aj (such a point exists since A; # (). Define the sequence ()
in X by:
Tpt1 = fxn, n=0,1,2/....

Without loss of the generality, we can assume that
Tn # Tpt1 Vn € NU{0}.

We shall prove that

lim G(zp,Zni1,ZTnt1) = 0. 3)
n—r oo

By the assumption, G(z,, Tpt1, Zn+1) > 0 for all n. From the condition (I), we observe
that for all n, there exists i = i(n) € {1,2,...,p} such that (z, Zpi1,Tpt1) € A; X
Aiy1 X A;jy1. Putting x = z,, and y = z,41 = z in condition (II), we have

w (G(xn-‘rla Tn42, xn—i—2))

= (G (fon, frnt1, frni))

< ﬁ"/} (max {G(l’n, Tn+1, xn+1)a G(xnv fxna f‘rn)v G(xn+1, fxn+1a fanrl)v
%(G(Iﬂa f$n+1, fxn+1) + G(xn+17 fzn-&-la fxn+1) + G(xn+17 fzna fxn)) })

= /8¢ ma; { xnaxn-‘rlyxn-‘rl)aG(xn-i-hxn—i-?vxn-‘rQ)y

(G(wn; Tn+2, xn+2) + G(anrla Tn+2, xn+2)) }) .
By (G5), we have

G(Ina Tn+2;, $n+2) < G(xnv Tn+1, In-&-l) + G(In-&-l, Tn+2, xn+2)'
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Thus

(G(wn; Tn+2, xn+2) + G(anrla Tn+2, xn+2)>

Wl

< max{G(xn, Tn41, $n+1)a G(xn+1; Tn+2, xn+2)}«

If

max{G(Tn, Tni1, Tnt1); G(Tnt1, Tny2, Tni2) } = G(Tns1, Tnsz, Tnga),
then
Y(G(Tns1, Tnv2, Tng2)) < BY(G(Tntt; Tngas Tnga)).
Since 8 < 1, we get that G(Zy41, Tnt2, Tni2) = 0 and hence 2,41 = Xy, 2 Which is

a contradiction. Thus

maX{G(xn; Tn41, anrl)y G(-rnJrh Tn+2, :En+2)} = G(Qﬁn, Tn+1, anrl)-
Therefore, we have

G(.%‘n+1, Tn+2, xn+2) < G(xnv Tn+1, mn-&-l) Vn eN (4)

and
1/}(0(1‘”_;,_1, $n+2amn+2)) < BY (G($n7$n+17xn+1)) Vn € N. (5)

By (4), we get that (G (2, Znt1,Zn+1))nen is @ non-increasing sequence. Hence there
is 7 > 0 such that

lim G(zp,Tnt1,Tny1) =71
n—oo

Passing to the limit as n — oo in (5), we get

P(r) < By(r).

Therefore v (r) = 0 and hence r = 0. Thus, (3) is proved.

Next, we show that, (z,,) is a G-Cauchy sequence in X. Suppose the contrary, that is,
(xy,) is not G-Cauchy. Then there exists ¢ > 0 for which we can find two subsequences
(%) and (2y,(ry) of (,,) such that n(k) is the smallest index for which

n(k) > m(k) > ka G(xm(k)axn(k)axn(k)) Z €. (6)

This means that
G(Zm(k)s Tr(k)—1> Tn(k)—1) < € )
From (6), (7) and (G5), we get
€< G(xm(k)a Tn(k)s xn(k))
< G(Tp(k)y, Tnk) =15 Tnik)—1) + G(Tn) =15 Tn(k), Tn(k))
<

€+ G(Tr(k)—1> Tn(k)s Tn(k))-
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Passing to the limit as k& — oo and using (3), we get
L G r)s Tn(k) Tn(k)) = € ®)

On the other hand, for all k, there exists j(k) € {1,...,p} such that n(k) — m(k) +
J(k) = 1[p]. Then x,,, () (k) (for k large enough, m (k) > j(k)) and z,, (1 lie in different
adjacently labelled sets A; and A; 4 for certain ¢ € {1,...,p}. Using (2) and (G5), we
have

|G (k)3 (k)> Tk k) Tnh)) = G Enhys Tomh)> Tmi))|

< 2G(Tom(k)—i(k) > Tm(k)—j (k) > Tm(k))

J(k)—1
<2 Z —G(R) U Ton(k)— i (k) +1> Tm(k)—j (k)+1+1)
1=0
p—1
<2)  G(Tp)—jk)+1> Tm(k)— i (k)+1> Tm(k)—j (k) +i+1) — 0
=0

as k — oo (from (3)), which, by (8), implies that

Jim G(Trm(k)—i(k) > Tm(k)—j(k)> Tn(k)) = E- ©)
Using (3), we have
G (@i (k) 6) 415 Bmk) (R 415 Tm(k) (k) = O (10)
and
Jim G(Tr(k)+1> Tn(k)+15 Tn(k)) = 0. (1)

Again, using (2), we get
|G @)= 0) T =) T 1) = G(Tmk)= (k) Tn(h) T
< 2G(Tr(k) Tr(k)+15 Trk)+1)-
Passing to the limit as k¥ — oo in the above inequality, and using (11) and (9), we get

WM G (Zom(k)—j(k)» Tmk)—j(k)> Tn(k)+1) = E- (12)

k— o0
Similarly, we have
|G (@ hys T (k)i (k) 11> T (k)i (k) 11) = G Emiky—3(k)> Tmk) (k) Tnh) )|
< 2G (T (k) —j (k) » Trn (k)= (k) +1> Trm(k)—j (k)+1) -

Passing to the limit as k — oo, and using (3) and (9), we obtain

Jim G(Tr(k)s T (k)—j (k)+15 Trm(k)—j(k)+1) = €- (13)
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Similarly, we have

0 G (T (k) (k) 415 Tnk) 1, Tn(h) +1) = €

(14)
Using (II), we obtain
V(G (@n(k) 41, T ()~ (k) +15 Tm(k) (k) +1))

= V(G(fTnik)s FTmk)—j (k) fTm)—i(k)))

< By (maX{G (Tn(k)> Tk =3 (k) > Trn(k) =5 (k) )s G (T F iy, [T (i),
G(@mk) (k) [Tmk) i (k)> Tm(k)—j(k) )
% (G(@ny: fTme) 3 (k) FTmk) - s(h))
+ G(@mk)—j(k)s STmm)—i(k) s i) —5)

+ G(Zrn(k)— (k) F Tk fTn(r))) })

= By <maX{G(xn(k)7 Ton(k)— (k) Tm(k)—j(k))» G (Tn(k)s Tr(k)+1> Tn(k)+1),
G (Zm(k)—j(k)» Trm(k)—j(k)+1s Tm(k)—j(k)+1)s

1
3 (G(Zn(kys Trn(ky—j (k) 41> T (k)—j (k) +1)

+ G(Trm(k)—j (k) Tm(k) =5 (k)+15 Tm(k)—j(k)+1)

+ G(Tm(k)—j (k) T(k)+1> Tn(k)+1)) })

< By (maX{G(%(ky Ton(k)—j(k)s Tm(k)—i(k))» G (Tn(k)s Tn(k)+1> Tn(k)+1),
G (Tm(k)—j(k)» Trm(k)—j(k)+15 Tm(k)—j(k)+1)s

1
3 (G(@n(kys Trn(ky—j (k) 1> T (k)—j (k) +1)

+ G(@ (k) (k) Tm (k) —j (k)+15 T (k) —j (k) +1)

+ 2G (T (k) (k) Tm (k) —j (k) Tn(k)+1)) }) :
Passing to the limit as k — oo, using (8)—(14) and the continuity of v, we get
b(e) < B(e).
Since 0 < 8 < 1, we get »(¢) = 0. Hence ¢ = 0, a contradiction. Thus, (z,,) is
a G-Cauchy sequence in X.

Since (X, G) is G-complete, there exists z* € X such that

lim z, = z%. (15)
n—oo
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We shall prove that
P
zt e [ A (16)
i=1

From condition (I), and since zy € A;, we have (z,,)n>0 C A;. Since A; is closed,
from (15), we get that 2* € A;. Again, from condition (I), we have (zypt+1)n>0 C As.
Since Aj is closed, from (15), we get that £* € As. Continuing this process, we ob-
tain (16).

Now, we shall prove that z* is a fixed point of f. Indeed, from (16), since for all n,
there exists i(n) € {1,2,...,p} such that z,, € A;(,), applying (Il) with z = y = z*
and z = z,,, we obtain

?ﬂ(G(fJC*v fJC*, $n+1))

< By (maX{G(x*,w*ywnL G(z", fz*, f2"), G(zn, frn, fon),
(6" J2" F2°) 4 GUa” Jon, ) + Gl i, £2°) )
= 6¢ (maX{G(l‘*, l'*, xn)7 G(Z'n, Tn41, 'rn-i-l)a

1 * * *
g(G(.’E ,In+1,$n+1)+G($n,l‘ , L ))})
Passing to the limit as n — oo in the above inequality and using (15), we obtain that

(G (fa*, fa*,27)) < BY(0) =0,

hence fz* = x*, that is, z* is a fixed point of f.

Finally, we prove that z* is the unique fixed point of f. Assume that y* is another
fixed point of f, thatis, fy* = y*. By the condition (I), this implies that y* € ﬂle A;.
Then we can apply (I) for z = 2* and y = z = y*. We obtain

V(G(fz*, fy*, fy*)) < BY (maX{G(w*vy*, y*), G(x™, fa*, fx*), G(y™, fy*, fy"),

Wl =

(G, fy" fy*) + Gy, fy". fy™) +G(y*7f$*,fw*))}).
Since x* and y* are fixed points of f, we get that
]- * * * * * *
w(GG ) < 0 (max{ Gl ), (G ) + Gl a) })

< BY(G(a*,y*,y")).

Since 0 < B < 1, we get ¥(G(x*,y*,y*)) = 0. Hence G(z*,y*,y*) = 0, that is,
¥ = y*. Thus, we have proved the uniqueness of the fixed point. O
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Following the proof of Theorem 2, we can derive the similar conclusion if condition
(1) is replaced by the following condition (IT)

0(Gf 1)) < 30 (max{ G2 6o, 12, Gl F0), Gl 2. £2),
(Gl 1) + Gl 1) + 6o ) )

where 8 € [0,1) and ¢ : [0, +00) — [0, 400) is an altering distance function.

Corollary 1. Let (X,G) be a G-complete G-metric space, p € N, Ay, Ay, ..., A,
nonempty closed subsets of X, Y = J\_; A; and f : Y =Y such that:

D Y =Y, Ai is a cyclic representation of Y with respect to f;
(IT') forany (z,y,z) € A; x Aix1 X Aig1, 1 =1,2,...,p (with Aps1 = Aj),

Glfa fy. f2) < ﬂmax{a(x,y, 2),Gla, fa. f),Gly, fy. £4) G (s f=. £2),

(G fuu 1) + Gy T 9 + Gl )}

or

Gz, fy, £2) < ﬁmax{e(m, 20, Gla,x, f2), Gy, y, 4), Gz 2. £2),

1

g(G(xvxafy) + G(y,yjz) + G(Z,Z,f$))}7

where 5 € [0, 1).
Then f has a unique fixed point. Moreover, the fixed point of f belongs to (;_, A;.
Proof. Take ¢ : [0,+00) — [0,400) given by v(t) = ¢t. Then f and 1) satisfy all the
hypotheses of Theorem 2 with condition (IT) or (IT"). ]

4 Examples

Now we present some examples showing how our Theorem 2 can be used.
Example 1. Let X =Rand G : X x X x X — X be defined by
G(z,y,2) = max{|z — y|, |z — 2|, |y — 2|}

forall z,y, 2z € X. Clearly, (X, G) is a G-complete G-metric space. Consider the closed
subsets A4; and As of X defined by

1 1
A1:{2n: neN}U{O} and .AQZ{—2n_1Z nEN}U{O}.

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 2, 160-176
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Define the selfmap f on X by
—z/(x+8) ifxe A,
fo=
—x/8 ifx € As.
Clearly, we have f(A;) C Ay and f(A2) C A;.

Next we show that f satisfies condition (Il). Let (x,y,2) € A; x Ay x Ay with
x,y,z # 0. We have

G(fx, [y, f2)
= max{|fz — fyl,[fx — fz|,|fy — f2I}
x Yy x 2l ly =z
mw{x+88’x+88’88}
glmax{|a:| 1+1‘+y|’1+1 || 1—|—L + |2 1—|—1‘ |y—z}
8 x+8 8| xr+8 8|
1 - —y — -z
:8max{ M—x‘—&—’g—y, x+8—m‘+’8—z,|y—z|}
< 2 max{max{|z — fal,ly — fyl},max{jz - fal, |2 - 21},

4

max{|x—y|, |z — 2|, |y—z|}}
< max{Gla,y,2), Cla, o, 12), Cly, fy, fu), Gz, 12, 17))
1
4

< HW{GWW&%G@J%ﬁmG@J%hmG@Jzﬁ%

(G@J%ﬁn+cwjafa+ewjafw&.

wl

Then we have
V(G (fz, fy, f2)) < By <maX{G(% y.2),G(, fz, fx),G(y, fy, fy). G(z, [z, f2),

1
$(Gle. 0. ) + Gl 2. 12) + e fo ) |
for 5 = 1/4 and ¥ (t) = t. Similarly, one can show that the previous inequality holds for
(x,y,2) € Ay x Ay x Aj, as well as when some of z, y, z is equal to 0.

Hence, all the conditions of Theorem 2 are satisfied (with p = 2), and we deduce that
/ has a unique fixed point z* € A; N Ay = {0}.

Example 2. Let X = R3 andlet G : X3 — R™ be given as
3

G((l'laylvzl), (72,2, 22), ($3,y3,23)) = Z [|$i—$i+1| + |yi—yip1| + |Zz'—Zi+1H,
i=1
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where (x4, Y4, 24) = (21,y1,21). Itis easy to see that (X, G) is a G-complete G-metric
space. Consider the following closed subsets of X:

AL ={(a,0,00: 0<a<1},  Ay={(0,b,0:0<b<1},

Az = {(0,0,¢): <C<1} Y=A1UAUA;

and the mapping f : Y — Y given by

a b c
f(a,O,O)(O,Q,O), f(()?bvo): <070a4>7 f(OvoaC)(8507O>

It is clear that Y = A; U A3 U Ajs is a cyclic representation of Y with respect to f. We
will check that f satisfies the contraction condition (II).

Take ¢(t) = t2 (which is an altering distance function) and 3 = 1/4. Let, e.g.,
(x,y,2) € A1 x Ag x As (the other two cases are treated analogously), and let z =
(a,0,0),y = (0,b,0), z = (0, ¢, 0). Without loss of generality, we can assume that b > c.
Then fz = (0,a/2,0), fy = (0,0,b/4), fz = (0,0, ¢/4) and

Gz, fy f) =a+ .

Gly fuofy) = 3b Gl fof7) = o0,

G(z,y,2) =2(a+b), G(z, fz, fr) = 3a,

(G(=, fy, fy) + Gy, f2, f2) + G(z, fa, fz)) =

W =
W=
7 N
)
s}
+
>
+
N o
_|_
N
[\
N———

Hence,

b

) < i(g(a +0))" = By (Glz,y, 2))

0(G(f f.12)) = (ot 5

< Bv (max{c(x,y,z>,G<x,fx,fx>,G(y, Fu. £9).G (e, f =, £2),

1
§(Glo s ) + Gl f2012) + Gl S 1) ).
Thus, conditions of Theorem 2 are fulfilled and f has a unique fixed point (0,0,0) €
ﬂ?:l Ai.
Example 3. Define a G-metric G on the set X = {a, b, ¢} by
G(z,z,z) =0, ze€lX, G(a,a,b) = G(a,a,c) = G(a,c,c) =1,
G(a,b,b) = G(b,b,¢c) = G(b,c,c) = 2, G(a,b,c) =2

with symmetry in all variables (see [25]). Note that G is non-symmetric since G(a, a, b) #
G(a,b,b). Let A; = {a,b} and Ay = {a, c} and consider the mapping f : X — X given
by fa = fc = a and fb = c. Obviously, A; U A; = X is a cyclic representation with
respect to f.
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Let 8 = 1/2 and ¢(t) = t, and for z,y,z € X denote L(z,y,z) = (G(z,y,z2))
and

Rz, 2) — A <max{G<x, v, 2), G, fa, f2), Gly. Fys ), Gz f2. £2),

(G T )+ Gl f2,92) + G o ) | ).

We have to check the inequality L(z,y, z) < R(zx,y, z) in the following cases:
1. z €{a,b} and y, z € {a, c}.
(@) fz=aandy,z € {a,c}, then fx = fy = fz=aand L = 0; hence L < R
holds true.
(b) If x = band y,z € {a,c}, then fr = ¢, fy = fz = a; hence L =
Y(G(c,a,a)) = 1. Since G(x, fz, fz) = G(b,c,c) = 2,itisR > (1/2)-2 =1
and L < R holds true.

2. z €{a,c} (then fx =a)and y, z € {a, b}.
(@) Ify =2 =a, then fy = fz =aand L = 0; hence L < R holds true.
(b) If one of y, z is equal to b (e.g., y = b), then L = G(a,a,c) or L = G(a,c,c),
ie.,L=1and Gy, fy, fy) = G(b,c,c) = 2. Hence, L=1 < (1/2)-2 < R.

All the conditions of Corollary 1 are fulfilled and f has a unique fixed point a € A; N As.

5 An application to integral equations

In this section we apply Theorem 2 to study the existence and uniqueness of solutions for

a class of nonlinear integral equations.
We consider the nonlinear integral equation

b
u(t) = /g(t,s)K(s,u(s)) ds fort € [a, 1], (17)

where K : [a,b] x Rt — RT and G : [a,b] x [a,b] — RT are continuous functions.
Denote by X = C([a,b],R™) the set of non-negative real continuous functions on
[a,b]. We endow X with the G-metric

)

Glu,v,w) = max |u(t) — o(t)] + max |ut) —w(t)] + mex [v(t) —w(t)

for u, v, w, € X. Then (X, G) is a G-complete metric space.
Consider the self-map f : X — X defined by

b
fu(t) = /g(t,s)K(s,u(s)) ds fort € [a,b].

a
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Clearly, u is a solution of (17) if and only if « is a fixed point of f.
We will prove the existence and uniqueness of the fixed point of f under the following
conditions:

M [2G(t,s)ds < B (with 5 < 1) forall ¢ € [a,b].

(I) K(s,-) is a non-increasing function for any fixed s € [0, 1], that is,
r,yeRT, z>y = K(s,z)<K(s,9).

() |K(s,z) — K(s,y)| < |z —y|forall s € [a,b] and z,y € RT.
(IV) There exist (o, ) € X2 such that a(t) < (¢) for t € [a, b] and that

fa(t) <4(t) and  fA(t) > a(t) fort € [a,b]
Theorem 3. Under the conditions (1)-(IV), equation (17) has a unique solution u* € X
and it belongs to C = {u € X: a(t) < u(t) < ~(t), t € [a,b]}.

Proof. In order to prove the existence of a (unique) fixed point of f we construct the
closed subsets A; and A5 of X as follows:

A = {u e X: ut) <A(t), t € [a,b]}

and
Ay = {u € X: u(t) > alt), t € [a,b]}.
We shall prove that
f(.Al) Q ./42 and f(.AQ) Q .Al.

Let u € Aq, that is,
u(s) < v(s) foralls € [a,b].

Since G(t,s) = 0 forall ¢, s € [a, b], we deduce from (II) and (IV) that

b b
/g(t, $)K (s, u(s)) ds > /g(t, $)K (s,7(s)) ds = a(t)

forall t € [a, b]. Then we have fu € As. Similarly, the other inclusion is proved. Hence,
Y = A; U As is a cyclic representation of Y with respect to f.

Finally we will show that, for each u € A; and v, w € Ay one has G(fu, fv, fw) <
BG(u,v,w).

To this end, let u € A; and (v, w) € As X Ay. Therefore by (IIT), we deduce that, for
eacht € [a, b],

G(fu, fo, fw)

= max | fu(t) — fo(t)] + e | ful(t) — fw(t)| + e | fo(t) — fu(t)]

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 2, 160-176
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—|—max/gts|st )) — K(s,w(s))|ds

tela,b

< max /g v(s)‘ + |u(s) — w(s)’ + |v(s) —w(s)|) ds

te[a,b]

< Gl v,w) g / G(t, 5)ds < BC(u, v, w)
< max{ G(uv,0), Gl fu,f10, G0, o, o) Gl fuo fo),
é(G(u, Fo, f0) + Go, fw, fw) + Glw, fu, fu))}.
This implies that

G(fu, fo, fu) < ﬁmax{Gm,v,w), Glu, fu, fu), G(o, fo, fo), Glw, fu, fu),

(G(u,fv, fv)+ G, fw, fw) + G(w,fu,fu))}

Wl =

Using the same technique, we can show that the above inequality also holds if we take
(u,v,w) e Ay x A1 x A;.

Consequently, by Corollary 1, f has a unique fixed point u* € A; N As, that is,
u* € C is the unique solution to (17). ]

Acknowledgment. The authors are indebted to the referees for careful reading and
suggestions that helped us to improve the text.
References

1. S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux equations
integrales, Fundam. Math., 3:133-181, 1922.

2. H.K. Nashine, New fixed point theorems for mappings satisfying generalized weakly contr-
active condition with weaker control functions, Ann. Pol. Math., 104:109-119, 2012.

www.mii.Jt/NA



Generalized cyclic contractions in G-metric spaces 175

10.

12.

13.

14.

15.

16.

17.

19.

. WA. Kirk, P.S. Srinavasan, P. Veeramani, Fixed points for mapping satisfying cyclical

contractive conditions, Fixed Point Theory, 4:79-89, 2003.

. D.W. Boyd, S.W. Wong, On nonlinear contractions, Proc. Am. Math. Soc., 20:458-464, 1969.

. J. Caristi, Fixed point theorems for mappings satistying inwardness conditions, Trans. Am.

Math. Soc., 215:241-251, 1976.

. LLA. Rus, Cyclic representations and fixed points, Ann. Tiberiu Popoviciu Semin. Funct. Equ.

Approx. Convexity, 3:171-178, 2005.

. C. Di Bari, T. Suzuki, C. Vetro, Best proximity points for cyclic Meir—Keeler contractions,

Nonlinear Anal., Theory Methods Appl., 69:3790-3794, 2008.

. M. Picurar, I.A. Rus, Fixed point theory for cyclic ¢-contractions, Nonlinear Anal., Theory

Methods Appl., 72:1181-1187, 2010.

. B. Piatek, On cyclic Meir—Keeler contractions in metric spaces, Nonlinear Anal., Theory

Methods Appl., 74:35-40, 2011.

E. Karapinar, Fixed point theory for cyclic weaker ¢-contraction, Appl. Math. Lett., 24:822—
825, 2011.

. E. Karapinar, K. Sadarangani, Fixed point theory for cyclic (¢-p)-contractions, Fixed Point

Theory Appl., 2011, 8 pp., 2011, doi:10.1186/1687-1812-2011-69.

H.K. Nashine, Cyclic generalized ¢)-weakly contractive mappings and fixed point results with
applications to integral equations, Nonlinear Anal., Theory Methods Appl., 75:6160-6169,
2012.

C.M. Chen, Fixed point theorems for cyclic Meir—Keeler type mappings in complete metric
spaces, Fixed Point Theory Appl., 2012, 13 pp., 2012, doi:10.1186/1687-1812-2012-41.

H. Aydi, E. Karapinar, B. Samet, Fixed point theorems for various classes of cyclic mappings,
J. Appl. Math., 2012, Article ID 867216, 15 pp., 2012.

H. Aydi, C. Vetro, W. Sintunavarat, P. Kumam, Coincidence and fixed points for contractions
and cyclical contractions in partial metric spaces, Fixed Point Theory Appl., 2012, 18 pp., 2012,
doi:10.1186/1687-1812-2012-124.

H. Aydi, E. Karapinar, A fixed point result of Boyd—Wong cyclic contractions in partial metric
spaces, Int. J. Math. Math. Sci., 2012, Article ID 597074, 11 pp., 2012.

M. Jleli, E. Karapinar, B. Samet, Fixed point results for almost generalized cyclic (1), ¢)-weak
contractive type mappings with applications, Abstr. Appl. Anal., 2012, Article ID 917831,
17 pp., 2012.

. Z. Mustafa, B. Sims, Some remarks concerning D-metric spaces, in: Proceedings of the

International Conference on Fixed Point Theory and Applications, Valencia, Spain, July 2003,
pp- 189-198.

Z. Mustafa, B. Sims, A new approach to generalized metric spaces, J. Nonlinear Convex Anal.,
7:289-297, 2006.

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 2, 160-176



176

H.K. Nashine, Z. Kadelburg

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

Z. Mustafa, H. Obiedat, F. Awawdeh, Some fixed point theorem for mapping on complete
G-metric spaces, Fixed Point Theory Appl., 2008, Article ID 189870, 12 pp., 2008.

Z. Mustafa, B. Sims, Fixed point theorems for contractive mapping in complete G-metric
spaces, Fixed Point Theory Appl., 2009, Article ID 917175, 10 pp., 2009.

Z. Mustafa, W. Shatanawi, M. Bataineh, Existence of fixed point results in G-metric spaces,
Int. J. Math. Math. Sci., 2009, Article ID 283028, 10 pp., 2009.

R. Chugh, T. Kadian, A. Rani, B.E. Rhoades, Property P in G-metric spaces, Fixed Point
Theory Appl., 2010, Article ID 401684, 12 pp., 2010.

W. Shatanawi, Fixed point theory for contractive mappings satisfying ®-maps in G-metric
spaces, Fixed Point Theory Appl., 2010, Article ID 181650, 9 pp., 2010.

M. Abbas, S.H. Khan, T. Nazir, Commnon fixed points of R-weakly commuting maps in
generalized metric spaces, Fixed Point Theory Appl., 2011, 11 pp., 2011, doi:10.1186/1687-
1812-2011-41.

Z. Kadelburg, H.K. Nashine, S. Radenovi¢, Common coupled fixed point results in partially
ordered G-metric spaces, Bull. Math. Anal. Appl., 4:51-63, 2012.

H.K. Nashine, Z. Kadelburg, R.P. Pathak, S. Radenovi¢, Coincidence point results in ordered
G-cone metric space, Math. Comput. Modelling, 57(3—4):701-709.

E. Karapinar, B. Samet, Generalized oo — 1) contractive type mappings and related fixed point
theorems with applications, Abstract Appl. Anal., 2012, Article ID 793486, 17 pp., 2012.

M. Abbas, H. Aydi, On common fixed point of generalized contractive mappings in metric
spaces, Surv. Math. Appl., 7:39-47, 2012.

H. Aydi, E. Karapinar, H. Lakzian, Fixed point results on a class of generalized metric spaces,
Mathematical Sciences, 6:46, 2012.

H. Aydi, Generalized cyclic contractions in G-metric space, J. Nonlinear Analysis Appl. (in
press).

M.S. Khan, M. Swaleh, S. Sessa, Fixed point theorems by altering distancces between the
points, Bull. Aust. Math. Soc., 30:1-9, 1984.

www.mii.Jt/NA



