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Abstract. This paper is devoted to model (1) for escherichia coli, introduced in [1]. Based on the
experimental observations of Budrene and Berg [2, 3], Tyson and coworkers derived (1) with n cell
density, ¢ chemotrattactant concentration and s stimulant concentration. Our aim is to study the
stability of constant meaning full solution and ultimately boundedness of the solutions. Precisely:
(1) linear and nonlinear stability is proved by using a peculiar Lyapunov function,
(ii) the ultimately boundedness of the solutions in the L2%-norm is obtained,
(iii) conditions guaranteeing the global stability are also obtained.

Keywords: chemotaxis model, linear and nonlinear stability, absorbing set.

1 Introduction

Mathematical models of the biological systems are an important tool. Much attention has
been paid to pattern formation in the nature world. Especially, patterns of bacteria colonies
have long been investigated, and mathematical models of pattern formation have been
developed extensively. For an account of the state of art of chemotaxis and chemotaxis
models we refer to [4-7] and references therein.

The collection of diverse patterns observed by Budrene and Berg [2, 3] is an interest-
ing and well-documented example of complex pattern formation by bacteria. The most
complex patterns are formed by Escherichia coli in semi-solid medium. These models are
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time-dependent systems of partial differential equations, typically in two or three space
dimensions, which contain three distinct sets of terms modelling three distinct processes:
reaction term, diffusion term and chemotaxis term. Reaction diffusion equations includ-
ing only the first two processes above have been widely studied, both theoretically and
numerically, as models of many biological systems [6, 8, 9] (cfr. also [10, 11]).

Here, we describe dynamical behaviour of E. coli bacterial chemotaxis, the best un-
derstood phenomena among pattern process in bioscience. A small initial inoculum of
bacteria forms a swarm ring of high cell density which expands outward from the in-
oculum. The patterns are formed by fully-motile cells, but a large portion of the cells
becomes non-motile for some unknown reason, and these maintain the pattern. The E. coli
patterns are formed when the bacteria are exposed to intermediates of the tricarboxylic
acid (TCA) cycle, principally succinate. In response the cell secrete aspartate, which is
a potent chemoattractant. A chemoattractant for E. coli is a chemical which the bacteria
like, in the sense that the bacterial cells tend to move up concentration gradients of the
chemical, a process known as chemotaxis.

We choose a parabolic PDE model of reaction diffusion type which is modified from
[1, 12]. A model proposed by Tyson et al. [1] contains most of the relevant features ob-
served in E. coli chemotaxis. Tyson and coworkers based their model on the experimental
observations of Budrene and Berg [2, 3] and they derived the following mathematical
representation with three variables the cell density n, the chemoattractant concentration ¢
and the stimulant concentration s

kln k452
= du2n — V| el k(T ),
ng n V{(kz_‘_c)ch}—F 3n<k9+82 n)
n2
Ct = dCAC + k58m — I€7TLC, (1)
82
St = dSAS — kgnm

The first term in (1) describes Fickian diffusion. In (1)1, the second term denotes the
chemotactic response and the third is for the growth of cells. Similarly, the production of
chemoattractant (second term in (1) adds to its diffusion transport, while the uptake of
chemoattractant by the cells (third term) reduces its extra cellular concentration. The rate
of change of nutrient concentration (1)3 is difference between the rates of diffusion and
consumption.

Tyson applied two simplifications: the succinate concentration s, was assumed to
be constant and used as a parameter, and k7 and kg were set to zero. This eliminate
equation (1); and reduces equations (1); and (1)s. All these models contain more or less
assumption, yet none has been studied with respect to all three pattern-forming processes,
when any realistic model of the system must reproduce them all.

In this paper we present the mathematical model that captures all three observed
pattern-forming processes and we analyze the linear and nonlinear L2-stability of the
solution of (1) under Neumann boundary data by following the methodology formulated
in [13-17].
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The plain of the paper is the following. Section 2 is devoted to some preliminaries.
In Section 3, we recall a Lyapunov functional introduced previously in [13] and analyze
the linear stability of positive steady states. Section 4 is dedicated to the (local) nonlinear
stability. In Section 5 the existence of an absorbing set is shown. In Section 6 conditions
for the global stability are derived. The paper ends with an appendix in which the proof
of Lemma 1 is sketched.

2 Preliminaries

By introducing the scalings [6]

n ¢ > = kngt, A= %
U= —, v = ’ W= —7, = R7Nol, = ’
o ]{)2 \/kg o ki77’Lo
dn ds k'l k3
dy = — d3 = = =
1 dc ) 3 dc ) o deQ ’ P k? )
5:@ _ ksvko b — ks M:@
no’ krkang’ krvko' ng’
the mathematical model, dropping the stars, in dimensionless form is
u dw?
Ut :dlAu—aV l:(]_—l—v)2VU:| —|—pu<1+w2 —U),
u2
V¢ = Av + ﬂ’l,Um — uv, (2)
2
w
we = dgAw — kuW7

where u denotes bacterial cell density, v the aspartate concentration and w the succinate
concentration.

We choose 2 C R3 a bounded smooth domain and we refer here to the positive
smooth solutions of (2), under the smooth initial data

u(z,0) = up(x), v(x,0) =vo(x), w(x,0)=we(x), x€ 1,

and we associate to (2) the Neumann boundary conditions (n being the outward normal
to 042)

d'LL dU dw
— = — = = +
in 0, in 0, In 0 ondf2 x RT. 3)
We denote by
e (-,-) the scalar product in L?(£2),

o || - || the L2(£2)-norm,
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e H'({2) the Sobolev space such that
1 2 2 di
b e H Q) = {42+ (V)2 € L(®), T = 0on 00

and recall that in H'(2) holds the inequality [8]
IV9I? > ally)? 05

with @ = ming o) (||[VY|?/[[¥]|?), ie. @ is the lowest nonzero eigenvalue of
AW = —aW in H'(02).

Remark 1. In the sequel we will denote by I; the set of solutions of (2) with initial data
(0,v9, wp) and by I the set of solutions with initial data (ug, vo, wp) with ug # const.

3 Equilibria and stability

In this section we analyze the equilibrium points of the system (2) and their stability. We
observe that, by inspection of (2), one deduces that there are only two types of relevant
equilibria given by

Ey = (0,0,0), E* = (O,V*,W*)

with V* and W* positive constants.
Let us consider the perturbation to the generic equilibrium E*

u="U, v=V*"4+V, w=W*"+W,
the equations governing the perturbation (U, V, W) to the basic state E* are

U; = a11U +d{ AU + Fy,
Vi =an1U + agsW + AV + F, (5)
Wt :a31U+d3AW+F37

where
ai;p = 05, a1 = —V7*, 23 = 57 az1 = —k,
F = —aV[UVV} - U[5+U
1T L+ (V+ VP PlirwrwaE T (©)
U2W* kU
= - W2 -Uuv, F3 = :
: ﬁ“[(/HUQ)u Wf} W AW

It can be sketched that the stability of the equilibria depends on the fulfillment of the
initial conditions. We observe that if (ug,vg,wg) € I; the stability analysis can be easily
performed and simple stability is easily obtained. Of course, this is not the situation we
are interested in and hence our analysis will be focused on the case (ug,vo,wp) € I
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and study the (asymptotic) stability of the equilibrium E* with respect the perturbation
(U, V,W)T with Uy # 0, i.e., in order to make the analysis consistent with the exper-
iments, we consider initially nonzero cell density, nonzero stimulant concentration and
zero concentration of chemoattractant. In fact v(z,0) is set to zero because, initially,
bacteria have not secreted any chemoattractant [12].

In vectorial form, system (5) can be expressed as

U,=LU+F in2xRT,

with
a1 +diA 0 0
U= (Ua‘/vaW)Ta F= (F17F25F3)Ta L= a1 dQA a3 )
as1 0 dgA
a;; = const € R, d; = const >0, 4,5 =1,2,3.
Setting
bi; = ay — div, i =1,2,3, @)
let us consider the system
dU
— =LU 8
T (3)
with
b1 O 0
L= a2 by azs]. ©)

az1 0 b33

To the matrix L we will apply the following Lemma.

Lemma 1. The Routh—Hurwitz stability conditions of the matrix

71 0 0
Y21 V22 Y23
Y31 Y32 Y33
with v, ; real entries, are
v11 <0, I = 92+ 33 <0, A = 722733 — 723732 > 0. (10)

Proof. The proof is given in [18]. For the sake of completeness a sketch of the proof is
given in the Appendix. O

Remark 2. Applying Lemma 1, to (9), it follows that the zero solution of (8) is asymp-
totically stable if and only if

bu < O7 I = b22 + b33 < 0, A= b22b33 > 0,
and hence, in view of ags = ags = 0, if and only if

b1 < 0.

www.mii.Jt/NA
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Denoting now by p; (to be chosen suitably) positive rescaling constants and setting
U= Ui, V = pols, W = usUs,
bij ="y, it ij=123,
LL;

(3

(5), in view of (7), become

dU 1
=1 _ b11U; + dl(AUl + @Ul) =+ fFl*,
de M1
dU, _ Lo
T ba1U1 + baaUs + basUs + (AUs + als) + ;Fm (11)
2
dU: 1
d—: = b3 Uy + bssUs + ds(AUs + als) + M—Fg
3

with
Fi*:Fi(,UflUl;,LQUQ;,LLBUS), 1:17233

To (11) we associate the Lyapunov functional introduced by Rionero [13]
1
W(t) =S|l +V

with
1

Vzi

[A(IU211 + 1Us1?) + [1b22Us — bsoUs||* + [|b2sUs — bssUs||*].

The temporal derivative of W along the solutions of (11) is given by

W = b1 U] + TA(|Us | + |U3)|?) + &1 + D + P53 (12)
with
D1 = (A1bor — Asbz1)(Ur, Us) + (Azbg1 — Asber)(Un, Us),
@y = (U, di(AUy + alUy)) + (A1Uz — A3Us, AU, + aUs)
+ (AsUs — A3Us, d3(AUs + aUs)),
1 1 1
D3 = —(Uy, Ff) + — (AU — A3Us, Fy) + —(AxUs — A3Us, F3)
H1 M2 M3
and

Ay = A+ (b33)?, Ay = A+ (b22)? + (ba3)?, A3 = bysbss.
Lemma 2. Let
pd < dia (13)
holds. Then

@1 < S [[bu||UL 1P + [TA(|U2]* + 11Us]1%)]. (14)

DN =
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Proof. Choosing po = p3 = 1, we observe that (6) and (13) imply (10) so that Lemma 3.3
in [13] can be applied.? O

Then, according to the procedure used in [13], Lemma 3.2, one obtains

Lemma 3. Let
(1 +ds)|As| = 24/ A1 Aads (15)

holds. Then
&y < 0. (16)

Proof. In view of the boundary conditions it turns out that
Dy = di (|| VULIP* + a||U1[?) + Ar (|| VU:|* + a||U|)

+ Aods (— || VU3 + @||Us||?) + (1 + d3) A3(VUs, VU3)
— a(1 +ds)A3(Us, Us).

By virtue of (15) it follows that
@y = dy (—||IVUL|? + &|| UL |?)
~ IV (VAT & VA A5 | - 6y /AUs + v/ AU ]
and hence (4) implies (16). O
On linearizing (11), (12) reduces to
W = b |U1]]? + TA(|Us|? + ||U3)|?) + &1 + P2
and the following theorem holds true.

Theorem 1. Let (13) and (15) hold. Then (0,V*, W*) is linearly asymptotically stable
with respect to L*(§2)-norm.

Proof. In view of Lemma 2 and Lemma 3, it follows that

W < =< [[bua 1T + [TA| (| U2]? + U5]%)]. (17)

N =

2Setting
m = sup(|A1a21 — Agazil,|Az2a31 — Agaz1]),

it follows that

@1 < mur (UL, (U2 + Us)) < mpa (JUL1(102]] + [U3]]))

mz,u% 1
< Up||? + = |[TA|()|U2]12 + ||U3]|?
AL 1P+ SITAI10: ) + Usl)
and hence by 1A
2 11
= 14).
M1 22 (14)
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Further V is equivalent to the L2-norm, i.e. exist two positive constants K7, K5 such that

(|02 +11Us]1%) <V < Ko (U2 + 1|Us]1?) (18)
with | )
K, = 514’ Ky = §A + (b22)? + (ba)? + (b33)*.

By virtue of (18), from (17) it turns out that

. 1 |[TA|

W < —=|bi1||U1]]? — ==V,

5 b1l [U1] %
ie. .
W < =W

with

. IA|>
6 = inf( |b11|, — |.
<| 11| %

W < W(0)e

Therefore it follows that
and the linear asymptotic stability is proved. O

4 Nonlinear stability

Setting

by =by+ae, di=d;—e, e=const>0,i=1,23, (19)
it follows that (6) imply

A = baobsz — aszazy > 0, I = by + b3z < 0.

By virtue of (19), from (11) one obtains

dUu; - 1

— =b1U1 + G —FF,

a 1nt + 61+ i 1

dU- . 1

—2 = by Uy + byoUs + bysUs + Gy + — F, (20)
dt )

dU: - 1

=3 _ b31Uq + b33Us + G3 + fF?f

dt 143

with ~
Gi :d,(AU7 +5[UZ‘)+EAU,', 1= 1,2,3.

Let us define )
W(t) = 5||U1||2 +V

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 2, 210-226
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with

[A(|U2]1 + [|U3]1?) + 1b22Us — bs2Us|? + [|basUs — bssUs||?].

l\DM—A

The time derivative of W is given by

dw _ _ _
= Ol + TA(I0[* + [ Us]?) + @1+ &5 + &5
with
@1 = (A1ba1 — Azbz1) (U, Us) + (Azbz1 — Azbar)(Ur, Us),
= (U1, G1) + (A1Uy — A3Us, Go) + (A2Us — A3Us, Gis),
= 1 1, - 1, - _
P53 = 7<U17F1*> + 7<A1U2 — A3U3,F;> + 7<A2U3 — A3U2,F§>
M1 H2 3
with

Ay = A+ (bs3)?, Ay = A+ (ba2)? + (ba3)?, Az = basbss.
Let by; < 0, from Lemma 2, ¢4 is given by
@F<15U2171U2U2 21
1\2[| ul|U P+ 1TA[(1T=] + 11U]1%) ] 21

Moreover

@y = (U, d1 (AUy + alh)) + (A1Uz — A3Us, do (AU, + aUs))
+ <A2U3 — 1213[]'27 Cig(AUd + @U3)> + <U1, 6AU1>
+ <A1U2 - AgUg,EAUQ> + <A2U3 - AgUQ, EAU3>

and following the procedure used in Lemma 3 with
(do + d3)|As| = 2v/ A1 Aydads (22)
one obtains
52 < —€||VU1H2 - 6A1||VU2H2 - EAQHVU3||2 + 2€A3<VU2, VU3>

In view of (22) it follows that

¢2<—e(||w1||2 f W Wde = V) 4102 + f r Wde = V) 519, ||2)

—JNVMW+wvwW+MV%W) (23)

with

6:mi{,\/_%h (Vdy — V/3)? 2}

dyt+ds 7 dy+ds

www.mii.Jt/NA
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In view of (21) and (23) one has

1.- _
Ty < 5 [[ba1 |7 1> + [TA|(|U2]* + |Us]%)]
— (VUL + VU | + | VU3||?) + @s. (24)

It remains to estimate the term @5 appearing in (24).
Of course, from the biological point of view, we can confine ourselves to the positive
solutions of (20) and hence to perturbations such that

wu3Us > —W*. 25)

Since
(Us+W*)? 20— US> —W* —2U0sW*

by virtue of (25) it easily follows that
2
14+ (Us+W*)" > 1. (26)
Choosing po = ps = 1, from (6) and (26), it follows that

(Ui, F7) < Ci{1,U7) + Co(1,|UL %), 27)
(A1Uy — A3U3, F3) < C3(UL, |Us|) + Ca(|Us], |Us]) + Cs{|Ux|, |Ua|?)
+ Co{UL, |Us|) + Co(UZ, 1) + Cs(U3, |Ua|),  (28)

(AsUs — A3Us, F3) < Co{|Un|, |Us|) 4+ Cro(|ULl, |Ua|) (29
with
A W™ -
Cq :p57 CZZP/LM C3:&u%+%|A3|7
B B 1;1 2w*
Cy = B|A4], Cs = 1] Aql, 06=W7

C7 = B|4s], Cs=g|/_13|, Co = k1 As, Cio = kp|As|.

By virtue of (27)—(29) one obtains

- Cy Cio 2 Cy  Cho 2
< — — - —
m\(a+2+2>wm+ 2+2|MH

C C
+ <24 +C7 + 29> |Us]1* + C2(1,|UL|*) + C5{UZ, |Ua|)
+ Cs{|U1|,U3) + Ce(UL, |U3|) + Cs(U3, |Ual).
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The Holder inequality implies

= C C C C
Y (e e L R

C Cy 1/2
+(4+@+ﬂwﬁumﬁﬂwﬁ+%m/

xﬁ@+@+%WM&H@+M%MH@+M%M

and in view of the embedding inequality
I£1Z < K(IVFIP+[1£11%), K = K(£2) = const > 0,
it turns out that
@3] < H[|[UA|* + Hz (| U=]* + |Us]1?)
+ KM ([VUL? + [VU|* + VU1 + UL + [[U2]|* + | Us1%)

x ([0217 + 1T + | Us]|?) /2 (30)
with
09 ClO
BACREC U
C C O C
H{ Y

M = maX{CQ +C3+ Cq,C5 +2,C% +2}.

Since A > 0, an Jinequality like (18) holds also for W, with K1, K replaced by two
positive constant &, K5. Hence, on taking into account (30), (24) implies

dw . IA
T S —[<2|bu| - H1> 1011 + (|2| - Hz) (102> + U3||2)]

B 1 1/2
- |- mM (Wl 4 V) U + 19Tl + Vo

1 \32
KM(|h|?+ =V
rrM(IP+ V)
ie.

—— < (61 — LWYAW — (85 — W) (VUL + | VU2 + |VU31?)

3/2 B 1 1/2
62:KM(1+> 5 63:66, 64:KM(1+K) .
2
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mo<ut](3)-(3)]

W < Woe @581,

By recursive argument

implies
We can summarize the results of this section in the following theorem.
Theorem 2. Let byy < 0, (22) and
1- _
§|b11|—H1>0, |IA|—H2>0

hold. Then the zero solution of (20) is asymptotically stable with respect to the
L?(2)-norm.

5 Absorbing set
Let us consider the energy

E =2 (llull* + llo]l* + [[w]l)

N =

as a measure — in the phase space — of the distance from the origin and denote by |{2| the
measure of (2. Along the solutions of (2), belonging to I5, one has

E
(iTt :dl/uAudQ+/vAde+d3/wAwdQ

Q o) Q
U dw?
- —_— dn 2 —u | df2
a/V[(1+U)2Vv]u +/pu <1+w2 u)
19 Q
u? 9 w?
+0 wvﬂ+u2 d2 — [ w*d2 -k uwmd().
19 2 19

By virtue of the boundary conditions (3) and (4) it follows that

dE

2 < ~dalul? ~ alol? — dsalulf — o [ [ ve]uag
2

1
+p5/u21— d.Q—p/ugd.Q—l—ﬁ/wvd.Q
14+ w?
Q Q Q

2
wv w
— - 2dn - ——dfn.
Bu/u—i—uzd /uvd k/uw1+w2d
Q 0 0

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 2, 210-226
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Moreover, in view of (3), one obtains

—a!V[(1+ E Vv]ud(l

za/V[uV(l—Fv)*l]udQ: —oz/uVuV(l—Fv)*l dn
2

V(uVu)(1+v)~tdf2

=«

bi O —_ ®

(Vu)?(1 4 v)~* dQ+a/uAu(1 + )"t de. 31)
Q

Considering the biologically meaningful concentration (v > 0, v > 0, w > 0) one has
that 1 + v > 1 and in view of (31) one obtains

—a/V Y Volud® <a||Vu||2+a/\uAu|dQ< 0
(1+0)?
Q

Since

d 4
phlul? = p{1,%) < 21+ (25 = 0) (1,0)

with €; positive constant, choosing

2
€1 = =

)

it turns out that

dE

52
4 S —dyalul|? — allv||* — dzaljw|* + %<1,u> + ﬂ/vwdQ.

On the other hand
B

Blo,w) < g lvl* +
€2

Bea pd? p264 €3
P, 2 ) < 0 D

4 S 32,

therefore for
€3 = d36£

one obtains

dF dla 2 _ ﬂ 2 _ 662 2 1% (S
< - = — (dsa — =2 0
<=l - (a - o el Il + 357 = 19!

i.e.
dF
S < =Ca(lul® + ol + ) + C

www.mii.Jt/NA
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with

. diae (_ B _ Pey p264
— f _ _— = .Q .
¢ m{ 2 ’(a 262>’ <d30‘ 2 )} = 3900

Now, assuming

@ng > Z (32)
and choosing € in such a way that
B8 2ds
%% < €eg < 3 ,
it follows that d
&E(ﬂ + QClE(t) < Cy (33)

with C1, Cs positive constants independent of the initial data (ug(x), vo(x), wo(z)).
Hence the following theorem holds

Theorem 3. Let (32) holds. Then it turns out that for any 6 > 0, the ball S(5) centered

at the origin (0, 0) defined by

S(6) = {(U,v,w): E<(1 +5)20(§1}

is an absorbing set.

Proof. First of all we observe that S(0) is invariant, in fact from
= O
Et)=01490)—,
(B)=0+0)55
by virtue of (33) one obtains

dE o
(dt)tzt < Cy — 261(1 + 5)E < —6C5 < 0.

Moreover from (33) it turns out that
Cs
201"

Thus, denoting by I" a bounded set of the phase-space, there exists a positive constant M
such that

E(t) < E(0)e 2t 4

sup E(t) < M.
r

From o o
_ 2 5 C2
Me >t 4 ac; = 1+ 955
we obtain that, for any ¢ > t* with
t* = L log 2{\401
2C, 5Cy
any trajectory starting initially in I", belongs to S(6). O

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 2, 210-226
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6 Global nonlinear asymptotic stability

If one is able to “control” the functional @3 in (12), then conditions for the global stability
may be obtained. This is the main goal of this section.

By virtue of the ultimately boundedness L2-norm of the solutions of (2), it follows
that we can assume that exists a positive constant H such that

|U1‘, |U2|, |U3| <H ae.inf2xRT.
In this way, by virtue of (27)—(29), we get the estimate
B3| < My [T + My (||U2]* + ||U3]1%)

with
- - s s Cy C
M1201+(02+03+06)H+79+%7
C, = Cio Ci  ~ = C
My = max J+C5H+£7—4+C7+CSH+79
2 2 2 2
and
. . . AW
Cr = po, Ca = ppa, Cs = &M% + %|A3|»
~ ~ - A 2w*
Cy = B|A4], Cs = p1|A4], 06:6|3|MM1’

Cr = Bl A3, CN'a;=g|x43|7 Cy = kyuy As, Cho = ku1|As).

Hence the following theorem holds

Theorem 4. Let (13), (15), (32) and
1
§|b11‘7M1>0, |IA|*M2>O (34)

hold. Then the zero solution of (11) is globally asymptotically stable with respect to the
L2-norm.

Proof. On taking into account (14), (16) and (18), (12) implies
. 1 1
W < =5 a0 = 1A (102 + 11Us]1%)
+ MU ||? + Mo (| U2|* + (U3 %),

i.e. )
W< —xiW
with . )
Xl = 1nf{2|b11 - Ml, E(|IA| - 2M2)}
and hence

W(t) < W(0)e X, O
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Appendix. Proof of Lemma 1

Since the invariants I, I, I3 of

1 O 0
Y21 Y22 723 (35)
Y31 Y32 Y33

and I Iy — I3 are given by

I =y +1, Iy =yl + A, I3 = 11 A,
2 A 36

1'11'2—-73:711-7(1-#%)7 GO
Y11

it immediately follows that (10) imply the Routh—-Hurwitz stability condition for (35)
I, <0, I3 <0, I, — I3 <O0. 37

Vice versa, let (37) hold. Since one easily verifies that v is a real root of (35), by virtue
of (37), it follows that v1; < 0.
Then (36)3 and (37) imply A > 0. It remains to obtain I < 0. But (37) implies

2
+ A
(—711)I<I + “mm> = (=) I* = (v, + A)I >0,

and the roots of
(—m) I = (VL +A)I=0

are 0 and (v, + A)/ — 11 > 0, hence I ¢ [0, — (73, + A)/711)-
Since —(7%1 + A)/v11 > —v11, (37)1 does not allow, in view of (36)1, I > —711,
hence I < 0.
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