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Abstract. In this paper, we investigated the dynamics of a diffusive delayed predator-prey system
with Holling type II functional response and nozero constant prey harvesting on no-flux boundary
condition. At first, we obtain the existence and the stability of the equilibria by analyzing the
distribution of the roots of associated characteristic equation. Using the time delay as the bifurcation
parameter and the harvesting term as the control parameter, we get the existence and the stability
of Hopf bifurcation at the positive constant steady state. Applying the normal form theory and
the center manifold argument for partial functional differential equations, we derive an explicit
formula for determining the direction and the stability of Hopf bifurcation. Finally, an optimal
control problem has been considered.
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1 Introduction

Predator-prey systems model some biological phenomenons and relationship between
predator and prey in the real world, which play a crucial role in mathematics and have been
extensively considered in many ways by many researchers (see e.g. [1-6] and [7-12]).
Recently, as the continuous exploitation of biological resources, the harvest of popu-
lation in fishery, forestry, and wildlife management become more crucial. Concerning the
conservation for the long-term benefits of humanity, there is a wide-range of interest in the
use of bioeconomic modeling to gain insight in the scientific management of renewable
resources like fisheries and forestry [13]. In biological, both harvesting in prey and in
predator could lead some dangers in real-life harvesting such as no equilibrium exists and
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either prey or predator goes to extinction for some values of harvesting rate. It would be
interesting that the nonzero constant harvesting in both models can prevent mutual extinc-
tion of prey and predator, and remove the singularity of the origin, which was regarded as
“pathological behavior” by some researchers (see [14,15]). And in mathematics, the study
of predator-prey models with harvesting have attracted the attention of many researchers
which have rich bifurcating phenomenons (see e.g. [13,14,16-18] and references therein).

Xiao and Jennings [13] considered the Michaelis—Menten type (ratio-dependent) pre-
dator-prey model with a constant rate prey harvesting. It has been showed that system
has four equilibria and undergoes two saddle-node bifurcations, the separatrix connecting
a saddle and a saddle-node bifurcation and heteroclinic bifurcation. When the spatial dis-
persal is considered in ratio-dependent predator-prey model, system has been investigated
by Zhang [19]. They derived the conditions for Hopf and Turing bifurcation on the spatial
domain. Their results have shown that modeling by reaction-diffusion equations is an
appropriate tool for investigating fundamental mechanisms of complex spatiotemporal
dynamics.

Many researchers focus on constant-yield harvesting of a predator-prey system (1)
with Holling type II functional response and its variants (see [20-24]),

dx T m xy
— = l—-—=)—-———>=—-h
mc( K) sz+A "

dy ma
Y —y(-B —h
dt y( +x+A) 2

where hy > 0 and ho > 0 are harvesting or removal rate for the prey and the predator,
respectively. They observed very rich and interesting dynamical behaviors such as the ex-
istence of multiple equilibria, homoclinic loop, Hopf bifurcation etc. Brauer and Soudack
[25] developed the theory of global behavior of system (1) and shown by examples which
of the theoretically possible transitions can actually occur for a class of biologically
motivated models. Brauer and Soudack [26] carried out the phase portrait analysis and
considered the general form of system (1). They have shown how to approximate the
region of asymptotic stability in biological terms the initial states which lead to coexis-
tence of the two species by efficient computer simulations and how to identify values of
the harvest rates for which the region of asymptotic stability disappears corresponding to
collapse of the biological system for every initial state.

If a time delay in the predator response term is considered in system (1) with hy = H
and ho = 0, then it becomes

d (1) sy
dt:Tx(t)<1_K> —W—H

dy x(t—1)
dt _y(t)<_B+ a:(t—T)+A>'

The time delay represents a gestation time of the predators. The reproduction of predating
the prey is not instantaneous, but will be mediated by some discrete time lag required for
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gestation of the predators (see also [27]). Xia et al. in [27] have investigated system (2),
applying the normal form theory of retarded functional differential equations developed
by Faria and Magalhdes [28]. Also, Martin and Ruan in [16] considered dynamics of the
general model of system above.

If system (2) is further considered a spatial diffusion with no-flux boundary condi-
tions, then it can be described by the following system:

ou(t,z) u(t, x) ult, z)o(t, z)

5 = Didu(t,x) +ru(t7x)(1 K ) A+utax)

T € -(27 t > 07
8’[](t7x) B U(t_Tvx)
at—DQAU(t7x)+U(t’m)<_B+fH-IL(t—7',SC) , x€f2, t>0, (3)
ou(t, ) _ du(t, z) =0, z€0, t>0

% ov 7 -

u(@,z) = ¢(0,2), v(b,z)=v0,2), €, §c[-1,0].

Here the habitat {2 is a bounded domain in R™ (n > 1), v is the outer normal direction
for z € 0f2 and the imposed no-flux boundary condition means the system is a closed
one. Also, r is the intrinsic growth rate of the prey; K is the carry capacity of the prey;
A is the half saturation constant for the predators which is the prey density at which the
functional response is half maximal; B is the death rate of predators. System (3) with
H = 0 has been investigated by many researchers (see e.g. [1,29-33] and references
therein). System (3) with H # 0 have no results as far as we know. We assume that the
predator in system (3) is not of commercial importance. The prey is continuously being
harvested at a constant rate by a harvesting agency. The harvesting activity does not affect
the predator population directly. It is obvious that the harvesting activity does reduce the
predator population indirectly by reducing the availability of the prey to the predator.

The rest of the paper is organized as follows. In Section 2, we study the distribution of
the roots of the characteristic equation and the stability of a positive constant steady state
and show the conditions under which Hopf bifurcation occurs. In Section 3, we derived an
algorithm for determining the direction and stability of the Hopf bifurcation by applying
the normal form theory and the center manifold theory of partial functional differential
equations ( [34] and [35]). Some numerical analysis is given which support the analysis
of Section 2 and Section 3 in Section 4. In Section 5, an optimal harvesting policy is
considered by using Pontryagin’s maximal principle.

2 Analysis of the characteristic equations

In this section, we consider the stability of the equilibria for system (3) on {2 = (0, i7)
with [ € RT by analyzing the characteristic roots.

Denote X = C([0,Ir],R?), €, = C([-7,0], X). Assume (¢,?) € €, u(0,z) =
¢(0,2) > 0,v(0,2) = (0,2) >0, p(0,z) > 0, and ¢(0,x) > 0 for § € [—7,0].

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 4, 379-409



382 X. Chang, J. Wei

For convenience, some useful results of system (2) from [27] are rewritten as follows.
Denote

1 0-2 72+ 4+422
To:&I‘CCOS( + ), U+:\/( il il anB)

o4 azf 2 ’
Av* 2u* Av* u*
T (Atu)? - K ) (A4 uw)? T T A+w
o1 1 5, o =r|l 1 3 m=B=- ;
AB ru®  H
u -5 v =( +u)(r % u*)

Assume hypotheses (A1) and (A2) hold, where

(Al) TAB(K — KB —AB) - HK(1—-B)?>>0and0 < B < 1;
(A2) rKAB?+ (1 - B)*HK —rA?B? —rKAB? —rA?B3 <.
The following statements are true:

(i) System (2) has a unique positive equilibrium E = (u*,v*);

(i1) Hopf bifurcation occurs in system (2);

(iii) The Hopf bifurcation values for system (2) are 7, = 79 + 2kn /oy, k=0,1,2,....
Note that hypotheses (A1) and (A2) implie:

*

AB
H<H0::ru*(1—u>:K(r(K(l—B)—AB) and 0< B <1;

K 1- B)?
ru*? rAB?
H < Hy = 24+ A-—K)=——=(A(1+B)— K(1 - B)).

The constant equilibrium points of system (2) are also the ones of system (3). Denote

K [K(rK — 4H) L _E [K(rK — 4H) g oK
Tt g 4r T T 4r T Ty

And it is not difficult to show that the following lemma holds.

Theorem 1.

(i) If0 < H < Hy, then system (3) has one interior equilibrium point E* = (u*,v*)
and two boundary equilibrium points E1 = (uy,0) and Es = (u_,0);
(1) If Hy < H < Hy, then system (3) has two boundary equilibrium points E and E5;
(i) If H = H,, then system (3) has only one equilibrium point (K /2,0);
(iv) If H > Hy, then system (3) has no equilibrium points.

Remark 1. The existence and multiplicity of equilibria in system (3) are determined by
the value of H from Lemma 1 above.
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Fig. 1. The existence and multiplicity of equilibria with parameter H. If H € I; :
(0, Ho), then system (3) has three equilibria; if H € I := [Ho, H1), then system (3) has
two equilibria; if H € I3 := {H = H,}, then system (3) has only one equilibrium; if
H € I, := (H1,00), then system (3) has no equilibria. Here D1 = 2, D, = 0.5, r = 0.7,
K=46,A=1,B=0.667,1l=5.

2.1 The boundary equilibria

Now, we consider the stability of two bounded equilibria in 0 < H < Hj.

2.1.1 Consider Ey = (u4,0)

Linearizating system (3) around £, we get the eigenvalues are

n? 2uy n? Uy
A = —D1— —— |, Ao =-Do— B————|.
1 173 +7“( K) 2 272 +( A+u+)

Obviously, the eigenvalues are independent of the time delay, and the characteristic equa-
tion is coincide with system (3) with 7 = 0. u; > K/2 implies A1,, < 0. From

Uy 1-B [, 1-B (., K K(Kr—4H)
B - = uw—uyp )= —— - — ) ———— ],
A+uy  A4ug A+ uy 2 4r

we have, if u* < K/2 or u* > K/2 but H < Hy, then v* < wuy and Ao, < 0; if
u* > K/2and Hy < H < Hy, then u* > uy and \yy > 0; if u* = K/2, then
Uy = K/Q, Hy=Hyand Ajg = Xog =0, A1, <0, Ao, <Oasn > 0. Ifu* > K/2and
H = Hy, then uy = u*, A1, <0, Ayp = 0, and Ay, < 0, whose stability is determined
by center manifold theory and normal form theory, and which is postponed to Appendix.
Hence, we get the following lemma.

Theorem 2. For the boundary equilibrium Ey of system (3), we have:

O Ifu* < K/2but 0 < H < Hy oru* > K/2 but H < Hy, then E is local
asymptotically stable;

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 4, 379-409
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() Ifu* > K/2and Hy < H < Hy, then E; is unstable;
(iii) Ifu* = K/2and 0 < H < Hy, then codimension two bifurcation occurs.
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Fig. 2. Stability diagram of u4 with H and u*. u is locally asymptotically stable, when

(Hyu") e :={(H,u"): v" < K/2but0 < H < Hioru" > K/2but H < Hp};

u4 is unstable, when (H,u") € I, := {(H,u"): v > K/2and Hy < H < H.};

codimension two bifurcation occurs, when (H,u*) € Is := {(H,K/2): 0 < H < H.}.
Here D1 =2,D2,=0.5,r=0.7, K =46,A=1,B =0.667,] = 5.

2.1.2 Consider E = (u_,0)
Using the same method above, we linearize the system around Es, and the eigenvalues
are ) )
2u_ n U_ n
Mp=1r|{l——F)—D1—, don=B————Dy—.
! T( K) A Atu. 22
This implies that Es is unstable.

2.2 The interior equilibrium

Now, we focus on considering the dynamics behaviors of the interior equilibrium E* =
(u*,v*). Let & = u — u*, ¥ = v — v*, also let u and v denote @ and 0, respectively.
System (3) is transformed into the following equivalent system:

dult) 2" w)\  (utuy Auv”
5 _DlAu+ru(1 a K) A+utur (A+u+u*)(A+u*)7
r e, t>0,
Av(t) Au(t — 1)

DA . 2, t>0 @
ot 2 ®+(U+U)(A—&—u*)(A—&—u(t—T)—Fu*), e en

W' (t,0) =4/ (t,Ir) =0, o'(t,0)=2'(t,lx) =0, t>0,
U(G,x) = ¢(9,£C) - ’LL*, 0(971') = 1/)(9@) - U*v T e ﬁv 0 € [_7—7 O}
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Denote uy(t) = u(t,-), ua(t) = v(t,-), and U = (u1,u2)’. Then system (4) can be
rewritten as an abstract differential equation in the phase space %,

U(t) = dAU(t) + L(Ut) + F(Uy), @)

where dom(dA) = {(u,v)T | u,v € C2([0,In],R), dyu = d,v = 0, v = 0,7},
L:% — X,F:%, — X are defined as

(D1 0 _ (a1 —ag) ($1(0) 0 0\ (¢1(-7)
‘(0 D2>’ W)‘(o 0 )(¢2<o>)+(/31 0) (@(—ﬂ)’
~#eH0) + RS G

F(o) = A (—7)2(0) Av*$12(—7) '

Atu)(Atu+é1(-7)) — (A+u)Z(A+u*+¢1(=7))

respectively, for ¢ = (¢1,¢2)" € €.
The linearized equation of system (4) at the origin has the form:

U(t) = dAU(t) + L(Uy), 6)
and its characteristic equation from [35] is
Ay — dAy — L(e)"y) =0, y € dom(dA)\ {0}, ™

where - represents a time delay variable. It is well known that the operator u — Au
with 9,u = 0 at 0 and I7 has eigenvalues —n?/I%, n = 0,1,2, ..., with corresponding
eigenfunctions cos(nmz/1). Let

=5 (1) ()
n=0

be an eigenfunction for A + L with eigenvalue A, see also [36]. Hence, Eq. (7) can be
written as
An(A,T) =N+ A A+ B, +Ce ™ =0, n €Ny, (5)

where

n? Dsn? n? ABv*
A, = (D +D2)TQ —ay, Bp= 122<D112 - 061>7 C= m = af1.

(A3) H < H} := ABD, /((1 — B)2I?) + H,.

Lemma 1. Assume that hypotheses (Al) and (A3) hold. Then A = 0 is not a root of
Eq. (5,) for any n € N.

Proof. From Eq. (5,,), we have

D 2 2
An(OvT) = Bn +C = l22n<D172 _al) +a2ﬁ1-

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 4, 379-409
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Sending n to either 0 or 1 in A,,(0, 7), we obtain that

D D
Ao(0,7) = asf1 >0, A(0,7) = (l; - a1>2 + azf,

12
and A, 41(0,7) > A,(0,7). By hypothesis (A3), we get a; < D;/I?. That is,
A, (0,7) > 0 for all n € Ny, which implies A = 0 is not a root of Eq. (5,,) for any
n € Np. O]

Lemma 2. Assume that hypotheses (A1) and (A3) hold. Then Eq. (5,) with T = 0 has
two negative real part roots for all n € Ng. Furthermore, equilibrium E* of system (3)
with T = 0 is local asymptotically stable.

Proof. Eq. (5,) with 7 = 0 is equivalent to the following quadratic equation,
An(N0) =X+ A N+ B, +C, necNg. (6,,)

Let A1, and Ay, be two roots of Eq. (6,,). Then for any n € Np,

TL2

Mn + Ao = —A, =a1 — (D1 + DQ)TQ,
4 2

n n
7 D205172 + anf.

)\ln/\2n =B, + C = DDy
From hypothesis (A3), A1, + A2n < 0, A1 A2, > 0, which implies Eq. (5,,) with 7 =0
has two negative real part roots by Viete theorem. O

From the result of Ruan and Wei [37], we know that the sum of the orders of the zeros
of Eq. (5,,) in the open right half plane can change only if a zero appears on or crosses
the imaginary axis, as 7 varies. Now, we focus on the conditions under which the cases
above occur. Denote

N D 4D, D 22 N-1, N
N D2t V/AD1Dsas 3 + a3D? and N, =LA €N,
2D, D, [N], N ¢ N.

Lemma 3. Egq. (5,,) has a pair of purely imaginary roots £iw, (0 <n < Nj) at

0o 2T

T=T£=Tn+—, 7=0,1,2,..., )
Wn
where
2
0 wn _Bn

_ 9
T o arccos o ©)]

\/(an ~ A2+ (A2 —2B,)? —4(BZ — cz))

Wy = .

2
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Proof. Fixn € Ny. iw (w > 0) is a root of Eq. (5,,) if and only if w satisfies
—w? + A,wi+ By, + C(coswr — isinwr) = 0.
Separating the real and imaginary parts, we have
—w?+ B, +Ccoswr =0, A,w—Csinwr =0,

which is equivalent to

w' 4+ (A2 — 2B,)w® + B2 — C? =0. (10)
Setting z = w?, Eq. (10) is transformed into

2?4+ (A2 —2B,)z+ B2 — C* =0, (11)

where

TL2 2 n4 ’17,2
Ai — QBn = |:(D1 —+ DQ)Z? — Oé%:| — 2D2 <Dll4 — l20[1)

nt n2? 2
= Dzlj + <D112 - al) )

B2 - C*=(B,+0C)(B,—0)

n? n? n? n?
= [DQZQ <D1l2 - 041> + 04251} |:D2l2 <D112 - a1> — 04251} .

From hypothesis (A3), B, + C > 0,
n? n2 n? o 2 D
B"OD2l2(D112a1) a251D1D2(l22D11> 7&2517&&%

For any u* € (0, K], Eq. (11) has no positive roots for n > Ny, and 0 < n < Ny is the
necessary condition of Eq. (11) having positive roots. For 0 < n < Nj, a unique positive
root z, of Eq. (11) is

2B, — A2+ /(A2 —2B,)2 — 4(B2 - C?)
- 5 ,

Zn

and

2 )

o = /7 = \/2Bn — A2 + /(A2 —2B,)%? — 4(B2 — C?)

is the imaginary part of the purely imaginary root. At
25 1 w2 —B, 2w
J wn = Bn 27

r=7l =704+ = — arccos =

. j=0,1,2,....
" T wy, Wn C Wn, J

Eq. (5,) has a pair of purely imaginary roots +iw, (0 < n < Nj). Completing the
proof. O

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 4, 379-409
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Remark 2. Notice that Eq. (5¢) is the characteristic equation of the linearization of the
system (2) at the positive equilibrium, which has been considered in [27]. From the results
in [27] listed above, we know when 7 = 7, system (2) has simple imaginary roots +io,
which are just coincide with Té“ and £iwy. That is, when n = 0, the conclusions of Lemma
2.3 are also the results in [27].

From Eq. (8) and Eq. (9), we have 77 < 7471 forany 0 < n < Nj, j € Ny and the
following lemma point out the increasing proposition of 77 in n.

Lemma 4. Let 71 be defined as Eq. (8) and Eq. (9). Then for any 0 < n < Nj, j € Ny,
T < T,

Proof. From Eq. (8) and Eq. (9), we have
V(A2 —2B,)? — 4(B} - C?) — (A} — 2B,)

2 _
w2 = 5
_ 2 _ 2
- 3 2 ) ’
\/( Bt )} + e T+ Crgt Yo 4t
where
4 2
v _ AL—2B. _ D3% + (D14 — ay)?
C? =B} (a2p1)? — (D1Da% — Daay %7 )?
_ D3y* 4+ (D1y — a1)?
~ (a2$1)? — (D1D2y? — Dacvyy)?’
n2
Y= 2

Simple computation shows that

dw, —(1+Y,/Y2+4) “0
e  V2(VY2H+4+Y,)E
dY, _ 2(D3y* + (D1y — a1)*)(D1Day® — a1 Day)(2D1 Doy — a1 Dy)
dy ((a281)? = (D1D2y? — a1 Day)?)?
2D3y + 2Dy (D1y — a)
(a2p1)? = (D1D2y? — ay Day)?
_ 2D3y(Dyy — 1) (D1 D3y® + (D1y — a1)®)
a ((a2p1)? = (D1Day? — a1 Day)?)?
(a21)?(2yD3 + 2D1(D1y — 1))
((a2p1)? = (D1D2y? — a1 Day)?)?
That is, w,, is strictly decreasing in n for 0 < n < Nj. Notice that B,, is strictly increasing
inn for 0 < n < Nj. Then we obtain (w2 — B,,)/C is strictly decreasing in n for
0 <n < Ni. And arccos((w? — B,,)/C) is strictly increasing in n. Hence, 77 is strictly
increasing in n. O

> 0.
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From the above proposition, we have 70 < 7} < 72 < .-+ < 74 < ... for any

n

0<n<Nandry <7 <713 <---<7) <---<7L,Jj € Ny Notice that what
possibility will occur is 74, = 7% for some m > n, j < k. In this paper, we do not
consider this case. In other words, we consider

TE@::{Tflf T&#Tﬁ,m#n,j;&kz,Ogn,mSNl,j,kENo}.

Let A\, (7) = an(7) + iwn(7) denote a root of Eq. (5,) satisfying a,,(77) = 0 and
wn(77) = wy, when 7 is close to 7. Then we have the following transversality condition.

Lemma 5. o/(7]) = Re(d\/dr) __; > 0.

Proof. From Eq. (5,,), we have

dA — AT — AT
5(2)\—&-14”—076 ) =Cle V.
Hence,
AT 2044, —Cre 2 o Ay, T
dr Che= A7 C CA A

Substituting 77/ into the above equation, we obtain

-1 . . .
R dA _ 2cos(wpT))  Apsin(w,T))
(/\ (Tn)) - Re(dT) ; - C + C’wn

_ VBB -AB Y
_ " ,

where cos(w, 7)) = (w2 — B,,)/C, sin(w,7]) = (Apw,)/C. O

From the above analysis, we have the following theorem.

Theorem 3. Suppose that hypotheses (A1) and (A3) hold. For system (3), the following
statements are true:
() If T € [0,7)), then the equilibrium point E*(u*,v*) is local asymptotically stable.
(i) If 7 > 7, then the equilibrium point E*(u*,v*) is unstable.
(i) © = Tg (3 € Ny) are Hopf bifurcation values of system (3) and the bifurcating
periodic solutions are all spatially homogeneous, which coincides with the periodic
solution of the corresponding ODE system. And when 7 € 2\ {7§: k € Ny},

system (3) also undergoes a Hopf bifurcation of spatially inhomogeneous periodic
orbits.

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 4, 379-409
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3 Direction and stability of spatial Hopf bifurcation

In this section, we shall study the directions, stability and the period of bifurcating pe-
riodic solutions by applying the normal formal theory and the center manifold theo-
rem of partial functional differential equations presented in [34, 35]. For fixed 7 € Ny,
0 < n < Nj, we denote 7 = 7. Let i(t,x) and 9(t, ) denote u(7t,z) and v(7t,z),
respectively. And drop the tilde as a matter of convenience. Then system (4) can be
transformed into

du(t) 2w B

o T(dAu+ru<1 K K A+utu*  (Atutu*)(A+u*)
du(t) A(v+v*)u(t—1)

o T<A”+ (Atw ) (Atu(t—1) + u*))

2u* u> _ (utut)y Auv* )
(12)

forz € 2,t>0.LetT = F+pu(pu € R), ui(t) = ult, ), uz(t) = v(t,"), U = (ur,u2)",
v=r/Kand G := A+ u* = A/(1 — B). Then Eq. (12) can be rewritten in an abstract
form in the phase space ¢, := C(]-1, 0], X),

dU(t)

where L. : 1 — X, F' : €1 — X are defined by

_(0191(0) — a2¢2(0)
Lo =e (M50 ),

and

F(¢, ) = uDA¢ + L (¢) + f(¢, ),
Av* $1%(0)— AG$1(0)$2(0)
—79*1(0) + = aria s o)

A1 (—1)¢a(0) Av i(—1) ’
G(G+¢1(-1))  G2(G+¢1(-1))

f(o,p) = (T +p)

respectively, for ¢ = (¢1, ¢2)T € €.
Consider the linear equation

dU(t

% = T7dAU(t) + Lz (Uy). (14)
According to results in Section 2, we know the origin (0,0) is an equilibrium of sys-
tem (12), and A, := {iw, 7, —iw, T} are characteristic values of the system (12) of ordi-
nary functional differential equation

2
dzsf) = —Fd T 2(t) + Le(z0). (15)

www.mii.Jt/NA
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By the Riesz representation theorem, there exists a 2 X 2 matrix function 1" (6, 7),
—1 < 6 < 0, whose entries are of bounded variation such that

0
" 5(0) + La(6) = / " (6,7)6(6)

12
-1

T ar Tz , 0=0,
0 0

77”(977) = Ov e (_150)7

T<O O), 0=—1.
Bi 0

Let A(7) denote the infinitesimal generators of the semigroup induced by the solutions of
Eq. (15) and A* be the formal adjoint of A(7) under the bilinear pairing

—7d

for ¢ € C([—1,0],R?).
In fact, we can choose

0 6
(1, 8) = B(0)$(0) / / B(E — 0) dn (0, 7)9(€) de
Z1eo0
0
- 0 O
= p(0)$(0) + 7 [+ 1) o(6) de (16)
foeon(z )

for ¢ € C([-1,0],R?), ¢ € C([0,1], (R?)*) (see [36,39]). A(7) has a pair of simple
purely imaginary eigenvalues +iw,, 7, and they are also eigenvalues of A*. Let P and P*
be the center subspace, that is, the generalized eigenspace of A(7) and A* associated with
A,,, respectively. Then P* is the adjoint space of P and dim P = dim P* = 2.

It can be verified that p;(0) = (1,&) el (9 € [—1,0]), p2(8) = p1(0) is a basis
of A(7) with A,, and ¢ (s) = (1,n)e”“~"5(s € [0,1]), ga(s) = q1(s) is a basis of A*
with A,,, where

2 Lo 2
. n _ n .
é’ _ a1 — Wy, — DllT _ /Ble 1Wn T n— Qa9 _ DllT — lwy, — O
- - . 2 - . P i T
o iwy, + Dafz iw, — Dalr pre“nT

Let ® = (&1, ®y) and ¥* = (U5, U3)T with

p1(0) + p2(6) ( Re(e!n77) >

21O ="57 = (Re(eeen )

B cos(wp,70)

N <a12(a1 cos(wnT0) + wy Sm(wﬁo))) ’
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_ pi(6) —p2(9) _ [ Im(e™")
(1)2(9) = % - (Im(feiwn?0)>
_ sin(w, 70)
a%(al sin(wy,70) — wy, cos(w, 7))
for 6 € [-1,0] and

q1(8) + q2(s)
2

<cos(wn?s), _ @2 sin(w,ﬁs)) ,

Wn

Ti(s) = = (Re (e7“"7%), Re (ne ' 7%))

\113(5) = w — (Im (efiwn‘?s)vhn (nefiwn%s))

Wn

— (_ sin(wn7s), — 2 Cos(wn%8)>

for s € [0,1]. Then we have by (16)

D := (], 1) = 1 - -—auf sin(wn ),

n

D} = (97,D9) = iagﬁl (W — cos(wni'))7

2wy, WnT
) . a 5 _ sin(w, T
Do (05, 8) = =2~ Ty (o) S

=
D} = (U3, P2) = 1 + ——af sin(wn 7).
2wy,

o) = .00 = (oY) (Ghe)

Define

(\I’an)l) (\1137(I>2)

and construct a new basis ¥ for P* by ¥ = (U1, Uy)T = (U*, ®)~1W*, Then (¥, ) =
I> and

1 (6%)
U,(0)= ——————— (D}, —Dj
0= 5 g (P 203
1 (%)
\IIQO - * T)* * *(D*’D*>
©0) DD} — DiD3 Bow, !

In addition, f,, := (B}, 32), where

@@ﬁ%,ﬁgé&'

Letc- f, be defined by c - f,, = c18L + c282 for ¢ = (c1,¢2)T € 6.
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Thus the center subspace of linear equation (14) is given by Pon%1, where for
¢ € €1, Pong := O(V, (¢, fn)) * fn- ©1 = PonC1 @ Ps% and Ps%; denotes the
complement subspace of Po %) in 67,

I I
1 1
(u,v) := E/ulv_l dz + E/UQ'U_Q dx
0 0

for u = (u17u2)’ v = (Ula UQ)’ U,V € X and <¢a f0> = (<¢a f01>a <¢7 fg>)T
Let A; denote the infinitesimal generator of an analytic semigroup induced by the
linear system(14), and Eq. (12) can be rewritten as the following abstract form

dU(t
J = A:U; + R(Uy, ),
dt
where
0, 0 e[—1,0),
R(Utvl*b) = [ )
F(Ut7/~1’)7 0 =0.

By the decomposition of %7, the solution above can be written as

Ut - (I) (%1) : fn + h(xlax%u)u (17)
Z2

where
(51) = (v s),

and h(xy,z2, ) € Ps%, h(0,0,0) = 0, Dh(0,0,0) = 0. In particular, the solution of
Eq. (13) on the center manifold is given by

xg(

Let 2 = x1 — ix9, and notice that p; = ®; + i®5. Then we have

B (1O g = @00 (2 ) de = Sz ).
xg(t) n = 1, P2 i(z—2) n—2p12’+p12) f’ru

U, =& (”“(3) - fo+ (w1, 2,0).

2

and

h(z1,22,0) = h(z+Z (Zz)i,o>.

2 7 2

Hence, Eq. (17) can be transformed into

1 o z+ZzZ (z—2)1
Ut=2(P12+P12)'fn+h< ( ) 70>

2 72

1
=§(p1z+ﬁ12)-fn+W(z,é>7 (18)
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where

W(z’z)_h(z—ki (2—2)170).

2’ 2
From [35], z satisfies

Z=1iw,Tz + g(z, 2),

where
9(z,2) = (V1(0) — i¥2(0))(F(Ut,0), fn)- (19)
Let
22 z2
W(z,2z) =W20§+W1122+W02?+“- ; (20)
9(z,2) 2920§+91125+902§+921§'“ ; (2D

from Eq. (18) and Eq. (20), we have

1 2
w(0) = 3e+ 2)eos () + WO T + WD 02+ W0

z
5+...7

ve(0) = (£z+£z)cos<l )+W§§>( )+ W2 (0)22 + W2 (0 >3+~- :
2
ug(—1) = %(ze_i”"% + ze'“"7) cos (7:3) + Wéé)(—l)% + Wl(i)(—l)zé
2
W (DS +-
u u u  u?
= + SEIEN

A—i—u*—l—u:G—l—uiai@
and
Av*uy?(0) — AGuy (0)v:(0)
G2(G + u(0))
Aut(())

= 20+ 220 (6 1y 0)) (0704(0) - Gur(0),
Aug(—1)ve(0) Av*u?(—1)

G(G +ui (1))  G%(G +u(—1))
Aut(

-1) "
= =5 (G = w(= 1) (Gu(0) — v ui(-1).

_ 1
Fl(Ut,O) = ;Fl(Utao) = _’7”?(0) +

_ 1
FQ(Ut,O) - ;FQ(Ut,O) ==
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Hence,
I(Utao)
22 COS2(2$> 3 *
_ 2<2Gé('yG + Av AgG))
B cosz(ﬂx) 3
22 g (-G + 2407 — AG(E +9)
72 COSQ(EQE) 3
2%z n Av* A€
+ 2<cos<lac> (—7 o G’2>Wl (0)
n Avt A (1)
—|—cos<la:) (—7 TeE 2G2>W20 (0)
_ G2<W11 (0) + % cos| 72
A n
+4G4((2§+§)G 3v*) cos® 7))
FQ(Ut,O)
22 Aeiiwn% * —iw, T 2 n
_2<2G3(§Gve ) cos (lx>)
(A - w7 * iwn T 2(n
+ zz @@Ge — 20" + £Ge ’)cos 7
2'2<Ae (& v*e“"”) cos? (7x>)
22z TL A 71wnTGW(2) G — 2* —iw, T W(l) 1
+7 cos | 7% G3( 11 (0) + (€G — 2v*e Wi (=1))
+cos( 2z (GWQ((Q))( 0)el“n™ 4 (G¢ - 2v*ei“’”%)W2((1))(71))
17)2G3
n A * _ —iw, T € 2iwn T
+”§@$)wﬂ%e — (26 +&e >G0+“"
and

,0), f
= %(F (Ut, 0)fr + F2(Ut,0) f7)
I
B T R PRI
N Ae7onT (G —vre ™) | Ir S\Tt)

0
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_ I
N T —2GP 240" —A(EH G 1 /Cosg AW
4G3 77 \A(EGen™ — 2v* + £Gein™) ) I 17
0

_ I
7 2G4+ Avt — AEG N 1 3 ("N
+ 203 2 (Aeiwn%(gG _ ,U*eiwn%)> n /COS ( ] x) dz
0
(—29G® + Av* — ALG) (W (0) cos (%), cos (4))
+5(=29G® + Av* — AEG) (W) (0) cos (%), cos (7))
—AG<<W£2>< 0) + s
+4((26 + &) = §5)(cos® (), cos ()

I8
I

AGe _i“"%<W(2)( 0) cos (Fx),cos (Fx)) T
+A(EG — 20" M) (W) (=1) cos (), cos ()
+M<W2(§)( 0) cos (), cos (Fx))
+4(EG — 20" T (W) (—1) cos (), cos (4))
4 3AvTe T 663 (), cos (Fx))
— (26 + e 2wnT ) (cos® (2x), cos (L))

%‘ T
|

4G

Denote I" = fé“ cos (%) dz, and

1
v,(0)—-ivs(0)= ——————|D;+D DS+ D = (T, Ys).
1(0) —iV¥2(0) D}‘DZD;D;( ¥ 31wn(2+ 1)) (T1,72)
Notice that folw cos®((n/l)r)dz = 0forn =1,2,3,..., and we have

(\Ill 1\112(0 )< Ut, >
22
?<425( <2T1( 7G3+Av*—AG§) + 2Ty AeiwnT (G{—v*e_i“’”%))

+ 2z (T1( 29GP +2Av" —AG(6+8)) + TzA(Gé‘e—iwnf'_2U*+G§-eiwn7’)>

52
+2 (2T1 (—7G3+Av* —AGE) + 2y Aeien™ (Gé-_v*eiwn%)>)

2

" Tl((—Z’y—i— 12}3* é§><Wll)(0) COS(7$>,COS<§L$)>
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+ (21 e~ a0 ) (AP @ cos () con () )
(o ) ) (1)
O e s))
s o (s () (1)
+ (GE — 20" e 7) <W1(11)(—1) 005(795) : cos<7x)>
(i) ()
a(aE- gv*eiwn*)<w§0>( )cos(?x),cos<7x>>
(1) o(3)
— 126+ o) < cos? (735) , cos<7x> >) .

Then by (19), (21) and (22), we have gop = g11 = go2 = 0, whenn = 1,2,3.... When
n = 0, we obtain the following quantities:

920 = 27@ (Y1 (=GP + Av* — AGE) + Tode T (GE — v “nT)),

g1 = 47@ (T1(=29G® 4+ 240" — AG(£ +§)) + T2 A(EGe™™nT — 20" + {Ge™mT)),

go2 = 5075 (Y1 (—7G? + Av" — AGE) + Yo A7 (GE — velr)).

And for n € Ny, go1 = Tk.

Now, a complete description for go1 depends on the algorithm for Wao(0) and W14 (6)
for 6 € [—1, 0] which we will compute.

From (20), we have
W(z7 2) = Wao2z + Wllféz + WllZZL + Wogz,é + -

52
A:W(z,2) = Az W20 +A W2z + Az W02f+~~~

By [35], W (z, Z) satisfies
W = A:W + H(z, %),
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where
22 72
H(Z, Z) = H205 + Hllzi + HOQ? +
= XoF (Ut,0) — (¥, (XoF(Ut,0), frn)) - fn- (23)
Hence,
(2iwnT — Az)Woo = Hog, —A:Wi1 = Hiy, (—2iw,7 — Az)Woo = Hea. (24)
That is,
W2O - (210Jn7~' — A;)_ngo, Wll = —A;]'Hll, W02 = (—210Jn7~' — A;—)_lHQQ.

By Eq. (22), we know that for § € [—1,0),
H(z,Zz)
= —(IJ(G)\I/(O)<F(Ut7 O)a fn> : fn
_ <P1(9) +p2(0) p1(0) — P2(9)> (‘111(0)
2 2i

)

= S (B (2(0)
= —% ((P1(9)920 + Pz(e)goz)i;

- ;((m(@)goz +P2(9)920)22> +---

Therefore, by (23), for —1 < 6 < 0,

07
Hoo(0
()= { 2(p1(0)g20 + p2(0)go2) - fo,

0

b

it { 3(p1(0)g11 + p2(0)g11) - fo,
Hoz(0 {071

5(p1(0)g02 + p2(0)g20) - fo,
and H(z,z)(0) = F(Uy,0

Ae— 1wnT

< f'de + Av* — AG{

f'yG’S + Av* — AGE
Ae~ 1wn‘r )

_ ,U*eflwnfr

—3(p1(0)g20 +P2( )G02) - fo,

\112(0)> <F(Uta0)7fn> ' fn
—i05(0)) + p2(8) (¥1(0) +i02(0)))(F (U, 0), fu) - fu

+ (p1(0)g11 + P2(9)§11)22>

n=123...,
n =20,
n=123...,
n =20,
n=123...,
n =20,

U, (F(Uy,0), fn)) - fn, where
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- 29GP 4 240" — AG(€+§) .
T L o2 |eost (), n=1,2,3...,
A(GEe™9nT — 20* + GEe'“nT)

Hi(0)=q . [ —29G® 4+ 240" — AG(£ +©)
4G3 A(Ggefiwn% — * + Gfeiwn%)
3(1(0)g11 + p2(0)g11) - fo, n=0.

By the definition of A; and (24), we have

. . 1 _
Wag = Az Wag = 21w, TWao + = (p1g20 + P2go2) - fn, —1<6<0.

2
That is, .
Wao(0) = %07 (920]71(0) + 93022?2(9)) < [ A Epe?ienT?
where
EIZ{WZO(O)v n=1,2,3...,
W20(0) = 55 (920p1(0) + 452p2(0)) - fo, n=0.

Using the definition of A7 and (24), we get that for —1 < 6 < 0,

- (920p1(0) + 93021?2(0)) - fo + 2iweTEy

AT<2wO7~_ (920101(0) + 3 pz(o)) fo)
—AzEy — Lz (2 = <920p1(9) + 902]92(9)) fn F Elezwow)
woT

3
_ T —yG3 4+ Av* — AGE 1 _
T 2G3 <Aeiwo%(G5 - v*eiwof)) ~3 (p1(0)g20 + p2(0)go2) - fo-

A:pi(0) - fo+ Lz(p1 - fo) = iwop1(0) - fo,
Azp2(0) - fo + Lz(p2 - fo) = —iwop2(0) - fo,

we getforn =0,1,2,...,

. T —yG3 4 Av* — AGE n
Yo By — AsEy — LaEje2iwo — (7 7% 7S Veos2 (2
ot ! 1e 2G3 (Ael‘*’oT(Gf — v*e“““)) o8 ( l x)’

where - represents a time delay variable. That is
1 —G3 + Av* — AGE 5 [
E = 7E . ~ . ~ —_
ENDYeE (Ael‘UOT(Gf — p*eTIwoT) s \Tr)
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where . .
E:<2iwn+D1?2—a1 9 2) .
Bre~HwnT 2iwnT + Dol
Similarly, from (24), we get

—W1(0) = —%(p1(9)g11 + p2(0)g11) - fn

that is

W11 (0) = fli_(m(e)gu —p1(0)g11) + Eo.

Similar to the computing method of W5, we have

1, [ —29G3 +2Av* — AG(£ +€) 5[ n
—=F - = o = | cos® | =z |,
4G*3 A(GEe™9nT — 20* 4 GEe'¥nT) l

TL2 -1
= D1T2 — a1 Q2
= 5 .
—B D27

Thus we can compute the following quantities which determine the direction and
stability of bifurcating periodic orbits:

By =

where

i B 2 g2 | 1 _ _ Re(a(0)
c1(0) = o7 <920911 2|gn| 3 ) T 592, H2 = Re(N(7))
Ty =~ (Tm(c1(0)) + (X (7)), B = 2Re(e1(0)),

wnT
and we have

Theorem 4. For any critical value Tg, we have:

(1) po determines the directions of the Hopf bifurcation: if us > 0 (< 0), then the
direction of the Hopf bifurcation is forward (backward), that is, the bifurcating
periodic solutions exists for T > 73 (1 < 7));

(ii) Bo determines the stability of the bifurcating periodic solutions on the center man-
ifold: if o < 0 (> 0), then the bifurcating periodic solutions are orbitally asymp-
totically stable (unstable);

(i) T5 determines the period of the bifurcating periodic solutions: if To > 0 (< 0),
then the period increases (decreases).

4 Numerical simulations

In this section, we present some numerical simulations to illustrate the theoretical analysis
and symbolic mathematical software Matlab is used to plot numerical graphs.

We consider the system (3) with Dy = 2, Do = 0.5, 7 =06, K =4, A=1,H =
0.05, B = 0.667, | = 5. By a direct computation, we have F(u*,v*) = (2.003,0.8246),
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wo = 0.2385, 79 = 1.549, oy = —0.0923 < 0, Hy = 0.6 > H, Hy = 1.5678 > H.
By Theorem 3 and Theorem 4, when 7 crosses 79 = 1.549, the positive solution E*
loses its stability and Hopf bifurcation occurs. py > 0 means the direction of the
bifurcation is supercritical, 52 < 0 implies the bifurcating periodic solutions are orbitally
asymptotically stable, and 75 > 0 means the period increases. This is shown in Fig. 3
and Fig. 4, where the initial condition is taken at (2.503, 0.8256). In Fig. 5, we simulate
the value of 7 as H varies. And the result coincide with the one of lemmas in Section 2.

Fig. 3. The numerical simulations of system (4) with 7 = 1 < 79. Left: component u
(stable). Right: component v (stable).

35- : - . - 14
3. ; 12
25 - 1
s . >
2 08
154 i 06
1 L 4
400 g RSB 400
~ ¥ =
iy o — 20
200 T
0 e 0
-
t 200 0

Fig. 4. The numerical simulations of a stable homogeneous equilibrium solution of sys-
tem (4) with 7 = 2 > 79. Left: component u (stable). Right: component v (stable).

+|EUO
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Fig. 5. Left: 7y exists if H < min{Ho, H3}. Right: 7§ < 73.
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5 Optimal control strategy

In this section, applying the method and notations of Fister [38], we consider optimal
control strategy for the system (3) with 7 = 0. For the cause of prey conservation and
economic benefit, we add predator harvesting term to the optimal control system and
obtain the following system

u uw
Liu:= ut—DlAu:ru<1— K) T Atu — Fiu, (z,t) € @:=102x(0,T),

Lov := vy — DyAv = v( T ) — By, (z,1) € Q, (25)
Oyu=0,v=0, (x,t) €0 x]0,T],
u(z,0) = up(x), v(x,0)=uve(z), z €0,

where (2 is smooth bounded domain in R"™, the functions 7 and E5 are controls that
represent harvesting a proportion of the population. Our class of admissible control is

& ={(BE1,E>) € L*(Q): 0< E; <T; ae. fori=1,2}.

Our payoff function is

J(E1, E5) / {K\Eyu+ KyEov — M1 E? — My E3 } dz dt,
Q
where K1 Eyu, Ko FEov represent the revenue of harvesting and M; E?, M, E3 denote the
cost of the controls. We want to maximize the functional over the admissible class of con-
trols, that is, there exists £} and 3 such that J(EY, E3) = max g, g,)es J (E1, E2).
For any (E4, Es) € &, we assume that there exists a pair of solution (u,v) of the
system (25). Applying the method of Fister [38] and the estimates:

1 u” (z,t) >+ v™(x,t) Ndz + [ Di|Au"? + Do|Av™| dadt
2

2
1
:5/(’u8(m)‘2+‘vg(x)‘z)dx+/(r—E1)|u”‘2—% |un|®
n Q Q
v" 2 "2 u” 2
- [l - B E +/m|v |
Q Q
1 n n n n n
Si/(|u0(x)|2+|vo( ‘)dx—!—/(r—El |u| K/|u| /’v |2
2 Q
1
<5 [ (@ + i@ dxw/{!unr +on),
£2
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/(’u"(m,t)f—i—‘v"(m,t)’Q) dajgeQCT/(’ug(x)f—l—‘vg(ac)‘Q) dz,
Q o)

we obtain the existence of an optimal control as follows.

Theorem 5. There exists a pair of optimal controls in & that maximize the function
J(E1, E»).

Next, we calculate the sensitivities, and have
Theorem 6. The mapping (E1, Es) € & — (u,v) is differentiable, i.e.,

’LL(El +€h,E2) 7U(E1,E2) U(El +€h,E2) 7U(E1,E2)

c %wla c *>¢27
FE, E h) —u(Eq, B F1, E h) —u(Eq, B
u(Eq, 2+5€) u(E1, Ey) b, v(Ey, 2+€€) u(Ey, 2)_>¢2,

ase — 0 forany (Ey, E3) € & and h = (hy, he) € L*°(Q) such that (Ey + €hy, Es +
ehg) € & for € small. Also, 11, Vo satisfy

(90); = DalSy = iy = s = s = sy = Brts = hu

(V): = Doty = ~Ba + b+ oy — v,

%:0:%, P1(x,0) = 0 = 1a(x, 0), (26)
and ¢, by satisfy

(61)c = Drdn = 11 — Zoubn = hin — s — Buon,

(62 = Doy = ~B + i+ A‘f’u)ﬁl — Fags — hav,

%:0:%, $1(2,0) = 0 = ¢o(z, 0). @7)

To derive the optimal system and to characterize the optimal control, we need adjoint
variables and adjoint operator associated with 1)1, 5. We write the 11, 3 PDE system

Y1\ _ (—hu 1\ (L U1
E(da)‘( 0 ) where <w2>‘<L2w2>+M<wz)’

T Av u
M:<—7‘+§<U+<A+U>2+El per >

B+E; — 44

and
___Av
(A+u)?
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Similarly, we rewrite the ¢1, ¢ PDE systems as

e(2)-()

We define the adjoint PDE system as
« (P Kl El « (P LTp T (P
L = , here £ = s )+ M ,
(q) <K2E2> v <q> (qu q

Lip=—p—Ap, L5q=—q — Aq.

and

For the adjoint system, we have the appropriate bounded conditions, namely, zero Neu-
mann conditions and the transversality conditions p(z,T) = 0, and ¢(x,T) = 0 for
x € 2.

Furthermore, assume (Ej, E3) is an optimal pair and (u., v.) is its corresponding
solution pair. Consider (Ef + chy, E3) € & with associated solution u,, v.. Since the
adjoint equations are linear, there exists p, g satisfying (26) and (27).

e—0 3

> lim {KlE; (“ - “) + Kihyue + Ko B3 (“a - “*)
e—0 g €

—2M h Ef — Mlshf} drdt

= / {K\Ej¢ + Kihyu, + Ko Ejiby — 2Mhy Ef } dz dt
Q

— ¢1 KlEik B .

_/{ <w2 KQE; +h1(K1u* 2M1E1) dx dt
Q

= /h1{—p1u* + Kqiuy, — 2M1Ei"}
Q

Hence,

K| — + K, — +
i (B2 ) o - (B0 ) )
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Appendix

Now, we consider the system (3) with u* > K/2, H = Hy and D; = Dy = 0. Thus,
uy = u*. Letd = u — uy, © = v — vy, also let v and v denote 4 and ©, respectively.
System (3) is transformed into the following equivalent system:

du(t) 2uy o u+ Uy
= 120
at T“( K

K" Avu+t Uy v
d
U(t):v U+ Uy _B)
dt A4+uy +u
Linearizing system (A.1) about (0, 0), we obtain the associated matrix
R -B
0 0 )’
where R := r(1 — 2uy /K). And the eigenvalues are particularly easy to compute and
are given by A\; = 0, Ao = R, with eigenvectors

) ()

Using the eigenbasis (A.2), we obtain the transformation

5 0) ()

(A.1)

with inverse
which transforms (A.1) into

. (1-B)(z+y)
Y _ (0 0) (=) ¢ C AT ety (A3)
y)  \0 R)\y Ry — L(x+y)? + EEBEB Dty |- ‘

B(A+u; +o+y)

From center manifold theory, there exists a center manifold for system (A.1) which can
locally be represented as follows,

wWe(0) = {(z,y) € R*: y = h(z), |z| <6, h(0) = Dh(0) =0}
for ¢ sufficiently small. we now assume that h(x) has the form
h(z) = ax? + ba® + O(a?), (A4
and the equation for the center manifold is given by

N(h(x)) = Dh(x) [AN;E + fN(az, h(x))] — Byh(z) — gnr (z, h(:z:)) =0. (A5

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 4, 379-409
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Let B* := 1/(A+u*) = (1 — B)/A and by Taylor’ formula:
1 _ 1 Tty 2% +y?
Adtuy +ox+y Adtuy (Ad+up)? ' (A+uy)d
=B*— (B (z+y)+ (B> +y*) +--,

from Eq. (A.3), we have for any (z,7) € R?,
Ay =0, By =R,

(1-B)(x+y)

A+us+x+y

(R+ B)(B—1)z(z+y)
B(A+uy +xz+vy)

In(z,y) == =B*(1-B)2*+2*(1— B)B*(a— B*) + - -,

r

v (,y) = =z (z+y)" +

= x2(—[’; + %(R+ B)(B - 1))
+z5(2;? +(R+ B)(B - 1)(aB*)B*> +oe

Substituting (A.4) into (A.5), we obtain
N(h(z)) = (2az + 3bz*) (B*(1 — B)z* + 2*(1 — B)B*(a — B*))

— R(aa?® 4 b2®) — x2<—l’; + %(R+ B)(B - 1))
x"(i‘? +(R+ B)(B - 1)(aB*)B;> +.--=0.

Thus, the coefficients of each power of  must be zero, and equating coefficients on each
power of x to zeros gives

2 (r+ (R—i—B)(l—B)B*) »

K B
— (e o)

23: bR—(216?4+(R+B)(;_B)B*(a—3*)):0
— bz}l%(Qa(l—B)B*—kQ;?-l-<R+B/)1(B}_B>2<a—(174B))>.

From u* = AB/(1 — B) > K/2, we have AB > (1 — B)K/2 and

(rAB(2B —1) + K(r + B)(1 — B)?),

rK(1— B)
2

1
= RKAB

rAB(2B — 1) + K(r + B)(1 — B)* > +KB(1-B)?>0, R<O.
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Hence a < 0, and h(z) = (1/R)(r/K + (R + B)(1 — B)?/(AB))x? + O(23). For x
sufficiently small, = 0 is thus stable. Hence, (x,y) = (0, 0) is stable in Eq. (A.3), and
E1 = (uy4,0) is stable in system (A.1).

References

1.

10.

11.

12.

13.

14.

15.

16.

G. Hu, W. Li, Hopf bifurcation analysis for a delayed predator-prey system with diffusion
effects, Nonlinear Anal., Real World Appl., 11, pp. 819-826, 2010.

. Y. Qu, J. Wei, Bifurcation analysis in a time-delay model for prey-predator growth with stage-

structure, Nonlinear Dyn., 49, pp. 285-294, 2007.

. Y. Song, J. Wei, Local Hopf bifurcation and global periodic solutions in a delayed predator-prey

system, J. Math. Anal. Appl., 301, pp. 1-21, 2005.

. Y. Song, Y. Peng, J. Wei, Bifurcations for a predator-prey system with two delays, J. Math.

Anal. Appl., 377, pp. 466479, 2008.

. D. Xiao, S. Ruan, Multiple bifurcations in a delayed predator-prey system with nonmonotonic

functional response, J. Differ. Equations, 176, pp. 494-510, 2001.

. J.Zhang, W. Li, X. Yan, Multiple bifurcations in a delayed predator-prey diffusion system with

a functional response, Nonlinear Anal., Real World Appl., 11, pp. 2708-2725, 2010.

. S. Chen, J. Shi, Global stability in a diffusive Holling—Tanner predator-prey model, Appl. Math.

Lett., 25, pp. 614-618, 2012.

. R.M. May, Limit cycles in predator-prey communities, Science, 177, pp. 900-902, 1972.

. A.B. Medvinsky, S.V. Petrovskii, I.A. Tikhonova, H. Malchow, B.L. Li, Spatiotemporal

complexity of plankton and fish dynamics, SIAM Rev., 44, pp. 900-902, 2002.

R. Peng, J. Shi, Non-existence of non-constant positive steady states of two Holling type-II
predator-prey systems: Strong interaction case, J. Differ. Equations, 247, pp. 866—886, 2009.

M.L. Rosenzweig, R. MacArthur, Graphical representation and stability conditions of predator-
prey interaction, Am. Nat., 97, pp. 209-223, 1963.

F. Yi, J. Wei, J. Shi, Bifurcation and spatiotemporal patterns in a homogeneous diffusive
predator-prey system, J. Differ. Equations, 246, pp. 1944-1977, 2009.

D. Xiao, L. Jennings, Bifurcations of a ratio-dependent predator-prey system with constant rate
harvesting, SIAM J. Appl. Math., 65, pp. 737-753, 2005.

D. Xiao, W. Li, M. Han, Dynamics in a ratio-dependent predator-prey model with predator
harvesting, J. Math. Anal. Appl., 324, pp. 14-29, 2006.

P. Yodzis, Predator-prey theory and management of multispecies fisheries, Ecol. Appl., 4,
pp- 51-58, 1994.

A. Martin, S. Ruan, Predator-prey models with delay and prey harvesting, J. Math. Biol., 43,
pp. 247-267, 2001.

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 4, 379-409



408

X. Chang, J. Wei

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Y. Qu, J. Wei, Bifurcation analysis in a predator-prey system with stage-structure and
harvesting, J. Franklin Inst., 347, pp. 1097-1113, 2010.

D. Xiao, S. Ruan, Bogdanov—Takens bifurcations in predator-prey systems with constant rate
harvesting, Fields Inst. Commun., 21, pp. 493-506, 1999.

L. Zhang, W. Wang, Y. Xue, Spatiotemporal complexity of a predator-prey system with
constant harvest rate, Chaos Solitons Fractals, 41, pp. 38—46, 2009.

J.R. Beddington, J.G. Cooke, Harvesting from a prey-predator complex, Ecol. Model., 14,
pp. 155-177, 1982.

F. Brauer, A.C. Soudack, Stability regions and transition phenomena for harvested predator-
prey systems, J. Math. Biol., 7, pp. 319-337, 1979.

G. Dai, M. Tang, Coexistence region and global dynamics of a harvested predator-prey system,
SIAM J. Appl. Math., 58, pp. 193-210, 1998.

W.L. Hogarth, J. Norbury, I. Cunning, K. Sommers, Stability of a predator-prey model with
harvesting, Ecol. Model., 62, pp. 83—106, 1992.

M.R. Myerscough, B.E. Gray, W.L. Hograth, J. Norbury, An analysis of an ordinary differential
equation model for a two-species predator-prey system with harvesting and stocking, J. Math.
Biol., 30, pp. 389-411, 1992.

F. Brauer, A.C. Soudack, Stability regions in predator-prey systems with constant-rate prey
harvesting, J. Math. Biol., 8, pp. 55-71, 1979 .

F. Brauer, A.C. Soudack, Coexistence properties of some predator-prey systems under constant
rate harvesting and stocking, J. Math. Biol., 12, pp. 101-114, 1981.

J. Xia, Z. Liu, R.Yuan, S. Ruan, The effects of harvesting and time delay on predator-prey
systems with Holling type II functional response, SIAM J. Appl. Math., 70, pp. 1178-1200,
2009.

T. Faria, L.T. Magalhides, Normal forms for retarded functional differential equations with
parameters and applications to Hopf bifurcation, J. Differ. Equations, 122, pp. 181-200, 1995.

T. Faria, Stability and bifurcation for a delayed predator-prey model and the effect of diffusion,
J. Math. Anal. Appl., 254, pp. 433-463, 2001.

H. Thieme, X. Zhao, A non-local delayed and diffusive predator-prey model, Nonlinear Anal.,
Real World Appl., 2, pp. 145-160, 2001.

Y. Wang, Asymptotic behavior of solutions for a class of predator-prey reaction diffusion
systems with time delays, J. Math. Anal. Appl., 328, pp. 137-150, 2007.

X. Yan, Stability and Hopf bifurcation for a delayed prey-predator system with diffusion
effects, Appl. Math. Comput., 192, pp. 137-150, 2007.

X. Yan, C. Zhang, Asymptotic stability of positive equilibrium solution for a delayed prey-
predator diffusion system, Appl. Math. Modelling, 34, pp. 184-199, 2010.

T. Faria, Normal forms and Hopf bifurcation for partial differential equations with delays,
Trans. Am. Math. Soc., 352, pp. 2217-2238, 2000.

www.mii.Jt/NA



Bifurcation and optimal control in a diffusive predator-prey system 409

35. J. Wu, Theory and Applications of Partial Functional Differential Equations, Springer-Verlag,
New York, 1996.

36. B.D. Hassard, N.D. Kazarinoff, Y.H. Wan, Theory and Applications of Hopf Bifurcation,
Cambridge University Press, Cambridge, 1981.

37. S. Ruan, J. Wei, On the zeros of transcendental functions with applications to stability of delay
differential equations with two delays, Dyn. Contin. Discrete Impulsive Syst., 10, pp. 863-874,
2003.

38. K.R. Fister, Optimal control of harvesting in a predator-prey parabolic system, Houston
J. Math., 23, pp. 341-355, 1997.

39. J. Hale, Theory of Functinal Differentail Equations, Springer-Verlag, Berlin, 1977.

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 4, 379-409



