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Abstract. This paper studies the (2 + 1)-dimensional Camassa-Holm Kadomtsev—Petviashvili
equation. There are a few methods that will be utilized to carry out the integration of this equation.
Those are the G’ /G method as well as the exponential function method. Subsequently, the ansatz
method will be applied to obtain the topological soliton solution of this equation. The constraint
conditions, for the existence of solitons, will also fall out of these.
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1 Introduction

It is well known that nonlinear evolution equations (NLEEs) are often presented to de-
scribe the motion of the isolated waves, localized in a small part of space, in many fields
such as hydrodynamics, plasma physics, nonlinear optics, etc. [1-15]. The investigation
of exact solutions of NLEE:s is therefore an important area of research in this area. There
are various other NLEEs that are studied in this context. One such equation that will be
studied in this paper is the (2 + 1)-dimensional Camassa—Holm Kadomtsev—Petviashvili
(CH-KP) equation.

There are several tools of integration that was developed in the past few years [1-15].
They are the Adomian decomposition method, Fan’s F'-expansion method, variational
iteration method, semi-inverse variational principle, homotopy perturbation method and
several others. One of the major drawbacks of these methods is that it is not possible to
extract an analytical structure of the soliton radiation. The Inverse Scattering Transform
method that was studied earlier can however formulate the soliton solution as well as the
radiation. In this paper, however, the G’ /G method [2-4] and the exponential function
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CH-KP equation 281

method [3] will be used to study the CH-KP equation. Finally, the ansatz method [1, 6]
will obtain topological soliton solution or the shock wave solutions to this equation.

2 Governing equation
The CH-KP equation that will be studied in this paper is given by [1,5,9, 15]:

[ut + 2kuy — Uggt — au"ugELc +uyy =0 (D
and

[ut + 2kuy — Uggr + au” (u")gc]aC + uyy = 0. )

Equations (1) and (2) were studied by Wazwaz in 2005 [7]. Later, Lai and Xu [8] studied
the generalized forms of CH-KP (gCH-KP) equation, which are

[uy + 2ku, — (um)mt — au”uz]x + Uyy =0 3)
and

[ut + 2ku, — (um)m + au™ (U")JL]JL + Uyy = 0. 4)

Here, in Egs. (1)-(4), the dependent variable is u(x, y,t) and ¢ is the temporal variable
while x and y are the spatial variables. Also, n is the strength of the nonlinearity, and
a>0,keckR.

In the next two sections the exponential function method and the G’/G method are
going to be applied to extract some solutions to Egs. (1) and (2). Finally, in the next
section, the topological 1-soliton solution will be obtained to the gCH-KP equation using
the soliton ansatz method.

3 Exact solutions by exp-function method

In this section, initially a detailed overview of the exp-function method is presented.
Subsequently, this method will be applied to (1) and (2) to obtain a few solutions.

3.1 Details of the method

We now present briefly the main steps of the exp-function method [3]. A traveling wave
hypothesis u = u (&) for £ = = + ¢t + ly converts a partial differential equation

\I/(’U,, Uty Ugy Uy s Ugay Uyy, Uty - - ) =0
into an ordinary differential equation

Q)(u, cu o' W u P ed” ) =0. ®)
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The exp-function method is based on the assumption that traveling wave solutions can be
expressed in the following form

S an exp(né)

g bmexp(mg)’

u(§) = (6)
where w, d, p and q are positive integers to be determined further, a,, and b,,, are unknown
constants. To determine the values of d and ¢, we balance the linear term of highest order
in Eq. (5) with the highest order nonlinear term. Similarly, to determine the values of w
and p, we balance the linear term of lowest order in Eq. (5) with the lowest order nonlinear
term.

3.2 Application to the (2 4 1)-dimensional CH-KP equations

In this section, we use exp-function method to obtain new and more general exact solu-
tions of the (2 + 1)-dimensional CH-KP equations. We consider Egs. (1) and (2) and use
the transformation

u(z,y,t) =u(), where {=x+Ily+ct, ©)

where [ and c are constants to be determined later. Substituting (7) into Egs. (1) and (2)
yields two ordinary differential equations for u(€). Integrating twice and taking integra-
tion constant to zero, gives

n+1
(e 2k 4 Pu—en = =0, (8)
1
(c—|—2k:—1—12)u—cu”+ Eauzn =0. 9)

We make transformations
w=W?" and u=Ww?C-1

respectively for Eqs. (8) and (9). Thus, Egs. (8) and (9) is transformed respectively into
the following ordinary differential equations:

—n3W2(€)e — n*W2(€)e — 2n3W2(6)k — 20°W2(E)k — n3W2(&)1?
W (€)1 + 2¢(W')* (E)n + 4c(W')2(€) + 2cW" (E)n* W (€)
+2eW(ENW (€) — 2¢(W)2(E)n? + aW(E)n? = 0 (10)
and

SW2(&)en? — 8W2(&)en + 2W2(€) e + 16W2(€)kn? — 16W2(&)kn
HAW2(E)k 4 8W2(&)IPn? — 8W2(6)1n + 2W2 (&)1 — 12¢(W')?(€)
—8eW" (E)W (E)n + 4cW" ()W (€) + 8c(W')(€)n + 4aW ! (§)n?
—4aW*(&)n + aW?(€) = 0. 11
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According to the exp-function method, we assume that the solution of Egs. (10) and (11)
can be expressed in the form of (6). In order to determine values of w and p, in (6) we
balance the linear term of highest order with the highest order nonlinear term in Egs. (10)
and (11). By simple calculation for both Eqs. (10) and (11), we have

c1 exp[(2w + 3p)&] + - - -

W'W =
co exp[bpé] + - -

and

cgexpl(4w + p)¢] + - --

W =
c4 exp[bpE] + - --

)

where ¢; are determined coefficients. Balancing highest order of exp-function in them
gets
2w + 3p = 4w + p,

which leads to
p=w.

Similarly to determine values of d and ¢, we balance the linear term of lowest order with
the lowest order nonlinear term in Egs. (10) and (11). By simple calculation for both
Egs. (10) and (11), we have

s dy exp[—(?)q + Qd)f]

W'W =
-+ + dg exp[—5g€]

12)

and

a_ ot dzexp[—(4d + )¢
[ + dgexp[—5g€] (13)

where d; are determined coefficients. From (12) and (13), we obtain
—(3¢+2d) = —(4d + q),

which yields
q=d.

We can freely choose the values of w and d, but the final solution does not strongly depend
upon the choice of values of w and d. So for simplicity, wesetp =w = landd = ¢ =1,
then we have
a1 exp(§) +ao + a—1 exp(—¢)
W(§) = :
by exp(&) + by + b_1 exp(—¢§)

Substituting Eq. (14) into Egs. (10) and (11), and equating to zero the coefficients of all
powers of exp(ng) yields a set of algebraic equations for ag, by, a1, a_1, b_1, b1, cand [.
First consider Eq. (10). Solving the system of algebraic equations by the help of Maple,
we obtain two cases.

(14)
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Case 1.
1 adi(n-2)

=0 _1=0, bg=0, b_1=—= 15
a1 ) a_q ) 0 ) 1 8b1(n+1)(2k+l2)7 ( )
n?(2k + 12)
S S 16
¢ (n2 — 4) (16)
Substituting Eqs. (15) and (16) into Eq. (14) yields
ap
W() = T
bret — 8 by (n 1) (2k+12)
) ,
2/n
ao
o) = ( )
1 aa(n—2)e—(z+ly+et)
byertlytet — g N CESVICTE=E)
where ag, b1, [ are arbitrary constants.
Case 2. .
a1=0, b =0, a=""" (17)
b1
—nb? 1% — 2nb? |k + aa® | — b 1% — 202 |k
= ; . (18)
b2i(n+1)
Substituting Eq. (17) and (18) into Eq. (14) yields
_1b _
Wie) = o Famet
bo + b_le—f ’
)
t ab:lfo +a_je t\2/n
u(z,y,t) = W )
where a_1, b_1, by, [ are arbitrary constants.
Now, we consider Eq. (11).
Case 1. )
1 aag(2n — 3)
=0, a_1=0, bp=0, bj=——"2_— "~ 19
a1 5 a—q 3 0 ) 1 16 b_1(2k+12)7 ( )
2k + 12 — 41?>n — 8k 412n? kn?
- _ + n — 8kn + n+8n' 20)

—4n +4n2 -3
Substituting Eqs. (19) and (20) into Eq. (14) yields
Qo

W(g) - 1 aaZ(2n—3)eé
16 b_1(2k+12)

+ b,167§ 7
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SO

a 2/(2n—1)
o) = (1 ) @
aa2(2n—3)eé _
i b,01(2k+l;) +bge ¢

where ag, b_1, [ are arbitrary constants.

Case 2.
b_
a1=0, b =0, a,=2""1 (22)
bo
_ 1 aal + 21223 + 4kb%. 23)
2 bg
Substituting Egs. (22) and (23) into Eq. (14) yields
-
ao + a(]b;)le
W)= —>—
3] R
SO
ao + aobzle’g 2/(2n—1)
= ——2— 24
u(:&y’ ) ( bO n b_1€7§ > s ( )
where ag, b_1, by, [ are arbitrary constants.
Case 3.
b
a_1 = O, b,1 = 0, bl = M7 (25)
ao
_ _1aa%+2l223 +4kb%. 26)
2 bg
Substituting Egs. (25) and (26) into Eq. (14) yields
W(e) - 2ot me
a123c5 + bo’
SO
2/(2n—1)
ag + aet )
u(z,y,t) = —————— ) (27)
) <alfggeg +bo

where ag, a1, by, [ are arbitrary constants and in (21), (24) and (27), £ = = + ct + ly.

4 Exact solutions by G’ /G method

In this section, we first describe the G’ /G-expansion method, which will then be applied
to construct the traveling wave solutions for the (2 + 1)-dimensional CH-KP equations.

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 3, 280-296
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4.1 Details of the method

Suppose that a nonlinear partial differential equation is given by
F(u?ut7u$7uyuttauxt7u$$7uyy7'") = 07 (28)

where u(x, y, t) is an unknown function, ' is a polynomial in u = wu(x, y, t) and its partial
derivatives, in which are involved the highest order derivatives and nonlinear terms. In
the following, we give the main steps of the G’ /G-expansion method [2—4].

Step 1. The traveling wave variable
u(z,y,t) =u(§), §=z+ct+ly,

where [ and c¢ are constants, permits us reducing Eq. (28) to an ODE for u = u(§) in the
form

F(u,u/,u",...) =0. (29)

Step 2. Suppose that the solution of (29) can be expressed by a polynomial in G'/G as

follows: .
m G/ 7
u(@)=> a; (G> , (30)

=0

where G = G(§) satisfies the second order linear differential equation in the form:
G" +\G +puG =0, 31)

where a;, ¢, [, A and p are constants to be determined later, a,,, # 0. The positive integer
m can be determined by considering the homogeneous balance between the highest order
derivatives and nonlinear terms appearing in (29).

Step 3. Substituting (30) into (29) and using (31), collecting all terms with the same
power of G’/ together, and then equating each coefficient of the (G’ /G to zero, yields
a set of algebraic equations for a;, ¢, [, A and p.

Step 4. Since the general solutions of (31) is well known for us, then substituting a;, ¢, [,
A, p and the general solutions of (31) into (30) we have more traveling wave solutions of
the nonlinear partial differential Eq. (28).

Step 5. We solve the system with the aid of Maple. Depending on the sign of the discri-
minant A = \? — 4y, the solutions of Eq. (31) are well known to us. So, as a final step,
we can obtain exact solutions of the given Eq. (28).

4.2 Application to the (2 4 1)-dimensional CH-KP equations

In this section, we use G’/G-expansion method to obtain new and more general exact
solutions of the (2 4 1)-dimensional CH-KP equations. To apply the G’/G-expansion
method to the Egs. (3), (4), we consider Egs. (8) and (9) as the converted from of them.

www.mii.Jt/NA
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Suppose that the solutions of the Eqgs. (8) and (9) can be expressed by a polynomial in

G’ /@ as follows:
m G/ i

i=0
where a; is arbitrary constant, while G(¢) satisfies the following second order linear ODE:

G" +\G' +puG =0, (32)

where A\ and 4 are unknown constants. Eq. (32) can be changed into

d /¢ G'\? G’
(O D o

Using Eq. (33) and balancing d?u(€)/d¢ with (u(€))™ ! in Eq. (8) gives

G/ m+2 G/ (n+1)m
@) -()

2
n

so that
m=—,

thus we make transformation
u=Ww?2n

Again using Eq. (33) and balancing d?u(¢)/d¢? with (u(€))?™ in (9) gives

G/ m-+2 G/ (n+1)m
@) -(5)
2
m=—-——-,
2n —1

so that
(34)
thus we make transformation

= W21, (35)

By transformations (34) and (35), Eqgs. (8) and (9) are converted respectively into the
following ordinary differential equations:

—n3W2(€)e — n*W2(€)e — 2nPW2(6)k — 202 W2(&)k — n3W2 (€)1
=W (€)1 + 2¢(W')* (E)n + 4e(W')?(€) + 2eW" (E)n* W (€)
+2eW (E)nW (€) — 2¢(W')2(€)n? + aW(€)n? =0 (36)
and
SW2(&)en? — 8W2(&)en + 2W2(€) e + 16W2(€)kn? — 16W2(&)kn

HAW2(E)k 4 8W2(&)I1Pn? — 8W2(6)1n + 2W2 (&)1 — 12¢(W')?(€)
—8cW" (&)W (&)n + AW (E)W (€) + 8c(W')?(&)n + 4aW*(&)n?
—4aW*(&)n + aW?(€) = 0. (37)

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 3, 280-296
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Suppose that the solutions of Eqgs. (36) and (37) can be expressed by a polynomial in

G’ /@ as follows:
m G/ 7
S w2, 38

where G = G(&) satisfies Eq. (32). Balancing W* with W”W in both of Egs. (36) and

(37) gives

G/ 4m G/ 2m+-2

(@) -(6)
SO
m = 1.
Thus we can write Eq. (38) as
G/
W= ap + ar (G) (39)

where ag and a; are constants to be determined later.

With the help of the symbolic software Maple, substitution of Eq. (39) with Eq. (32)
into Eqgs. (36) and (37), setting the coefficients of (G’/G) (i = 0, ..., 4) to zero, obtains
the following system of algebraic equations for ag, a1, ¢, [, A, u:

First for (36), we obtain

0
G’ :
) 2,2 2,22 3,2 2., 2 27,2
< © 2cnaip” — 2nfcaip” — nccag — ncay — 2n-kag

—n31%al — n?1?ad + 4caip® + an®aj

—|—2n2ca1>\,ua0 + 2cnay Apag — 2n3ka% =0,

a\'
() : 2aq (3alcn/\u + dpdaic — a1n2c)\u — n3cag — ncag

—2n3kag — 2n’kao — n3%ag — n?lap + 2n’cpag

+cn)\2a0 + n20A2a0 + 2an2a§ + 2cnua0) =0,

a'\>
<G) Toar (—a1n3c —ayn?ec — anl? — an?l? — 2a1n3k
—2a1n%k + da  N?c + 8ajuc+ dajen)\? + 8ajcnp
+6a1an2ag + 6n2chag + 6071)\(10) =0,
a\®
(G) : 2 (2an2a0a% + dag Ae + n2car X + Senag A + 2enag
+2n20a0) =0,
a\*
(G) :oal (anZa% +4c+ 6cn + 2n2c) =0. (40)
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And for (37) we obtain

'
<G> . 8cnaly® + 2cad + 8en*af — 8cnad + 16kn*al — 16knad
+81°n%ad — 81*nal — 12ca?y® + 4kad + 21%a3 + aag

—|—4anQa6l — 4anaé — 8cnaj Apag + 4ecay Apag = 0,

G'\*'
() : 4daq (2alcn)\u — beay A\p + 4enag — denag + cag + 8knag
—8knag + 2kag + 4°n’ag — 41%nag + 12ap + cXag

—2en\%ag + 4an’al — denpag + aad + 2cpag — 4anag) =0,
G'\?
<> : 24 (2a1k: + ail? + ajc+ 8arkn® — 8arkn + dayen® — 4ajcen

—4aiN2e — 8ayiuc+ 4a11?°n® — daq’n + 12a1an2a§

—12a1anad + 3ajaal 4 6chag — 12cn)\ao) =0,

a\*
<G> 1 daq (4a%an2ao — 4a%ana0 + a%aao — 3cai A — 2cnai A
—4enag + 2cao) =0,

G"\*
<G> :al (a%a + 4a%an® — 4atan — 4c — SCn) =0. (41)

Solving the system (40) with the aid of Maple, gives the following solution:

1 2k + n21% + 212 1 6nk + 3nl% + 4k 1
(10::':*)\\/5\/01( " +n + + " + " + )’ ’[L:*AQ,
2 an 4
2%k + n212 4 212 1 6nk + 3nlZ + 4k
alzi\/i‘/a( Wh PP+ 28 4 6nk 4 30l AR) o e g
an

where [ is an arbitrary constant. Now, solving the system (41) gives

1 1 1 aa?(1+ 4n? — 4n)
= Za )\ = )2 = -
agp 20/1 ) 1% 4 9 4 1+2n 9
- :i:l V/—(1+ 2n)(8k + aa? + 16kn + 4a?an? — 4afcm)7 43)
2 1+2n

where a; is an arbitrary constant.
Substituting Eq. (42) into Eq. (39) yields

W i%)\\/ﬁ\/a(Qan + n2l2 + 212 + 6nk + 3ni2 + 4k)
an

i\/i\/a(2n2k + n202 4+ 212 + 6nk + 3ni2 + 4k) <G’>
o)

an
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Also with substituting Eq. (43) into Eq. (39), we have

1 G’
W = 5&1)\ +ax <G>

Since in both of the (42) and (43), A = A\? — 4, = 0 so for (42) we obtain the following
rational function:

_ j[\/5\/a(n +2)(1 4+ n)(I2 + 2k)Cy

W(E) an(Cl + Cgf)

And for (43), we obtain

a0y
W(§) = G 1 Ot

The Eqgs. (3) and (4) respectively with any-order nonlinear terms have the solutions

V2y/a(n +2)(1+n) (% + 2k)C; }2/"

=q+
u(@,y,1) { an(Cy + Ca(x + ly + ct))

where [, ¢, co are free parameters, and

01Oy }2/(2n1)
) b

t) =
u(@,y,1) {Cl+Cg(x+ly+ct

where a1, c1, co are free parameters.

5 Exact solutions by ansatz method

In this section, the gCH-KP equation will be studied. They are Eqs. (3) and (4), respec-
tively. These two equations will be respectively rewritten with arbitrary coefficients as

(@ + a1z + 01 (q™) ,,, + 10" q2] , + dittyy =0 (44)
and

(@ + a2qz +b2(q™) ,, + 24" (q"),], + dauyy =0, (45)

xxt

respectively. They will also be referred to as Forms-I and II, respectively, in the rest of this
section. The ansatz method will be applied to retrieve the topological 1-soliton solutions
to these two forms. It needs to be noted that the non-topological soliton solutions are
already obtained in 2011 [1]. Here, for (44) and (45) a1 2, b1 2, ¢1,2, d1 2 € R are constants
while m,n € Z+.

To start off, the hypothesis is given by [1, 6]

q(z,y,t) = Atanh? (Byx + Boy — vt) (46)

www.mii.Jt/NA
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is picked, where
T = Bix + Boy — vt.
Here A, B; and B; are free parameters, while v represents the velocity of the soliton.

The value of the unknown exponent p will be determined as a function of m and n later
during the derivation of the soliton solution. From the ansatz (46), we get

Gta = —pvAB{(p—1) tanh? 2 7 — 2ptanh? 7 + (p 4 1) tanh? "> T}, 47)
Qo = pAB%{(p — 1) tanh?~2 7 — 2ptanh? 7 + (p + 1) tanh? ™2 7}, (48)
( (pm — 2)(pm — 3) tanh?™ 4 7

qm)mm UpmAmBB{ pm —1)
1

+(pm + 1)(pm + 2)(pm + 3) tanh?™ ™ 7

~—

—2(pm — 1){p*m® + (pm — 2)*} tanh?™~ 27
—2(pm + 1){p*m* + (pm + 2)*} tanh”" > 7
+[(pm = 1)*(pm = 2) + (pm + 1)*(pm + 2)
+4p®m?] tanh?™ 7}, (49)

(q”qw)z =pA""' B {[p(n+1) — 1] tanh?" Y27 — 2p(n + 1) tanh?" V7
—|—[p(n +1)+ 1} tanhp("+1)+27}, (50)
{¢" (q")m}x = pnAQ”BIQ{ (2pn — 1) tanh?" 2 7 — 4pn tanh®’" 7
+(2pn + 1) tanh*" 2 7} (51)
and

dyy = PAB{(p— 1) tanh?* 7 — 2ptanh? 7 + (p+ 1) tanh?* 7} (52

5.1 Form-I

Substituting (47)—(52) into (44), gives

—pvAB; {(p — 1) tanh”~> 7 — 2ptanh” 7 + (p + 1) tanh” 7}
+a1pABT{(p—1) tanh? 27 — 2ptanh? 7 + (p + 1) tanhp+27'}
—bywpmA™ B} {(pm — 1)(pm — 2)(pm — 3) tanh?™ % 7
+(pm + 1)(pm + 2)(pm + 3) tanh?™ 7
—2(pm — 1){p*m® + (pm — 2)?} tanh”” > 7
—2(pm + 1){p*m* + (pm + 2)?} tanh”" " 7
+[(pm — 1)*(pm — 2) + (pm + 1)*(pm + 2) + 4p°m?] tanh?™ 1}

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 3, 280-296
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+erpA" B2 { [p(n + 1) — 1] tanh?™ D=2 7 — 2p(n 4 1) tanh? " 7
+[p(n+1) + 1] tanhP(T1+2 T}
+dipAB3{(p — 1) tanh” " 7 — 2ptanh” 7 + (p + 1) tanh”** 7} = 0. (53)

From (53), equating the exponents p(n + 1) + 2 and pm + 4 gives
p(n+1)+2=pm-+4,

so that
2

L 54
— (54)

p:

which is also obtained by equating the exponents pair p(n + 1) and pm + 2, and the
exponents p(n + 1) — 2 and pm, respectively.

Now, noting that the functions tanh?*? 7, for j = —2,0, 2 are linearly independent,
setting their respective coefficients to zero, yields a unique expression of the soliton
velocity:

By

Setting the coefficient of the stand-alone linearly independent functions tanh?™ 2 7 and
tanh?™~* 7 in (53) to zero, respectively, yields

bivpmA™ B3 (pm — 1)(pm — 2)(pm — 3) = 0,

2byvpmA™ B} (pm — 1){p*m?* + (pm — 2)*} =0,

which can be solved together for the case pm — 1 = 0, and therefore

p=—. (56)

m

Now, equating the two values of the exponent p from (54) and (56) gives
n=3m-+1, (57)

which serves as a constraint relation between the integers n and m.
Also, from (53), setting the coefficients of the linearly independent functions are
tanh?™ D+ 7 for j = —2,0, 2 to zero yields the following algebraic equations:

—biupmA™ B} (pm + 1) (pm + 2)(pm + 3) + c1pA™ T B [p(n + 1) + 1] =0, (58)

biopmA™ B3 (pm, + 1){me2 + (pm + 2)2} —e1pA" T B2p(n +1) =0, (59)
—biupmA™ B} [(pm — 1)*(pm — 2) + (pm + 1)*(pm + 2) + 4p°m?]

+e1pA"T B [p(n + 1) — 1] = 0. (60)
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By using the relation (56), the expressions (58)—(60) reduces to

—24b1vBy + 4e;pAnTm T = 0, (61)
20b,vB; — 3c;pAnT ™ =0, (62)
—16b1vB; + 2¢1pA™ ™ = 0. (63)

Combining any two equations from (61)—(63) yields the the same value of v given by

Anferl A2m+2
v — ap _ap ’ (64)
4b1 B, 4b1 B,
which shows the consistency of the method.
Equating the two values of the velocity v from (55) and (64) gives the free parameter A

of the soliton pulse as

dmby (a1 B2 + d;B2) 1YY Tamby (0 B2 + dy B2)] Y 32
A= = , (65)
C1 C1
which forces the constraint relation
biei (a1 BT + di1B3) > 0. (66)

Thus, finally, the topological 1-soliton solution to the gCH-KP equation (Form-I) is given
by

q(z,y,t) = Atanhz/(”fmfl)(le + Boy — vt)
= Atanh’ " (Byz 4+ Byy — ot), (67)

where the relation between the free parameters A, By and Bs is given by (65), and the
velocity of the soliton is given by (55) or (64). Finally the conditions for the soliton
solution (67) to exist are displayed in (57) and (66).

5.2 Form-1I
In this case, substituting (47)—(52) into (45) gives
—pvAB;i{(p — 1) tanh?~? 7 — 2ptanh? 7 + (p + 1) tanh” "7}
+aopABT{(p — 1) tanh? " 7 — 2ptanh? 7 + (p + 1) tanh? 7}
—boupmA™ B} { (pm — 1)(pm — 2)(pm — 3) tanh?™ % 7
+(pm + 1)(pm + 2)(pm + 3) tanh?™ T 7
—2(pm — D){p*m? + (pm — 2)?} tanh?™ % 1
—2(pm + D){p*m? + (pm + 2)?} tanh?™ 2 7
+[(pm — D2(pm —2) + (pm + 1)*(pm + 2) + 4p3m3] tanh?™ 7}
+eopn A" B {(2pn — 1) tanh®" "% 7 — dpntanh®" 7 + (2pn + 1) tanth"+27'}
+dopAB3{(p — 1) tanh?~? 7 — 2ptanh? 7 + (p + 1) tanhp+27'} =0. (68)
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h2pn+2 hpm+4

From (68), matching the exponents of tan 7 and tan 7 functions gives

2pn + 2 = pm + 4,
so that

_ 2
T o2n—m’

D (69)

It needs to be noted that the same value of p is yielded when the exponents pair 2pn and
pm + 2, and the exponents 2pn — 2 and pm, respectively, are equated with each other.
Further, setting the coefficients of the linearly independent functions tanh?*7 7, for

7 =—2,0,2in (68), to zero yields a unique value of the velocity v as follows:
B? + dyB?
_ DL BT (70)
By
Setting the coefficient of the stand-alone linearly independent functions tanh” ™2 1 and
tanh?™* 7 in (68) to zero, respectively, yields

bavpmA™ B (pm — 1)(pm — 2)(pm — 3) = 0,
byvpmA™ B} (pm — 1){p*m® + (pm — 2)*} =0,

which can be solved together for the case pm — 1 = 0, and therefore

p=—. (71)
m

Now, equating the two values of the exponent p from (69) and (71) gives
2n = 3m, (72)

which serves as a constraint relation between the integers n and m.
Also, from (68), setting the coefficients of the linearly independent functions are
tanh?" ™ 7 for j = —2,0, 2 to zero yields

—boupmA™ B3 (pm + 1)(pm + 2)(pm + 3) + copnA*BI(2pn+1) =0,  (73)

2boupm A™ By (pm + 1){p*m?* + (pm + 2)*} — 4eop®n? A>" B} = 0, (74)
—boupmA™ BY[(pm — 1)*(pm — 2) + (pm + 1)*(pm + 2) + 4p°m”|
+copnA?" B} (2pn — 1) = 0. (75)

Substituting (71) into (73)—(75), one gets the following algebraic equations:

—24byv B3} + 4copnA?" ™ B2 = 0, (76)
20bov B} — 3copnA?" " B? = 0, (77)
—16bouB3? 4 2copnA* ™ B2 = 0. (78)
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Combining any two equations from (76)—(78) gives the the same value of v namely

AQn—nL AQ’rn
v — Copn _ Copn 7 (79)
4by By 4by By

which proves again the effectiveness and convenience of the soliton ansatz method for
constructing exact soliton solutions.

Equating the two values of the velocity v from (70) and (79) gives the free parameter A
of the topological soliton as

4 [4bam(as B + dy B3) Yen=m)rabym(ag B2 + dyB2) ] O™ 50)
o can o can ’
which forces the constraint relation
baco (a2 Bf + d2B3) > 0. (81)

Thus, the topological 1-soliton solution to the gCH-KP equation (Form-II) is given by

q(z,y,t) = Atanh? @"=™) (B2 + Byy — vt)
= Atanhl/m(le + Bgy - ’Ut)7 (82)

where the relation between the free parameters A, By and Bs is given by (80), and the
velocity of the soliton is given by (70) or (79). Finally, the conditions for the soliton
solution (82) to exist are displayed in (72) and (81).

6 Conclusions

In this paper, we have utilized the exp-function and the G’/G-expansion methods to
seek exact solutions of the (2 + 1)-dimensional CH-KP equation. These methods were
successfully used to establish several solutions. Also, both of the methods are promising
and powerful methods for nonlinear evolution equations in mathematical physics. With
the aid of Maple, it is confirmed that the solutions are correct since these solutions
satisfy the original equation. Additionally, the ansatz method is also applied to extract
the topological 1-soliton solution, also known as shock waves, of the gCH-KP equations.
In this case, the constraint relations are obtained for these topological soliton solutions to
exist.
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