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The Laplace transform of Dirichlet L-functions
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Abstract. In the paper, a formula for the Laplace transform of the square of Dirichlet L-functions
on the critical line is obtained.
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1 Introduction

Let s = o + it be a complex variable. The Laplace transform £(s) of the function f(x)
is defined by

o(s) = / F(z)e" dz
0

provided the integral exists for o > o with some og. The function £(s) can be applied
for the investigation of the asymptotics for the mean value

Q.
N

Mr(f) % / f(x) da.
0

Suppose that f(z) > 0 for all z € [0, c0) and, for a given m > 0,

1 1

£(9) 5 log™ 5

as d — 0. Then [1, Chap. VII],

My (f) ~ Tlog™ T
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as T" — oo. The latter example shows that Laplace transforms can be used in the moment
problem of zeta and L-functions. Let x be a Dirichlet character mod ¢, and let L(s, x)
denote the corresponding L-function which is defined, for o > 1, by

o~ X(m)
L = .
(5,%) mz::l e
Denote by x¢ the principal character mod ¢. Then it is well known that the function
L(s, xo) is analytically continued to the whole complex plane, except for a simple pole at

s = 1 with residue
1
()
p

plg

where p denotes a prime number. If x # X0, then L(s, x) is analytically continued to an
entire function.
In the theory of Dirichlet L-functions, usually the moments

T

1
3 Lo +it, )" dt, k>0, o>,
x=x (mod q) [
are considered, see, for example, [2]. This corresponds to the Laplace transform

oo

Z / |L(o +it, x) |2ke*” dz.
Xx=x (modq) j

The aim of this note is an explicit formula for the individual Laplace transform £(s, x)
of [L(1/2 + iz, x)|?, i.e., for the function

£(s,) :7‘L<;+ix,x>
)

In forthcoming papers, this formula will be applied for the investigation of the Mellin
transform of |L(1/2 + iz, x)|?, for the case of |((p + iz)|? with 1/2 < p < 1, see [3].
In a series of papers, A. Ivi¢, M. Jutila and Y. Motohashi developed the method of Mellin
transforms for the moment problem in the theory of zeta-functions, see, for example, [4].
These remarks show the motivation of the paper. For the statement of the formula, we
need some notation.

Let G(x) denote the Gauss sum, i.e.,

2
e *Tdx.

G(x) =Y x()e .

=1
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Moreover, let

where

__G
\/(j ) 61(X)— \/g .

As usual, denote by d(m) the divisor function
)
d|m

Theorem 1. Suppose that x is a primitive character mod q, ¢ > 1. Then

mi%e~is/2 mTim
(s,x) = ZW 3 dmtm exp{2 - } A5 %),

where the function \(s, x) is analytic in the strip {s € C: |o| < 7}, and, for |o]| < 0,
0 < 0 < m, the estimate

As, x) = O((1+1s)) ™)

is valid.
Let 11(m) be the Mobius function, and let vy denote the Euler constant.
Theorem 2. Suppose that x is the principal character mod q, ¢ > 1. Then

£(s, x0)
1
1e‘s/2H<l—> (Wo—log?w—(— ) +Z i +ZM logm>
plg p\q mlq
e 2mik :
) is/2 ZZ /”L Zd exp{— ﬂ;;/nels} + )\(S,XO)’

nlqg mlq k=1
where the function (s, xo) has the same properties as \(s, x) in Theorem 1.

The case ¢ = 1 corresponds the Riemann zeta-function. Let £¢(s) be the Laplace
transform of |¢(1/2 + iz)|?.

Corollary 1. We have

Lc(s) = ie'*/? ('yo —log 21 — <72T - 5> i)

+2me15/2 Z d(m) exp{—2mime "} + A(s)

m=1

where function \(s) has the same properties as A(s, ).
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2 Lemmas

First we remind the functional equation for L(s,x). We preserve the notation used in

introduction. Let (o4}
—(s+a
s s+ a
I(s,x) = (q) F( 5 )L(svx)-

Lemma 1. Suppose that x is a primitive character mod q, ¢ > 1. Then

U(s,x) = EQ)UL = 5,X)-
Proof of the lemma is given, for example, in [5].

Lemma 2. Foro > 1,

m=1

Proof. For o > 1, we have that

L2(sv X) = Z
m=1

xlm) $5 () _ % alm).
where

alm) = () = xtmdom) 0

dlm
Denote by ¢(q) the Euler totient function.

Lemma 3. Let o be arbitrary real number. Then, for o > oy,

Eop(q)

L - o © t 267
where ¢ = ¢(0g) > 0, and
E(): 1 l{fX:XOa
0 if X # Xo-

The lemma is Theorem 7.3.2 from [6].

Lemma 4. The estimate
L’(é + it,x> =0(q (Jt| +2)7)

holds with some c¢; > 0.

Proof. The lemma is a corollary of Lemma 3 and the integral Cauchy formula. O
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Lemma 5. Suppose that a > 0. Then

a-+ioco
/ [(s)b~*ds =e .

a—ioco

2mi

The lemma is the well-known Mellin formula, see, for example, [7].

3 Proof of Theorems

Define the function A(s, x) by

A(s,x) = / ‘L<2 + ix,x) e dx
0
. 1/24ic0 )
e 2 T L )L~ 2 e E2
—_ z.
2il-a cos(T5t — IF)
1/2—ioco
First suppose that a = 0. Then the formulae
is —is
cos s = % and L(s,x) = L(5,X)
give
) 1/24ic0 .
e/ T 0L — 5 e )
2i cos 5
1/2—ioco
oo . .
_ omis/2 / L(3 +iz, x)L(3 — iz, x) exp{—Z + Z£ + ¥ — 25}
J exp{ — 5} +exp{—TF + 5}
oo 1 . .
_ |L(5 + iz, x)|* exp{— % + £ —xs}
p{% — ) +exp{— 5 + )
o0 1 . .
IL(3 iz Q)PP exp{—F — % +as} |
exp(F + %) +exp(— % — )
Since
exp{—T + 12} exp{F — 5}
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we find from (1) and (2) that

|L(5 + iz, x)Pe ™ exp{F — &F

)‘(S7X) = i i .
exp (B~ ) T o B 1 %)

) 1 . _\j2 .
|L(5 + iz, x)|*e™ exp{—F — &F d 3)
exp{% + 5]+ o5 - F)

Now let a = 1. In this case, in view of the formula

eis _ efis
sing = ———,
2i
we find that
) 1/2+ioco )
e—13/2 L(Z,X)L(l _ Z,X)e—lz(ﬂ/Q—s)
2 sin 12 dz
2
1/2—ico

dx

oo . .
— _—is/2 / L(% + iva)L(% - LT,)Z) exp{—% + sz + ? - ‘TS}

p{5 — ) - exp{— 5 + 2

— 00
o0 1 . .
(LG + iz, x)|? exp{—% + £ — xs}
b (T~ 5) - (5 + 5

oo 1 . 9 .
|L(5 + iz, X)|” exp{—F — 5 + ws}

oG+ 5] —en(—5 - %

“)

Clearly, we have
exp( =% + %) (% - %

i T i Tz i T i Tz’
exp{ — H} —exp{-F + 5} exp{§ - T} —exp{- + %}

1+

thus, from (1) and (4), it follows that

° 1 : 2. — i T
|L(3 +iz,x)["e™ " exp{] — 5

exp(§ - 7} —en(—% + %)

(s, x) =

oo .
LG +in DR exp(-F — ) .
(T + 3] - ep(—§ - 5

By estimates for L(1/2 + iz, x) of Lemma 3, we have that the integrals in (3) and (5)
converge uniformly in compact subsets of the strip {s € C: |o| < 7}, thus, the function
A(s, x) is analytic in that strip.
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It remains to estimate the function A(s, x). Suppose that |o| < 6, where 0 < 6 < 7.
First let |s| is small. Then the integrals in (3) and (5) are bounded by a constant. If |s| is
large, then integrating by parts with respect to e*** and using the estimate

1 2\ /
(+G+=)])
1 1 '
el
1 1 1 1
:iL’(2 +i:(;,X>L(2 —ix,x) —iL(2 +im,x>L/(2 —ia:,X)

= O(q(j +2))”

with some ¢y > 0, which follows from Lemmas 3 and 4, we obtain that
A(s.x) = O(Js| ™).
So, in all cases, we have that, for |o| < 60,0 < 0 <,
—1
s, x)=0((1+1s]) ).

Equality (1) shows that

£(s,X) e 12 1/71NL(2, VLA =2 x)e =27 As,x), (6
s =
) X oil—a cos(%5t — %) i

1/2—ioco

where the function A(s, x) is analytic in the strip {s € C: |o| < 7}, and, for |o| < 6,
0 < 0 < 7, the estimate

A(s,x) = O((l + ‘3|)_1)

is valid.
It remains to calculate the integral in (6). Using Lemma 1, we find

LEEE) g, @)
2

L= 20 = £ () ZH/QF(

Taking into account the formulas, see [8],

™

Pz)Ir1-z = z ¢ 7,

sinmz’
and

L(z)T (z + ;) = 2y/m27%T(22),
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we obtain that

'3 _ TErG+3 _TErG+35)cos%
rG-3 TG-)rG+3) "
_ 2y/m27 T (2) cos &7 _ 91=5 12D (2) cos sz
™ 2
and
ri+3) _TG+3TG-3) _ x
N1-%) TA-2T(G-%) 2ym2 I —z)cos

4

_ — 9l—z —1/2p on E
2% cos% T (2) sin 2

Since a = 0 or @ = 1, hence we have that

711(% +3) = 21_Z7T_1/2F(Z) cos (m - 7rz>7
re+3-3) 2 2

and, in view of (7), this gives

L= 20 = B 25520 cos (5 - 5 ) Liawn)
Hence, we find that
. 1/24ic0 .
6713/2 / L(Z, X)L(]- — 2z, X)eflz(w/2fs) q
z
2il-a cos(Tt — &)
1/2—ico
1/2+ico
—is/2 i ) —z
e i
= '(2)L?(z, x (els> dz. )
ll—a\/aE(X) 1/2/ ( ) ( ) q

Next we prove Theorem 1.

Proof. Let x be a non-principal character. Then the integrand in (8) is a regular function
in the strip {z € C: 1/2 < Rz < 2}. Therefore,

) 1/24ico
e is/2 / I () L2 )(27ri _is> _Zd
T z z,x)| —e z
il=e /qE(x) q
1/2—ioco
2—+ioco
—is/2 i ) —z
e i
= T'(2)L?(z, x (e_‘s> dz. 9)
11aﬁE(X)2/ ()220 (2
—100
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Moreover, in view of Lemmas 2 and 5,

2—+ioco 2—+ioco

/ L(2)L*(z x) (he‘is) dz = d(m)x(m) / I'(z) (Qmme—“> dz
2—ico q m=1 . q
= 27i Z d(m)x(m) eXp{_Q?qume_is}.
m=1
This, (8), (9) and (6) prove Theorem 1. -

Next we prove Theorem 2.

Proof. Let xq be the principal character mod q. Then we have that

Ls.) = ¢ [T (1- ).

pS
plg

where ((s) is the Riemann zeta-function. Using the functional equation

W_S/QF(;>C(3) = w_(l_s)/2F<1;9>§(1 —s),

we find that

1
L(1—2z,x0)=¢(1— Z)H (1 — plz)
plg
1
= ((2)2'7*n7*T'(2) cos % H <1 — pl_z).
plg
Therefore,

L(Zv XO)L(]' - % XO)eiiZ(ﬂ/zis)

(222" T (2) cos % I1 (1 - pl) 11 (1 - pr),

plg plg

and, similarly to the case of non-principal character, we obtain

1/2+ic0
o—is/2 L, 1 1
s == [ @) T (1- ) T (1- ) e
1/2—ic0 plg plq
The product

IL& =11 (1 - p11‘2>

plg
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has zeroes lying on the line o = 1. Therefore, we write [ ], () as a sum. Using the M6bius
function p(m), we obtain that

[T, () = > utmym.
plg

The function

T(2)¢2(2) (2mie) [ (1 - pl)m

has the pole of order 2 at = = 1. Moreover, since

1
¢(z) = m+70+71(2’71)+...,
and I'(1) = 1,T"(1) = —~o, we find that

£{=els L(2)¢%(2) (2mie™™) -

= lim ((z — 1)°T(2)¢2(2) (2mie ) %) = — ¢ (’Yo —log 27 — <72r - s> i>.

z—1 27
Therefore,
R_elsI‘(z)C (2)(2mie™") : H <1 - 1Z)mZ1
. pla P
= lim <(z — 1)’T(2)¢%(z) (2mie ) 7 H (1 - ]){z)mz_l)

e's T . 1
L)
p

1 1 1
+ (27mie 1)t H <1 ) Z 08D + (2mie %)t logmH (1 — >
p p— p
plg pla plg
- els 1 s g P
=5 H (1 ) <70 log 27 (2 5) + Z — +log m)
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Thus, in view of (10),

£(s, x0)
1615/2H<1> (fyolog%r < > +Z logp JrZu logm)
pla p\q m|q
2+4ico 1
//m rie)¢ ) ) 11 (=) (- 5)
+A(5, x0)- (0
We have that
1 p(m :
(- 5) (- 5m) = E X ()
plg nlg mlq

Moreover, for o > 1,

= d(k
ZZ()

k=1

Therefore, the application of Lemma 5, leads to

2+ico
C 2 1 1
F(z)(Q(z) (27rie_‘s) H (1 — z) (1 — 1_z> dz
p p
2—ioo plg
/L 27len _is
_27'(122 Zd ) exps — e 5.
m
nlg mlq
This together with (11) proves the theorem. O
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