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Abstract. Fractional derivative equations account for relaxation and diffusion processes in a lar-
ge variety of condensed matter systems. For instance, diffusion of position probability density
displayed by a random walker in complex systems — such as glassy materials — is often modeled
by fractional derivative partial differential equations (e.g. [1]). This paper deals with the existence
of solutions to the general fractional derivative equation ‘Cll(:{}‘ 4+ Au = ffor0 < a < 1, with
A a self-adjoint operator. The results are proved using the von Neumann—Dixmier theorem [2].
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1 Introduction

Fractional derivative models and equations are widely used in all science domains, as
can be reckoned from [3-7] and the wealth of references cited therein. In particular, in
the area of viscoelasticity (for a general presentation of which we refer to e.g. [8—11]),
fractional derivative models are of great utility in accurately predicting the rheological
behavior of polymer liquids in the glass transition region and beyond (e.g. see [12-21]; for
areview of fractional derivative rheological models see [22]), in interpreting experimental
measurements of anomalous diffusion processes in glassy materials [1, 23] etc.

Diffusion phenomena in complex systems — a category which includes organic and
inorganic glassy materials — are often associated with slower time rates (e.g. monomer
diffusion in glassy polymers). When this is the case, it is now routinely to have the
ordinary time derivative replaced by a fractional derivative of order 0 < o < 1.
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In this paper we study the following problem: find v : Ry — D(A) such that

d®u
L Au=f, ul0) = up. ()
dte
Here A is a coercive self-adjoint operator with domain D(A), which models — among
others — diffusion processes in fluids and solids. A typical example is that of a second
order strongly elliptic partial derivative operator, i.e.

"0 0
with a;; € €2(2 € R"), c € €°(£2), ¢ > 0, and for any = € {2 and for any £ € R",

3 (@) = BlEP, B> o.
i

In the above || stands for the Euclidean norm of £ = (£1,&a,...,&,).

Equations (1) have been extensively studied by Bazhlekova [24] by means of Da
Prato—Iannelli’s theorem [25] and very general results within the framework of L? spaces
can be found in [24]. For existence results in the case of systems of equations that gen-
eralize (1) see [26]. On the other hand, for some peculiar operators, explicit calculations
can be carried out (see e.g. [27-30]; for a review on recent results on fractional boundary
value problems see [31]).

In this paper, we restrict to the case of self-adjoint operators and prove that the result
obtained by the method of separation of variables converges in L (R, D(A?)). This is
achieved using the von Neumann—Dixmier’s spectral theorem.

2 Functional framework
Let H be a separable Hilbert space. Let A be a self-adjoint operator the domain D(A) C H
of which is such that:
(1) D(A) is dense in H;
(ii) Je > 0s.t. for Vu € D(A), (Aulu) > cflul?.
Using the von Neumann—-Dixmier’s theorem [2] one has:

Theorem 1. Let A : D(A) C H — H be compliant with conditions (i) and (ii) right

above. Then there exist a Hilbert integral 7€ = f;;oo () dp(N), where Mg €]0, ¢[ and
W is a positive, bounded Radon measure, and a surjectif unitary operator % : H — 3,
such that:

l. 4(D(A)) ={f e st \f € H};
2. Foranyy € D(A), % (Ay) = X% (y).
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Fractional derivative equations 155

In many specific cases one may wish to work with non-canonical variants of Theo-
rem 1. For instance, for A = —A + 1Id, H = L?(R") and D(A) = H?(R"), one may
prefer, instead of part (i) of Theorem 1, the following description (here ~ denotes the
Fourier transform):

D(—A+1d) = {f € I*(RY) st. (|2 +1)f € L2(RD) }.

Nevertheless, in order to get a unified treatment of the different cases (including
e.g. the above given operator or that of a self-adjoint compact operator) we have to
use Theorem 1. It allows working with a single eigenequation %Z + A2 = g (see
Propositions 1 and 3) and a fixed functional frame. Of course the convergence result
obtained in Theorem 2 below can in the end be stated in more specific (albeit non-
canonical) forms.

For sake of clarity we now pause for a few notation explanations and remainders
regarding the spaces Dy used in this paper. These interpolation spaces are very similar to
the usual fractional spaces H*(§2),s € R. In the following, (| ) (x) denotes the inner
product in 7#°(\) and || || () the corresponding norm.

(a) We denote by ~ the operator 7. Let A : D(A) C H — H satisfy (i) and (ii)
above.

Denote by Dy, 6 > 0, the space D(A?) := {f € H | A’f € s, 0 > 0}. The
space Dy is endowed with the norm

“+o0o
; 2
1913, = [ ATy oy V)
Ao
for any f € Dy. For any § > 6’ > 0, the continuous inclusions Dg < Dgr — Dy = H

hold true. Likewise, for the topological dual spaces, H' — (Dy/)’ — (Dy)’. With the
help of the inner product (|)m we have an isomorphism ¢ : H — H’. Henceforth

-1
H L H = H < (Dy).
(b) We now define the Banach spaces D_4 for § > 0. For 6 > 0, set D_g = (Dy)’".
For any # € R, let Fy denote the space of measurable vector fields f s.t. A f € 7.
The space Fjy is endowed with the inner product

—+oo

Fom = [ N(FONgN) iy ) WLg) € Fox B @)
Ao

and the corresponding norm || ||,. For any 6 > 0, one has F_y — (Fy)’, where p is

defined by P
+oo
(b)) = [ (VD) 5y ) ¥ € P, W € F
Ao
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1

U~ [ G
Since Fy o~ T, Dy, one also has F_y = (Dy)’, with G being given by

+oo
(G(0:9) = [ (FOVNAN) sy ) V1 € Foa g € Fi.

Ao

In what follows, for f € F_g, 6 > 0, and h = G(f) we (abusively) write h = f. For
6 > 0, the norm || || p_, is defined by (see also Eq. (2))

+o0
HWﬂpz/XQWMW@w&MM Vh e D_.
Ao
The spaces Dy and Fy are complete for any 6 € R.
The operator A is extended to Dy — Dy_1 (8 < 1) in the following way: for any
u € Dy, Au = \i.
(¢) We introduce (see below) a function £. This kernel E will allow us to solve the
equation
0™
ot
where the fractional derivative is formally defined by (see Caputo’s definition of it in

(32.33]):
t
on 1 W(7)
aw“%_raay/@de“
0

+Au=f, a(0)=0,

For any A\ > 0, let the functions £ and W be given, for any ¢ > 0, by:

—+oo
sin(a) ree="t
E(\t) = - d
( ) ) p / |7aaeuxﬂ'+)\|2 T
: ( ) e A a—1,—rt
smfam T e
W(At) = - dr.
( ) ) T |7naela7r+)\|2 r
0

The functions E(A,-) and W (), ) are causal functions w.r.t. the variable ¢, like all
t-depending functions considered in this paper.

Proposition 1. (See [34].) Let A > 0, g € €*([0,7]), T > 0. Then, for any t € [0,T),
the function uy = E(\) * g (A > 0) solves

T

! w) o .
I'l— o) 0/ (t - 5)e ds = =dux(t) + g(t), ux(0)=0.

The derivative u’/\ is understood in the classical sense.
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Fractional derivative equations 157

(d) Finally, for future reference, notice the following estimate:

+00
/ |[E(At)]dt <
0
Proof. Since %—Vtv()\, t) = —A|E(A,t)], it implies that, for any T' > 0,
T
[ =0,
0

Since W(1,0) = 1 (see [34]), one gets W (A, 0) = 1 as well. Hence fOT |[E(A )] dt <
1/ O

Proposition 2. For any A > 0,

>l

>/\'—‘

row W0 - W\T) _ W(A,0)
/ET A =\
0

3 Existence of solutions

Let H be a Hilbert space. Let 0 < aw < 1 and A : D(A) — H be a self-adjoint operator
satisfying the conditions (i) and (ii). Let f € LZ (R, Dyp), 6 € R. Our goal is to prove
an existence result for the equations

dOé

@‘FAU—JC» u(0) = uo. (3)

In the above equation, f : R — Dy, , ug € Dy,, 01,02 € R, are given functions. We
search for 6 € R and functions » : Ry — Dy.
We first restrict to ug = 0 as the case ug # 0 can be reduced to

dOl
o + Av = f — Aug, v(0) =0.

Since the system of equations (3) with ug = 0 is formally equivalent to the below
system
0™
ot i ¢
We prove the existence in L2 (R, Dyy1) of the function u formally defined by
@(\) = E(\) % f(\), A > Ao (see Proposition 1).

At 4+ Aa(\t) = f(NE), a(),0)=0

Proposition 3. Assume f € L% _(Ry,Dyp), 0 € R. Then there exists a function u €
L% (R, Dgy1) such that a(\) = E(\) * F\), (nae. in X\ > Xo). Moreover, for any

t>0,
t t
J 1@, ds < [ 11, 6)ds
0

0
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Proof. Lett > 0. One has:

400

/ (ww JIEQ) = FO ) ds) A\
o 0

—+o0 t
< / )\2(9+1)</HE()\) *f()\)H;(A)(s) ds) dup(N)

+oo r

< / 22(0+1) /(E(/\) * Hf()\)H)if()\)(s) ds] du()
)j:oo :0 t 2 t

< /)\2(9+1) </E(/\,s)ds> (/Hf(x,s)nifm ds)] du(N)
Ao - Mo 0

where the last equality follows from Proposition 2. R
The existence of a function u € L2 (R4, Dgy1) such that 4(A) = E(X) * f()),
(¢ a.e. in A > Ag) follows from the above inequality. Moreover,

“+oo

/Hu(s)Hi)eH ds = / ()\2(9+1)/||E()\)*f()\)”;(A)(Q ds> du(N)
0 Ao 0

< [Inp, s ©
0

It remains to prove that the function w given in Proposition 3 satisfies Eqs. (1). This
will be a consequence of the eigenequations solved by u. Before undertaking this, we
need several preliminary results.

We first focus on expressing ' in terms of functions E and f. The expression given
in Proposition 4 below is the result obtained by formally differentiating formula @(\) =

E(X) % f(\). Proposition 4 also contains our smoothness results for the function w.
Let g be formally defined by

GOt = EOVOFONE) + [EO) * F1(N] ().
Proposition 4. Let f € H\! (R, Dy). Then, for any e €]0,1[and r € [1,2]N[1, 2|,

W(X) = EQA)F(X,0) + EQ) * f/(N),

Wa.e. in A > \g. Moreover, u € VV&;Z(R_‘_, Doyi1—¢).
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Fractional derivative equations 159

Proof. As W\ (R, Dg) < W,-

LRy, Dy) for r > 1, we shall consider only the case
r> 1. ForanyT > 0, one has

T
u(t+ h) — u(t)

I/

Let us prove that I}, ﬁ 0. One has I, < M (J, + K},), M > 0, where
—

dt

Dgy1_c

—g(t)

a(t+ hy \) — a(t, \) 2

r/2
—§(t, ) N\2(0+1=) du(/\)] dt .= I,.

H(N)
D

T 400 t+h d
Jn = [ A2(0+1=¢) EOu)fOt+h —u) —

[ h

— E(\ ) f(A,0) ]
%(,\

(7 {f()\t—&-h )= FO0t—u) } ?
Ky = { B | DA TR T A TY g )| du

aval h

r/2
x A2(0+1-9) du(/\)} dt.

Observe now that

T +oo t+h
C
IS o [/AQ((’“‘E)(/ |E(\u) — E(\1)]
0 t

Ao

2 r/2
fo()\,O)]@ﬂA)du) du(/\)l at

Trtee t+h
i 2(0+1—¢) U ~ .
+|h|O/L/A (t/lm WOt 5

2 r/2
_f()"O)ij(,\) d“) dN(A)] dt

= A, + By,
We now estimate Ay, and Bj,. On the one hand, for Aj, one has
t+h t+h
/ |E(\ u) — BE(A\t)| du = / [E(\,t) — E(\,u)] du
t t

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 2, 153-168
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as t < u. Notice that [r®e®™ + A|> > Kr29°)\2(179) 0 < ¢ < 1. Let ¢ = 1<, Since
e”" — e~ > (0 fort < u, one gets, for A > A,

KT —rt __ —ru)
0 < E(\t)—E(\u) / 1+e)o¢>\1 —=dr
K [ et 1 1
e
< d (7 — 7) 4
— )\1—5 </ 5&6 5) tl—ae ul—ae ( )
0

Therefore,

t+h u L ( B

t+ ae __ pae
/ |E(A\u) — E(A\ )| du < e <t1_a6 — o )
t
and
aan v (t+h) tee\"
~ + ae _ Qo€
Ay < — 2200 F (N, 0)]17 / —~ ) dt
h = |h| </ Hf( ’ )||%()\ tl—ae Qe
Ao 0
M [
< m”f(o)HDeKT/ o dt, (1—aer<1.
0
Therefore, provided that 1 < r < T=ac» One has A, ﬁ 0.
—

On the other hand now, using |E (A, u)| <
one has for By, the following estimates:

(and letting u — +oc in (4)),

K
|)\‘176u17(l6

(1T ool 1O+ 0 —w) — F0,0)] 1"
Bo<ef| [ W( R du) dm)] o
oLy u Al
T  +oo /2
A20\h N dt
< c/ / - |al) ( fOut+h—u) = F0 07 du> du()\)] T
0 '/\0
T 1 d r/2
2 du .
< c/ R ( / £t +h—u) 0)||D9|h|> ath.
0 lu—t|<h

Recall that f €

lu—t|<h

This gives B, —— 0.
h—0

H} (R, Dy), and that f is continuous; hence, for h — 0,

/ 17t +h—w) — £O)

u
HDBW%O.
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We now proceed to obtaining estimates for K}, for » = 2. Given that:

{/{//\2(0+1 €) /E /\t+h—u})L FOnt—u)
’ 2 r/2 2
- f’()\,t - u)} du d,u()\)} dt}
2N
[T o[£t =0 = 0t =)
< TA2(0+1—€) E(\ ) sy t+h—u)— Jt—u
(e ooltessyoosen
—J?’()\,t—u)} du d,u(A)} dt
PeN)
+oo T t f(/\ . L ) fA()\ . )
e t4+h—u)— fO\t—
ST/A2(9+1 ){/</‘E(>"“)’H uh u
Ao 0 0 )
— PNt —u) du> dt}d,u()\)
N
—+o00 T 2 T )\ . h ) fA()\ . )
o e s e
s 2
- f’()\,t —u) du) du(X)
N

and since |[F(\,u)| < ﬁ (see (4)), one finally gets, using the fact that f €
loc(R+v D9)

Dy

+o0o T 2 T R 9
KZST )\29 H )‘u+h JC()‘U)_/\/>\7 d)d by
2 / (/u ) (/ P au) aucy
T 2
SKT/HW—J”(W dum(). O
0

In view of the assumption f € H} (R4, Dy) made in Proposition 4, we need the
below given version of Mainardi’s [34] result quoted in our Proposition 1:

Lemma 1. Ler f € H. (R.). Then, the function uy, X > 0, defined below for any t > 0

ux(t) = (E(\) * f)(t) )

Nonlinear Anal. Model. Control, 2012, Vol. 17, No. 2, 153-168
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solves the equations

O .
F(l—a)o/(t_s)a ds = =Aux(t) + f(t), uxr(0)=0. (6)

Proof. Consider the application H (R, ) = LL_(R,),

1 u'(s)
fe I‘(la)/(t . —ds+Au—f

0
with u = FE(\) % f. We prove in the following that & = 0. Notice first ® is a properly
defined mapping. Indeed, using arguments similar in nature to those presented in Propo-
sition 4 one shows that for f € H (R.), u € W,-! (R, ). Moreover, since E()\) €
LL (Ry)and f € L _(Ry), one gets ®(f) € L (Ry).

Next, observe that Vf € €1(R;), ®(f) = 0 (see Proposition 1), and that ¢ (R )
is dense in H} (R4 ). One needs to prove that ® is continuous. Observe first that v’ =
E(X\) % f' 4+ E(X) f(0) (proof identical to the one given in Proposition 4). One then has,
using Proposition 2,

12y o0y < K

(Ll go,ry + [£(O)]) + 111

|y oy 1,[0.7]-

However, W11([0,T]) < L*°([0,T7]). Hence
18 oz < KU oy + 1w oiry) + 1701

It follows that ® = 0, ending the proof of the first Eq. (6). The proof for u(0) = 0
can be patterned after the proof of Proposition 1. O

Before proving the existence Theorem 2, we first state the following lemma:
Lemma 2. Let f € H. (R, Dy), 0 € R. Then, for any ¢ € D_g, (f(N)|P(N)r(r) €
HL (R, (FOBO) ) = () | BN e for p almost every A > Xo.
Proof. LetT' > 0. Notice first that

T
2
h Dy h—0
0
insofar f € H{ (R4, Dy). Therefore,

TR+ ) — Fie 2
//Hf( +hA) = f(t, )ff’(t,)\) A2 dt dp(N) — 0. (7)
fo h H(N) h—0

www.mii.Jt/NA
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Consequently, fOT ||WH%W dt < K(\) < +oo for p almost every
A > Xo. It follows that, for any ¢ € D_g and p € Z(R? ) such that supp p C [0, T, one

has
’ h, )\ ’
t +
[ / ‘s@ > p(t) dt]
; H(N)

X
0
Flit+h,A) — Fit, N |2 ’
R dwpz “)

<
1By 1113 ®)

However, for h > 0 small enough,

~ ~

‘( (t+h,A)— (t’)\)‘@@)

h

=
> Oty T

~

/T (ALDEH L) \aw) plt)
AN

0

~

m (f(t )‘)’ ()‘))”()\)p/(t) dt. (9)
0

Invoking Egs. (8) and (9) leads to
T

[ FenE0) ] <

0

MN)lpll2;

which implies further that ( f ( NE(N)) € LE . (Ry) for 1 almost every A > Ao.
From Eq. (7) one obtains

ﬂ /T (f A= f(.3) Fenfem) o) dt] dpu(A) — 0.

h
Ao 0 KR -

Therefore, there exists (hy)ken, i k—> 0 such that, for p almost every A > A,
—+o0o

T —~

/ t+hk7 — A

0

FOnfw) oo
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However,

~

/T<f<t+hk,A> FEN | 5o) sy

hi, H(N)

T
—>/ N2\ (/\)p( ) dt.
0

k—-+o0

Therefore, for  almost every A > A

JUFENIEO) 0y — FENIZO) o Jo(0) =0
0

and R .
(FENIBON) ey = (FENBN) s

t > 0, which ends the proof. O

In the following we again use the Caputo fractional derivative:

du 1 / u'(s)
e T T(1—a) / G se &
0

Using the eigenequations solved by @ and the above results, one deduces that u solves
Egs. (1):

Theorem 2. Let H be a Hilbert space, A a self-adjoint operator with domain D(A) C H
and satisfying properties (i), (ii) of Section 2. Let § € R, f € H] (R4, Dyg) and ug €
Dy 1. Then the equations

d%u

S (A1) = (1), w(0) = wo, (10

have a solution u such that v € L2 (R4, Dgyq) N wlh

loc
[F(N) = Aug(N)].
Moreover, for any € €]0, 1[and r € [1,2]N[1

YRy, Dy), with a(\) = E(\) *

T 6a[ one has u € W T(Ry, Dgy1—e).

Proof. The fact that u given by 6()) = B(\) # F(N) = Aug(N\)] satisfies u € L2 (R,
Dyi1) NWEHR,, D) N Wloc (R, Dgy1—.) follows from Propositions 3 and 4.

loc
It is sufficient to prove the remaining part of the theorem only for vy = 0.

www.mii.Jt/NA
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Let € D_g. Since v’ € L] (R, Dy) (see Proposition 4), the following calcula-
tions are justified. One has:

; ds
- prmy | (W) s + (Aule) ) = (7(0).)
0
—+oo t
1 —~ ds
— T a) / </(u,/(/\ S)’SO()\))%()\) (t S)O‘> 1(A)
Ao 0
+oo +oo
4 [ 0B[N oy i) = [ (FODIRN) ) i)
. 1 —+o00 t o
Prop: 4 ) /(E()\,s)f()\,o) + (B = f/(\)(s)
Xo O
. ds
’@(M)%(A)(ts)al dp(A)
+oo +oo
+ [ QD[R ey = [ FADIE) gy V)
o 1 +oo t o
Lemma 2 o) / {/[E()\ s)(f(A 0)’%0()\))Jf(>\)
Xo 0
+ EO) = (FOVE0) )] } ()
+oo +oo
+ [ QD[ sy = [ FADIE) sy V)
Ao Ao
—+oo t
= F(ll—a) / {/[E()\)*(A(A)’@(A))%(A)]/( ) dss)a}du(A)
Ao 0
+oo
+ [ ABQ) = (FOIS00) 0 (0 41OV
"
_ / (FOD[BON) 4y du) =20,
Ao
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Hence u satisfies Eq. (10). Equation «(0) = 0 is a consequence of Egs. (6). This ends
the proof. [

Consider for instance the case of a bounded domain {2 with smooth boundary. When
A is a strongly elliptic second order operator as described in the Introduction section,
one can choose H = L2(£2) and D(A) = H?(Q2) N H}(£2). Notice that Dy = H =
L*(2) and D; = D(A) = H*(2) N H{(£2). Therefore, for f € HL (R;, L*(12))
and ug € H?(£2) N H(2), Theorem 2 ensures that the initial value problem (1) has
a strong solution u € L (R4, H>(2) N H(2)) N WL (R, L2(£2)) given by 4()\) =

EM\) x[f(N) — Zu\O(A)] The last relationship is equivalent to Eq. (40) in [35].
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