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Abstract. In the paper a weighted quadratic variation based on a sequence of partitions for a class
of Gaussian processes is considered. Conditions on the sequence of partitions and the process are
established for the quadratic variation to converge almost surely and for a central limit theorem to
be true. Also applications to bifractional and sub-fractional Brownian motion and the estimation of
their parameters are provided.
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1 Introduction

The phenomenon of long range dependence is observed in fields such as hydrology, fi-
nance, chemistry, mathematics, physics and others, therefore many statistical and stochas-
tic models assuming independence or weak dependence of observations are inappropriate.
First mathematically defined by Kolmogorov, fractional Brownian motion (fBm), the
prototype of self similar and long range dependent processes, has been widely applied as
a modelling tool. Since a long memory parameter (or the Hurst index/exponent, usually
denoted H) determines the mathematical properties of the model, it’s estimation is of
great importance. One of the methods for estimation of the Hurst index involves quadratic
variation.

The problem of the almost sure convergence of a quadratic variation has been solved
for a wide class of processes with Gaussian increments by Baxter [1] and Gladyshev [2].
These authors employed dyadic partitions. Klein and Giné [3] used more general parti-
tions and proved that particular functions of the mesh of the partition must be at most
0(1/logn) for the almost sure convergence to hold.

Using his result of convergence of the quadratic variation Gladyshev [2] constructed
a strongly consistent estimator of H. Istas and Lang [4] proposed another estimator,
which also involved a quadratic variation and was asymptotically normal only when H €
(0,3/4). To avoid this drawback second order quadratic variation has been considered
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by Cohen et al. [5] and Bégyn [6] to name a few. In a recent paper of Kubilius and
Melichov [7] a modified Gladyshev’s estimator of the fBm parameter H is defined and
convergence rate to its real value is derived.

Stationarity of the increments of fBm is a useful feature in certain applications, how-
ever there are cases when it is unwanted. In order to enlarge the variety of models to
choose from, extensions of fBm have been introduced recently by Houdré and Villa [8]
(bifractional Brownian motion) and Bojdecki et al. [9] (sub-fractional Brownian motion).
These processes share properties with fBm such as self similarity, gaussianity and others,
however they do not have stationary increments and possess some new features.

Norvai$a [10] extended Gladyshev’s theorem to a class of Gaussian processes that
includes bifractional and sub-fractional Brownian motion. In this paper we extend the
main result in NorvaiSa [10] by using a general class of partitions that may be irregular.
We prove in Theorem 1 that particular functions of the mesh of a partition must be at most
0(1/log n) for the result to hold as in Klein and Giné [3]. We proceed further by showing
in Theorem 3 that the central limit theorem holds for quadratic variation for particular
values of parameters of the process.

2 Almost sure convergence

In this section we prove the almost sure convergence of a quadratic variation.

We begin with some notation. We denote by m = {t;}}"_, a partition of [0, T] such
that 0 = ¢p < -+ < t,, = T, by ¢(m) = m the number of intervals (tx,tx+1), & =
0,...,m — 1, by m(m) its mesh, i.e., m(n) := max{ty — tx—1: tx € 7\ {to}} and
by p(w) the quantity min{¢;, — tx_1: tx € 7\ {¢to}}. Throughout this paper {m,}>,
with 7, = {£{™}1") will denote a sequence of partitions of [0, 7] but we will drop the
superindex n in t,(cn) whenever possible. We often assume that there exists ¢ > 1 such that
m(my,)/p(my) < ¢ forall n. Then

T cr
p(my) — m(m,)

Given a function F': [0,7] — R, aparameter v € (0,2) and a partition 7, =

{tk}z(:g), foreachn =1,2,..., let

F(tk) — F(tk_l)

o(mn) < ()

ALy, =
T (e — o) /2
c(mn) (2)
Atk- = tk - tk—l and Sn(F) = Z (AFk)z
k=1

For a Gaussian stochastic process X = {X(t), ¢ > 0} let M be the mean function
with values M (t) := EX(t) and rx be the covariance function with values

rx(t,s) :=E[X(t) — M(t)][X(s) — M(s)] 3)
for (s,t) € [0,00)2.
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Definition 1. Let 0 < v < 2,d > 0, b : [0,00)? — [0, 00) be a symmetric function and
L be a finite constant. A Gaussian process X = {X(t), ¢ > 0} is said to belong to the
class G(v,d, b, L) if its structure function 1) x with values 1 x (s,t) := E[X (t) — X (s)]?
for (s,t) € [0, 00)? satisfies:

(@) vx (s, t) = dft — s*77 +b(s, 1),
(i) ¥x(t — h,t) < Lh?>~7 holds foreach 0 < h <t < T.

We will denote by M,, the set of all n X n matrices over the field of scalars R, by p(Q)
the spectral radius and by o (@) the set of eigenvalues of a matrix QQ € M,,.

Lemma 1. Ler A = (ag;) € M, be a symmetric, positive semidefinite matrix. Then

A) < inf (tr A™)Y™,
p(A4) < inf (trA™)

where for a B = (b)) € M, tr B denotes the trace of B, i.e., tr B :== >, _, by
Proof. Consider the Frobenius norm on M,, defined for Q = (gx;) € M,, by
n 1/2
Q= (Y )
k=1

Leto(A) = {A1,..., A\n}. Itis well known that forany m € N, o(4™) = {A\]",
and tr A™ = Y"7_ | Ai". Since A is symmetric

Al = Vi A7 = (ZA?)

ey "

It is easy to prove that

< |[lam|™, vm=1,2,.... )

Since A is positive semidefinite, A, > 0, k = 1,2,...,n. Thus for every m = 1,2, ...
we have that

(tr A™)? (Zw> >SN = am|f. 5)
k=1 k=1

Then the statement of the lemma follows from (4) and (5). O

Given a Gaussian stochastic process X = {X(¢), t € [0,7]}, 0 < T < oo, and
7 a partition of [0,T] denote ay; := EAX,AX; and a ¢(m) X ¢(m) matrix A(7) =

(akl)k(l P 1°

Lemma 2. Let~, d, b, L be as in Definition 1 and X = {X (¢t), t € [0,T]}, 0<T < o0,
be a mean zero Gaussian stochastic process from G(vy,d,b, L). Let {m,}>2 , be a se-
quence of partitions of [0,T] such that there exists ¢ > 1 satisfying m(m,)/p(m,) < ¢
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for every n and there exist £(y) > 0 depending only on v and a function f., : (0,00) —
(0, 00) such that:

(i) there exists N1 € N such that the bound

max Z IEAX,AX)| < €(y)fy (m(m,)) = Ha(7), (6)
1<ise(mn) keD(l)

where D(1) = {2,3,...,c(mn)} \ {l — 1,1,1 + 1}, holds for all n > Nr;
(ii) there exists T > 0 such that x < f.(x) when x < T;
(iii) m(7,) = o(1) and H,(y) = o(1) as n — oc.
Then there exist constants 0 > 0 and N € N, N > Nj such that

inf (tr [(A(ma))"])"" < 0H,(7),

foralln > N.

Proof. Throughout the proof we assume n > Nj.
Using the condition (ii) in Definition 1 and Cauchy-Bunyakowski—Schwarz inequality
for k,l =1,...,c(m,) we obtain upper bounds

lart| < Vox (b1, te) Vx (b1, 1) (At At) O ~Y/2 < Lm(m,). @)

Forevery j =1,2,... we set

c(mn) c(mn)

SV M

k‘l 1 ICJ+1 1:i=1

Then denoting by (A(m,))! = (a,(jl))k(?"i the jth power of A(m,) it can be seen by
induction that

[(Am)’] <3 Jall)| <A =12, ®)

Using straightforward algebra one can estimate for m > 2

c(mn) c(mn c(mn) c(mn)

) m—2
Am= > ST ekl Dotk bl D [0knkons|
Em=1

ki=1  kp_1=1 i=1 Emg1=1

c(mn) c(mn) m—2 c(mn)
< Z ce Z H ‘akiki+1| |akm,—11| Z |a1k’rn+1|+
kiml  kpoi=1 i=1 Kms1=1
c(mn) c(mn) c(mn)
+ 3k knllak, il + Ytk k] D 10kk ]
k=1 =2 Kpi1=2
= Am,l + Am,2 + Am,3~ (9)
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Using (7) and then (1) we get

A1 < Ap—oLm(my,)e(my,)Lm(m,) < cL*Tm(7,) Ao (10)
and
Am,2 S Lm(’frn)Am—L (11)

(7) and (6) give

C(ﬂ'n) c(mn) m—2 C(T"n c(mn)
Ama= o > T okl D 10kiknl D kb
ki1=1 km—1=1 =1 km=2 k"m+1:2
|km+1_km‘gl
C(Trn C(ﬂ'n) m—2 C(Trn
3 > T kbl D ke ka0 kb ]
k‘l 1 km 1= 1 =1 m—2 krvz+16D(k1n)
< (3Lm(7rn) + Hn(’y))Am_l. (12)
Let
L L2T L
9:—2max{5+1, ¢ 7cLT<5+1>} (13)
£(v) £(v) £()

Then by the assumptions (ii) and (iii) there exists Ny € N such that m(m,,) < Hy(y) for
n > N and so

0
4Lm(my,) + Hy () < EHn(V) and CLsz(ﬂ'n) < —H,(y)-
for n > N,. Substituting (10), (11) and (12) into (9) yields

A < (4Lm(ﬂ'n) + Hn(’Y))Am—l + CL2Tm(7Tn)Am—2
é an (7) maX{Amflv Am72}

< (QHH ('7))2 max{A;—2, Apm—3}

m—2
< (0H, (7)) max{Ag, A1}, (14)
for n > N,. Applying (7) and (6) we estimate
() c(mn)
= law| <2 Z lax| + Y lax]
kl=1 k=2
c(my) c(mn) c(mn)
=2 Z laul+ > lawl+ Y awl
k=2 k=2
|k—1]<1 |k—1]>1
< o(mn) (5Lm(mn) + Hn(7))- (15)
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By (7) and (1) we have

c(mn) c(mn) c(mn)
Ay = Z Z laki||ai;] < Lm(my,)c(my,) Z laki| < eLTA;. (16)
=1 k=1 k=1

Therefore by (15), (16) and (13) for n > N5 we can bound
max{Az, A1} < c(m,)0H, (7). 17

From the assumption (¢) it follows that there exists N3 € N such that 0H,,(v) < 1
for all n > N3. Let N := max{Ny, No, N3}. Then by (8), (14) and (17) we conclude
that forn > N

n (e [(AGm) "))
< inf (9H (1) it (e(m))"" = 0 () =

Theorem 1. Let v, d, b, L be as in Definition 1 and X = {X(t), t € [0,T]},
0 < T < oo, be a Gaussian stochastic process from G(v,d,b,L). Let {m,}>2, be
a sequence of partitions of [0, T| satisfying the assumptions of Lemma 2, and H, () =
o(1/logn) as n — oo with Hy, () defined in (6). Suppose that:

(i) the mean function M of X is Lipschitz continuous on [0, T];
(ii) foreache € (0,T)

lim max {W} =0, (18)
n—o00 K(g,n) (tkn o tk”1_1)27'y

where K(e,n) := {k € {1,...,c(mn)}: 1" € (e, T]}.

Then for X the relation

19)

o [ x(t") - X(6) } 4

lim Z
B 2 Lo e

holds with probability 1.

Proof. Ttis enough to prove the theorem in the case when M = 0. Indeed, if M # 0, let
X := X — M and suppose that (19) holds with X in place of X. For each n

C(T"n)
Sn(X) = Su(X) +2 > AXpAM, + Sn(M).
k=1

Applying Cauchy-Bunyakowsky—Schwarz inequality we have

<A/ Sn(X)V/ Sn(M).

c(mn)

> AXAM,;
k=1
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Since M is a Lipschitz function, there exists K > 0 such that

c(mn)

Sp(M) =" (M(ty) — M(tp1)) At
k=1

(ﬂ'n)
< K*(m(m,))” Z Aty = K*T(m(m,))” =0, as n — oo.
k=1

As S, (X) is bounded in n, it then follows that S,,(X) — dT as n — oo with proba-
bility 1. Therefore for the rest of the proof we can and do assume that X is a mean zero
Gaussian process.

Next we prove that

lim ES,(X) = dT. (20)

n—oo

For each n since X is from G (v, d, b, L), we have

6(7"71)
ES,(X)=dT + > b(ty_1,tx)At] "
k=1

It is enough to prove that the second term on the right hand side converges to zero as
n — oo. Lete € (0,1). By (18) there exists an N € N such that

b(tr_1,t
max 7| ( 217’ 0l <e
Ken) Aty 7

for each n > N. Then using the condition (ii) in Definition 1 we have

c(mn)

> [bltror, te) AL

k=1

= ( oo+ > >|b(tk1,tk)\Atgl
k: 0<tp<e k: e<tp <T
<L Y Atpt+e > At <e(L+7T),

k: 0<ty<e k: e<tp, <T

for eachn > N. Since ¢ is arbitrary the desired relation (20) holds.
Finally we are left to prove that S,,(X) — ES,,(X) converges to zero as n — oo with
probability 1. For this we only need the existence of a sequence {¢,,} satisfying

(oo}
i = — > .
lim ¢, =0 and Z:IP{|S”(X) ES,(X)| > en} < 00 @1
Provided such a sequence exists Borel-Cantelli lemma and (20) then yield the desired
conclusion (19). In order to find such a sequence we will follow Klein and Giné [3] and

use Hanson and Wright’s [11] bound.
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Let (£2, F,P) be a probability space on which X is defined and so {AX, k}z(;rf) @
L?(£2, F,P) and let (-,-) denote the inner product in L2(2, F,P). If {V;};_,, r <
¢(my,) is an orthonormal basis for the linear span of {AXk}z(:”f), fork =1,...,c(m,)
andl = 1,...,rdefine by := (AXy,Y]), ac(m,)xr matrix B, := (bg;),ac(m,)xc(m,)
matrix A(m,) := (ag) = B, B), and an r X r matrix C(7,,) := (cx) = B),Bp.

From the definition of ax; and cg; we get

s
a =EAXGAX, and S,(X) = ) eulili, (22)
k=1
and so, applying the Hanson and Wright’s bound and the argument in [3, p. 718], with

more details in [6, pp. 698—699], yields that there exists a constant M/ > 0 such that for
every 0 <e <landforalln € N

P{|S,(X) —ES,(X)| > ¢} < 26Xp<—p(22(17\i))>. (23)

Now we want to obtain an upper bound for p(C(m,)) from upper bounds for |ay|,
k,l =1,...,c(m,). By (22) we have that the definition of the matrix A(w,) coincides
with the one in Lemma 2. Thus, from Lemma 1 and Lemma 2 it follows that there exist
constants # > 0 and N € N such that for all n > NV

p(C(mn)) = p(A(mn)) < 0Hn (7). (24)

(
Now, the sequence {¢,,} defined by e2 = 2M ~10H,,(+) log n converges to zero by
hypothesis. Moreover, P{|S,,(X) — ES,(X)| > &,} < 2n72 forn > N by (23)
and (24). Therefore, {¢,, } satisfies (21). O

Also an analogous result to Theorem 2 in [2] can be proved:

Theorem 2. Let v, d, b, L be as in Definition 1. Let X = {X(t), t € [0,T]}, 0 <
T < o0, be a Gaussian stochastic process from G(v,d, b, L) and {7, }5>, be a sequence
of partitions of [0, T] both satisfying assumptions of Lemma 2 and Theorem 1. Let also

Atl(cn) =m(m,), k=1,2,...,c(my). Then

lim {1 o (sz) (X (") = x (1" )]2} =7
n-r00 log(m(7y,)) = . bt

holds with probability 1.

Proof. Since dT' > 0, one can take logarithms and divide both sides of (19) by log(m(m,,))
before passing to the limit when n — co. [

3 Application to some processes

In [10] applications of his result to bifractional and sub-fractional Brownian motion are
presented. These processes are shown to satisfythe hypotheses of Theorem 1 in [10] and
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Limit theorems for a quadratic variation of Gaussian processes 443

fail to satisfy some hypotheses of Theorem 1 in [2]. In this section we apply Theorem 1
to these processes.

Let X = {X,, t € [0,T]} be a zero mean Gaussian process as in Lemma 2. Given
{tx}}", a partition of [0, T'] using the notation (2) and (3) one can rewrite

EAX,AX; = E(X (ty) — X (tr—1)) (X (8) — X (ti—1)) (AtpAty) /D071
= [rx(test) = rx (tp, tim1) — rx (te—1,t) + rx (te—1, ti—1)]
> (AtkAtl)(l/Q)(v—l)

2
= (At At)/D0O-D / %(s, t) ds dt, (25)

Ty

where the last equality holds with Iy := [tx—1,tx] X [t;—1, ;] being in the region {(s,t):
0 <s#t<T}and |k—1I] > 1. Representation (25) will be used to prove the corrolaries
of the following subsections.

3.1 Bifractional Brownian motion

Let H € (0,1) and K € (0, 1]. The function Ry g: [0,00) x [0,00) — R with values
Ry (s t) =27 K[(27 + ) K — |t — 5K, st >0,

is positive definite by Proposition 2.1 in [8]. A mean zero Gaussian stochastic process
By k = {Bu,kx(t): t > 0} with the covariance function Ry k is called a bifractional
Brownian motion with index (H, K'). The structure function of By  is given by

Vi g (8,1) = 28Kt — sPHE — (2H 4 2K 21K 4 20K (26)

for each ¢, s > 0. It is shown in [8, Proposition 3.1] that 15, . (s,t) < 217K |t — s|?HE,
It then follows that a bifractional Brownian motion By  is a Gaussian process from the
class G(v,d,b,L) with v = 2 — 2HK, d = L = 2'"K and b(s,t) = v¥p,  (s,t) —
21=K |t — s|2H K For notational simplicity v will be used in place of 2 — 2H K in this
subsection.

Corollary 1. Let H € (0,1), K € (0,1] and 0 < T < oo. Let {7} be a sequence of
partitions of [0, T such that there exists ¢ > 1 satisfying m(m,,)/p(m,) < c for every n
and m(m,)"/? = o(1/logn) as n — oco. Then for a bifractional Brownian motion By x
the relation

C(Trn) 2
B tr) — B e
lm 3 [ .k (tk) = Bk (1) 17 _ g1k
n—oo

Pt (tp — tp_1)E=7)/2

holds with probability 1.
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Proof. This corollary is a consequence of Theorem 1, thus it is enough to check the
hypotheses in Lemma 2 and Theorem 1. For a bifractional Brownian motion, NorvaiSa
verified the hypothesis (i) of Theorem 1. Therefore, we are left to check the hypotheses
(1)—(iii) of Lemma 2 and the hypothesis (ii) of Theorem 1.

Let us check the hypotheses of Lemma 2. We start with (6). Norvaisa [10] showed
that functions f; and f> with values

f1 (S, t) =

N /2
=t fo(s,t) = (s) 27)

C1 C2

and some constants ¢; and ¢ can be used to bound

2
‘a Ry x 1 1 %)

Z HK <
D50t (S’t)‘ =760 T Rey
when s,t € (0,7] and s # t. For f; we have

dl(k‘,l) = inf{fl(s,t): (S,t) S Ikl}

=t er it k>,
|tl_1 — tkp/Cl if k<l

Therefore

CIII}131)< > [dik D]
)

keD(l

1

-2 c(mn)
= ti_1 —ti| ™Y to_1 —t| "
I}1>alX[Z|l1 k| +Z|k1 1] }

k=2 k=142

1 -2 c(mn)
Smax[ (l-1-k)7"+ Z(kll)”]
k=2 k=1+2
1 c(mp)—1—1

-3
1
= ————max k77 + k‘_’Y:|
(p(mn))7 1>1 [k—l kZ:l
c(mp)—1—1

] S +)

k=1

2 -
< w2 K 9
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Bounding the sum in the preceding inequality with integral, we have
C(ﬂ—n) C(Trn)
Z k7 < / z Vdx
k=2 1
= le(m)) ™ = 1] if v € (0,1),
= log(c(mn)) if v=1,
ﬁ[l - (C(T"n))l_’q if v € (17 )a
= ()Y i v € (0,1),
< 1 log (%) if y=1, (30)
1 if ve(1,2).
Substituting (30) into (29) we get
2cc, T .
Mm if Y € (0, 1),
-1 HOg((CT)ilm(ﬂ'n))‘ : —
I?chkg(l) [di(k, )] <4 2¢e: ) if y=1, (31)
€ e .
ﬁm(wnl)” if ve(1,2).

For f> we have

ol 1) = in { fo(s ) (5,1) € Iy} = mtfm)

o
Therefore

max > [da(k, )]

keD(l)

_ bt )2 = /2 L2
cp max Z (th—1ti—1) cpmaxt; Z el

keD(l) keD(l)

< o C%? /2 cac” (c( )>1—v/2

= ()2 2 1 m(m)) (1 —y/2)

27'\//2T17'y/2
< —. M, (32)
(1 —~/2)(m(m,)) /2
It can be seen from (31) and (32) that for n large enough
-1
max > [d(k D] < M, (33)
keD(l)
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Thus using (25) with X = By g, (28), (32) and (33) we conclude that

max IEAX,AX]|
1>1
keD(l)
1 1
Pl Enu) S fi(s,t)  fa(s,t)
i) (k0] )] )
keD(l)

< Hlm(ﬂ'n)'ﬂrlm(7rn)_1_'7/2 = H1m(7rn)'7/27

with some constant H7, so (6) holds with f. (z) = 27/2 and £(v) = H;.

The hypothesis (ii) holds with 7 = 1 since 0 < v < 2 and the hypothesis (iii) is
clearly satisfied by the hypotheses of this corrolary.

The proof of (18) can be given by a slight modification of the proof in [10]. [

3.2 Sub-fractional Brownian motion

Let H € (0,1). The function Cp : [0,00) X [0,00) — R with values
1

5 (s + )% + s — t]*]

is positive definite as shown in [9]. A sub-fractional Brownian motion with index H is

a mean zero Gaussian stochastic process Gy = {Gg(t): t > 0} with the covariance
function C'gy. The structure function of Gy is given by

wGH(&t) — |S—t‘2H 4 (S+t>2H _22H—1 [tQH +82H]

for s,¢ > 0. It is shown in [9] that vq,, (s,t) < max{1,2 — 22H=1}(t — 5)2H fort > s.
It then follows that a sub-fractional Brownian motion G is a Gaussian process from
the class G(v,d, b, L) with v = 2 — 2H, d = 1, b(s,t) = Vg, (s,t) — |s — t|*H and
L = max{1,2 — 22H=1}, For notational simplicity - will be used in place of 2 — 2H in
this subsection.

Cr(s,t) := s 120

Corollary 2. Let H € (0,1) and 0 < T < oco. Let {7, }32, be a sequence of partitions
of [0, T such that there exists ¢ > 1 satisfying m(m,,)/p(7y,) < cfor every n and

() = o(1/ logn) i€ (0,1),
m(my )| log(m(ms))| = o(1/logn) if v =1,
m(my,) = o(1/logn) if ve(1,2).

Then for a sub-fractional Brownian motion G g the relation

c(mn) 2
Gu(tr) — Gu(te—1)]"
Jim, 2 Eren =)

holds with probability 1.
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Proof. Tt is enough again to check the hypotheses of Lemma 2 and Theorem 1 for X =
G g . For a sub-fractional Brownian motion, Norvaisa verified the hypothesis (i) of The-
orem 1. Therefore, we are left to check the hypotheses (i)—(iii) of Lemma 2 and the
hypothesis (ii) of Theorem 1.

Let us check the hypotheses of Lemma 2. We start with (6). Norvaisa [10] showed
that for some constant C'

2
‘8 Ch C (34)

< -
st (S’t)’ s —t|r’

when s,t € (0,7] and s # t, therefore using (25) with X = G, (34) and (31) we
conclude that

max IEAX,AX]]
>1
keD(l)
< max Z (AtkAtl)%(’Y—l)/ ¢ dsdt
>l |s — ¢
keD(l) I
C
< m(7rn)'y'~'1 max - -
> inf{|s —t|7: (s,t) € I}
< C(9)fy (m(mn)),
where () € R depends only on -, so (6) holds with
x if v€(0,1),
£o(w) = { allog()] it 4 =1,
x if v e (1,2).

and £(v) = ¢(7)-
Again, the hypotheses (ii) and (iii) are clearly satisfied.
The proof of (18) can be given by a slight modification of the proof in [10]. O

Remark 1. Corrolaries 1 and 2 are valid for the most frequently used partitions, i.e.,
when Aty = T/nor At =T2 ", Vk=1,2,...,c(mp).

3.3 Estimating parameters of Gaussian processes

It follows from Corollary 1, Corollary 2 and Theorem 2 that given a partition 7,, from
a sequence of partitions {7, }52 ; satisfying assumptions of Lemma 2, Theorem 1 and
Corollary 1 or Corollary 2 respectively

C(Trn)
g1, L (N () 2
Y =5 Sloglm(m,)) 8 ; [P (") = Fv (5] (35)

where Fy, denotes either a bifractional (V' = H K) or a sub-fractional Brownian motion
(V = H), is a strongly consistent estimator of V.
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4 Central limit theorem

By Theorem 1 we know that S,,(X) — ES,(X) % 0. Since the estimator of the
parameters of Gaussian processes (35) is based on quadratic variation, in applications
we need a central limit theorem for the quadratic variation in order to carry out some tests
or construct confidence intervals.

Theorem 3. Let v, d, b, L be as in Definition 1. Let X = {X(t), t € [0,T]}, 0 <
T < o0, be a zero mean Gaussian stochastic process from G(y,d,b, L) and {7} be
a sequence of partitions of [0, T both satisfying assumptions of Lemma 2. Suppose also
that H2(y)/p(my,) = o(1) as n — oo and the hypothesis (ii) of Theorem 1 holds. Then

Sn(X) — BS,(X) $ ¢, as n— o0
var(S,, (X)) ’ ’

d e . .
where — denotes the convergence in distribution and ( is a standard Gaussian random
variable.

Proof. Consider a centered Gaussian vector

AX;
X, = e
AXC(T(n)
and denote it’s covariance matrix Xx . By the spectral decomposition theorem one can
write ¥x, = P,A, P}, where P, is an orthogonal matrix and A,, = diag(A1p, ...,

Ae(mn),n) With {A; ;, } being the eigenvalues of Y, . Define

M,n

=1 ... | :=A;Y?P'X,.
Ne(mn),n
Then n,, is a vector of independent standard Gaussian variables and
c(mn) c(mn)
Su(X) =D (AX)” = Mt (36)
k=1 k=1
Indeed,
cov(n,) = A;Y2P! cov(X,) P, AL 2
= Ar_Ll/2Pr/LPnAnP1{LPnA;1/2 = IC(ﬂ' )s
and
c(mn)
> (AX)? =X X, =X, A 2AA T PPX,
k=1 ()
= n:zAnnn = Z )\k,nﬂi,w
k=1
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Let ay; = EAX;AX, for k,l = 1,2,...,c(my,) and the matrix A(r,) = (ar) €
M¢(r,. Then A(my,) = Ex, and { g}y (™) are the eigenvalues of A(m,). At first we

will check that A} := p(A(m,)) = of var(Sn(X))). By Lemma 1 and Lemma 2 we
have that A < 6H,, (7).
We need a lower bound for var(S, (X)). We can write

c(mn) 2 c(mn) c(mn)
2
[ESn(X)] = ( Z ) Z akk + 2 Z arraj-
k=1 k,l=1
k<l
We have that
C(ﬂ'n) c(mn)
= > (AXp)* +2 ) (AXp)*(AX)
k=1 k=1
k<l

Since X, is a Gaussian vector, applying Isserlis’ theorem gives

E(AX,)" = 3[E(AX})?]” = 3a2,

and
E(AX,)?(AX))? = E(AX)’E(AX))? + 2[EAX, AX))?
= agray + 2ail.
Then
c(mn) c(mn)
ES2(X) =3 Z ap +2 Y (akkan + 2a3;),
k=1
k<l
which yields
c(mn) c(mn)
Var =2 Z az, +4 Z az;. (37)
k=1
k<l

Let§ € (0,7). Let us notice that by the definition of ¢ x (in Definition 1)

_ Ux(tp—1,tr)
akk = —— 3=
At!
and that (18) implies
th—1,t
m 7|wx(k2_1’ 2l —d| =0, as n— oo,
K| A2
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with (4, n) defined in (18), which gives that

|akk|
Aty

X d‘%O, as n — oo. (38)
K(8,n)

Denoting gy, := |agk|/Atx — d for k € KC(d,n) gives |arr| = Atg(gr + d). From (37)
and (38) we get

var (S, (X))
c(mn)
> 2 Z apy =2 Y ap =20 Y Ap+4d Y Atig

k=1 ke (5,n) keK (5,n) kEK (5,n)
(T 0+ p(m ))p(ﬂn) + 4d(T — 0+ p(ﬂn))p(wn) min gz

K(é,n)
=2d*(T — 6 + p(mn))p(ms) + o(p(mn)).
Hence var(S,,(X)) > Jp(m,) for some positive constant J and

(A;)Q < (0H,.(7))?
var(S,(X)) =  Jp(m.)
In order to prove the statement of the theorem we will check the Lindeberg condition
for {Akn (%, — 1}t (™). for every £ > 0

— 0, as n— oo.

c(my)
2
TIh—>H;O Var Z )\k " nk no 1] 1{‘Ak,n(77%m,_1)‘>5\/ Var(Sn(X))} =0
Fork=1,2,...,c(m,) denote

— [,2 2
Viin = [t = 1] L ren (2, —D>ey/Far a0 )

From ny , ~ N(0,1), Vn =1,2,...and k = 1,2, ..., c(m,) it follows that

EVi, <E[g, —1]"1

{Ini,n—1\>5@}
— 2 2 B N
= E[771,1 1] 1{|ﬂ%’1*1\>6@} = EV,. (39)

Since V,, < [}, — 1]? and

E[n,— 1" =E[pt, - 20}, +1] =2,

we can use the dominated convergence theorem to conclude that

lim E‘7n
n—oo
=B Jim Vo =Bl 1)l L vy <0 40
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By (36)

e(mn) c(mn) c(mn)

var (S, (X)) = var( Z )\k,nnzm) Z Aj o var(ni ) =2 Z Aon

k=1 k=1

Let € > 0. Then by (39) and (40)
c(mn)
lim s ar(® Z A nEVin
> c(mn)
S nlgr;o var Z )\ 2 nlgréo EV =0

thus the Lindeberg condition is satisfied. The conclusion then follows by the Lindeberg’s
CLT. O

Remark 2. Guyon and Léon [12] proved that when y € (0, 1/2] the central limit theorem
is false for fractional Brownian motion and holds in other cases. Since the Brownian mo-
tion is a special case of both fractional and sub-fractional Brownian motion and fractional
Brownian motion is a special case of bifractional Brownian motion one cannot expect to
prove the central limit theorem for these processes when v € (0,1/2]. In fact, it can be
seen from Corrolary 2 that H2(v)/p(m,) = o(1) is false for any sequence of partitions
when v € (0, 1/2] for the sub-fractional Brownian motion. For the bifractional Brownian
motion Corrolary 1 shows that H2(v)/p(m,) = o(1) is true only when v € (1,2).
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