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Abstract. In the paper the second boundary value problem in a rectangular domain to equation
Ugzz — Uyy = f(x,y) with the multiple characteristics is considered. The considered equation is
closely related with nonlinear equation Uzze + Uyy — %uy = UgUze, Which describes transonic
flow of a gas around a revolution bodies. Using the fundamental solutions of corresponding homo-
geneous equation the Green function of analyzed problem is composed and thereby this problem is
solved.

Keywords: PDE’s of odd order, fundamental solutions, Green function and boundary value
problems.

1 Introduction

First investigations of the third order differential equation

Uggr — Uyy = f($>y) (D

which possesses the multiple characteristics, are published in [1-3]. After a while the
works [4,5], in which various boundary value problems are studded using potential theory,
appear.

Let us observe, that equation (1) is conjugated to differential equation

Uggz T Uyy = F(xvy)

that is related with the linear part of equation

v
Uggy + Uyy — guy = Uy Ugy
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describing transonic flow of a gas. Particularly, if ¥ = 0, this equation describes the
plane-parallel flow of a gas (see [6,7]).
In the theory of boundary value problems to equation (1) the fundamental solutions of
homogeneous equation
Uggpg — Uyy = 0

are significant. Such solutions U (x, y;&,n) and V(x,y; €, n) are composed in [8]. Here
is shown that they can be expressed in the form

Ulz,y; &) = ly — 03 f(t), —oo <t < oo,

1 2
V(z,y;6,m) = ly—nl3e(t), t<O0,
where
22 1 4 36T (L 1 4 4 . -
f(t)\[tlll<7’7-)7 (p(t): (S)t(I)(?;T)v 7:7#37 t= = 523
\/371' 6 3 \/§7r 6 3 27 |y—77|§

and both ¥(a,b; ), ®(a,b;x) are degenerate hypergeometric functions (see [9]), I is
Gamma function. Taking in account the properties of these functions the following esti-
mates for fundamental solution U (z, y; £, n) are obtained:

othyU 1=(=»k 1 3 k x—£

g Yicce | T | — g RS- e | TS
] S| < Conly == o =g it || =
where Cyyp, are constants, k, h = 0,1,2,.... (There hold analogously estimates for

Viw,y;&n) if (z — &)y —nl~F — —oc0))

In [10] there are considered some boundary value problems to equation (1) in the
rectangular domain D = {(z,y): 0 < z < p,0 <y < I}, p > 0,1 > 0. Here the
solutions of the considered problems are composed by Fourier method under assumption
that boundary value conditions on y = 0 and y = [ are homogeneous.

We shell solve in this paper the second boundary value problem to equation (1) in a
rectangular domain using the Green function method.

2 Statement of the problem

Definition 1. We will say that solution u(z, y) of equation (1) is regular in domain D =
{(z,y): 0 <z < p, 0 <y <1}, ifit satisfies (1) in D and is from the class C32(D) N
Cry(D).

Let us consider the following boundary value problem.

Problem F>. To find the regular in domain solution u(z, y) of equation (1) satisfying the
boundary value conditions

uy(x,O) = 901(x)7 uy(xvl) = 4,02(.%), (3)
u(0,y) = v1(y), wpy) =v2(y), u.(p,y) = ¥3(y), “4)
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where
pi(x) € Cl0,p], i=1,2, ;(y) € C°0,1], j=1,2,
Us(y) € C*[0,1),  f(z.y) € C5(D),
and the following compatibility conditions are fulfilled:
©1(0) = 41(0),  @1(p) =¥5(0),  ©i(p) = 13(0), 2(0) =21 (D),
p2(p) = (D), @ap) = ¥s(l), fy(x,0) = fy(x,1) =0.

We shall note that, in work [11] analogical problem investigated in endless band.

®)

3 Uniqueness of the solution

Theorem 1. There exists no more than one solution of Problem F5.

Proof. Propose that Problem F» has two solutions u; (z, y) and us(z,y). Then u(z,y) =
w1 (z, y)—ua(z, y) satisfies the homogeneous equation g, — 1y, = 0 and corresponding
homogeneous boundary value conditions. We shell prove that u(z,y) = 0in D in such a
case.

Let us consider the identity

0 1, 0 2
p (uum — 2%) — %(uuy) +u; = 0.

Integrating it over domain D and taking in account the homogeneity of boundary value
conditions we obtain that

l
1
5/U§(0,y)dy+//U§(x,y)dxdy:0~
0 D

Hence, uy(z,y) = 0, i.e. u(z,y) = ¢(z), where ¢(x) is arbitrary function. Since
u(z,0) = 0, we get ¢p(x) = 0 because of continuity of function u(x,y). Therefore,
u(z,y) =0in D. O

4 The existence of the solution

Let us consider the adjoint differential operators
*

o? 0? o? 0?
“og o VT o8 o

Let o, v be smooth enough functions. It is easy to check that the identity

0 0
QL[] —pL*[p] = a—gwg — Pethe + peet)) — 877(@% — o)
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holds. Integrating it over domain D we get the equality

é [ leLto) - v lol] ag an

) 9
= é/ B PP — peve + peet) i — é/ gy ($¥n — n¥) dEdn. - (6)

Let us choose the fundamental solution U (z, y; £, 1), which satisfies with respect to (£, 7))
the equation

L*[U] = —Ueee = Upy =0 if (z,y) # (§;m),

instead of function ¢, and any regular solution u(&, 1) of equation (1) instead of function
1. Since Uy (z, y; £, 1) has a singularity at the line y = 7, we introduce the domains

DI ={(&n):0<&<p, 0<n<y—c},
Ds={(¢n):0<&<p y+e<n<l}

such that D = lim._,o(D5 U D5). Then we obtain from equality (6) that

//U(%y;&n)f(ﬁ,n)d&dn
D

P y—¢e
. 0
= 51_1>r(1)1+ / 6—§(UU§§ — Ueug + Ugeu) d€ dn
0
p o1 5
+ 61_1)%1_"_/ / 875 (Uuge — Ugug + Ugen) d€dn
0 y+e
p y—¢ o
- 51—1>%1+/ / o (Uuy — Uyu) d€dn
0 0
l
— I 2 (Uu, — Uyu)déd
sy [ [ e, acan
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p p

—Elirg+ (Uuy — Upu) [3=5~° dg — hm (Uuy = Unu)|3= y+€d£
3

Y l
/ (Uuge — Ugue + Ugcw)|eZ dn + /(qus — Ugug + Ugeu)|$=5 dn
0

Yy
p

- 61~i>%1+ [U($7 Y; 5, Y- E)Un(f, Y= 6) - U(ZII, Y; 57 O)uﬂ(§7 O)} df
Op

+ El_igl_"_ [Un(.’IJ, Y; 67 Y- E)U(f, Yy— 5) - Un(.’IJ, Y; 67 O)U(fa 0)} d§
OP

= lim [ [U(2,y:6 Dug(§0) = Ul y; &y + 2)un(§y +2)] A€
OP

+ lim [ Uy (2,5 € Du(€ 1) = Up(@, g3 &y + €)ulésy + )] dé
0

l

= /(UU& — Ugug + Ugeu)|$ 25 dn
0

U(l’, Y3 57 Z)un (57 l) - U(l’, Y3 57 0)“?7 (57 0)] dg

I
—

0
+/ (@, €, Du(E 1) — Uy, y; €,0)u(€, 0)] de
0

P

+ El_i)I(T)l+/Un(l',y;€7y - E)U(f, Yy — 6) dg
0
p
- 51~1>%1+ Un(.’E, Y3 57 Y + E)U(f, ) + E) d€
0

So we get the relation

//U(x,y;ﬁ,n)f(&n)dédn
D
l

= / [Uu§5 — UgUg + Uggu] |§zg dn — /U(x, y; &, U)Un(f, 77)”1126 d¢

0 0

p
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p p

+/Un(3:,y;£,n)U(§,n)|ZZé d¢ + gli%/Un(m,y;&,y —eu(€y—e)d§
0 0
p
— lim Uﬁ(xaya§7y+5)u(£7y+5) df (7)
e—0+
0
There holds following
Lemma. Let ¢ be any function from C|0, p|. Then relation
P
Jdim Uy (2,58 m)p(€) 4§ = —p(xo) sgn(y — 1)
n=y

holds with any x¢ € (0, p).

Proof. Assume that y > 7. Due to the continuity of ¢(x) at the point x¢, there exists
d = 6(e) such that |o(x) — p(x0)| < ¢, if only |z — 2| < §. Using the relation (see [8])
Uy = —U"sgn(y —n),

where
1 x—& t 74 4 4 3vV3m
U*(z,y; = * )= — W[ =, = —¢ -
(@,y:&n) Iy—n\%f <|y—n|§)7 fr(t) 3 (6,3,27 ) =

one can rewrite the integral in the left-hand side of (7) as follows:

p
/ U, (@, s €, m)o(€) dé
0

p

- —O/U*(x,y;f,n)go(f) dé = — O . _177|§ f* (|yx__n§§>90(f) dé
B <_ 0/ _z[ _x[> (y —177)g JM((yx—_ng)g >¢(§) “

=L+ 1+ 1.

(Here Tr1 = To — 1) , Lo = Xg + 6)
The main term 5 of obtained sum can be rewritten as
T2

~etn) / (y —177)§ " ( (;_—nﬁ)g ) “

z1

T2

_/ : f*((x_§§>[<ﬂ(§)_sﬂ($o)]d§

(y—n)3 y—)

1

= I>1 + I2s.
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Let us calculate the limit of integral Isq, as * — g, n — y — 0. Introduce to this the
variable
r—¢§

(y—m3
Then{ =z — t(y — 77)% d¢ =—(y— 77)% dt, obviously, and we obtain that

t:

T —xq
(y—m)2/3

=) [ FO

x—xo

(y—m2/3

If |z — o] < &, then upper limit of this integral is positive and lower limit is negative.
Besides, the upper limit tends to +o0o and the lower limit tends to —oo, as n — y — 0.
Therefore, taking in account the equality [8]

/ fr)dt=1
we get that
nlg;n—o Iy = —p(x0).
r—rxo

It remains to show that the rest integrals 151, I1, I3 tend to zero, as x — xg,n — y—0.
Let us consider integral Is5. Since

£ <7’(3/ 1n)§f*((yx_n§) )’!@(5)—@(%)]%

and |£ — x| < J, we obtain that

!

|I22] < e

fr()] dt.

z—ay
(y—m?2/3

Then the estimate | f*(t)] < C|t|=% (see [8]) yields the equality

lim 122 =0.
n—=y—0
Tr—T0o

Let N be a constant such that [p(z)| < N Vz € [0,!]. Then

T —xq

Ty (y—m)3/3
I| < 5 3 d¢| < N t)|dt -0
| O/(y_n)sf((y_n)g eag <x [ Irol
(y—m)?2/3
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as x — xg, n — y — 0, because both upper and lower limits tend to +o0, as x — xo,

n—y—0.
Analogously
1 * xr — f
[ s| < - T )e(&)de| < N £ dt — 0,
To (y—n)a (y*U)S o
(y—m)2/3

asx — xg,n —y—0.
Thus, lemma is proved in the case y > 7. In the opposite case the proof of the relation

b
lim [ Uy (z,y:€,n)e(§) dE = ¢(x0).

Tr—x0
—
Yy 5

is analogously. O

Further, using the Lemma we obtain from (7) that

//U(x,y;f,n)f(&n)dﬁdn
D

= /(UU§§ — Ugug + Ugeu) |25 dn — /U(az,y;ﬁ,n)un(ﬁ,n)ﬂ’;ﬁ) d¢
0 0
p

4 / Uy (@€ )6, ) 125 A€ — 2u(z, ).
0
Thus,
l

p
2u(zx, / Uuge — Ugug + U&U | i dn — / Uu, — df
0 0

- / U,y €.0)f (6,m) dE dny ®)

Let u(x,y) be any regular solution of equation (1) and W(x y;&,m) be any regular
solution of the adjoint equation. Then putting ¢ = W(x,y;&,m), ¥ = u(&,n) into
(6) we obtain that

p

l
— [ (Wuge ~ Weue + Weew)Edn — [ (Way — Wywli=hde
0 0

- / W (s €,m) f(€,7) dé . ©)
D
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Both (8) and (9) yield the important relation

l

p
2u(x / Guge — Geug + Gggu | z dn — / Gu,, — df
0 0

—/ G(x,y;€,m)f(&m) dEdn, (10
D

where
Gz, y;§m) = Uz, y:§,m) — W(z,y;€n).
Definition 2. We will say that G(x, y; £, 1) is the Green function of Problem F5 in domain
D if it satisfies the following conditions:
LIG] =0,
G(0,y:&,m) = G(p,y;§,m) = Ga(p,y;€,m) =0

with respect to variables (z, y);

17[G) =0,
Gn(xay;§70) :Gn(x7y;§7l) :07 (12)
G(z,y;0,n) = G(z,y;p,n) = Ge(x,y;0,n) =0

with respect to variables (£, 7).

In order to compose the mentioned above Green function we solve the following
subsidiary problem.

Problem Fj. To find a regular in domain D solution u(z, y) of equation (1) satisfying
conditions

uy(2,0) =0, wuy(z,l)=0, 0<z<p, (13)
u(0,y) =u(p,y) = uz(p,y) =0, 0<y<L. (14)
We seek for the solution of this problem of the shape
Z Xy (z cos n (15)
where X}, (x) are unknown functions.
Let us express the function f(x,y) into Fourier series
Z fula) cos T (16)

Nonlinear Anal. Model. Control, 2011, Vol. 16, No. 3, 255-269
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where

N\l\)

l
/f x,y) cos —y dy
0
Substituting both (15) and (16) into (1) we get that
= km
Z X} (z) + Aj Xn(z) — fr(z)] cos Y= 0.

k=0

Therefore, we obtain the boundary value problem

fu(@), (17)

{L[m = X} () + N} Xp(z) =
=0

X5(0) = Xi(p) = X;(p)

with respect to unknown function X, (z); here A} = (kwl)?.
We shall solve problem (17) by Green function method.

Definition 3. We will say that Gy (z,&) is the Green function of problem (17), if it
satisfies the following conditions:

(i) both G (z, &) and 8(;’“67(;’5) are continuous on the square 0 < z < p, 0 < £ < p;

(ii) M is discontinuous at the line x = £ and

PG| _ PG

Ox? Oz =1L

Y
z=£40 r=£—0

(i) Gg(z, &) satisfies with respect to x the equation

P3Gy,

a3 Jr/\gGk—O

L[Gk] =
in both intervals 0 < z < {and & < = < p for V€ € (0, p);

(iv) It satisfies following boundary value conditions

Gk(()?g) = Gk(pv E) = sz(p7 5) =0

for V¢ € [0, p].

www.mii.Jt/NA
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It is easy to verify that Green function G (0, &) of problem (17) is of the shape:

1 3
= A{Ze_k’“(gm'r_f) sin (\Qf/\kp + g)

— 9e=F (2040 gy ﬁ)\kf +
2 6
— 2 M (3PS gin [\f)\k(p —x)+ Z]

49 F(E-a) gip [?Ak(g —x)+ g}

+ 4o F Brré-n) g [?)\k(p - g)] sin ‘fAk:c}, 0<z<¢ (18)

1 3
= {—26_?(2”'5) sin (f)\ké + W)
2 6
o 2e—>\k(%l)—f—§) sin [?)\k(p _ .%‘) + g:| + e~ Mk(@=E)

+ e~ FBrre—D) gy [\f/\k(p —x)+ Z}

xsin(‘fAng)}, E<e<p,

where

A =3\ (1 — Qe 2MkP sin(?)\kp + g))

Hence, the solution of problem (17) is of the shape
D
Xu(a) = [ Gule. R a6 (19
0

Then taking in account (19) we get according to formula (15) the solution u(x,y) of

Problem Fj
p

) =Y ( [ 6w 0 df) cos Ty, (20)

k=1 \})

It stands to reason that we are in need of the proof of the uniform convergence in domain
D ={(z,y):0 <z < p, 0 <y <1} of the series in right-hand side of (20) together with
its partial derivatives of needful order.
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Let us note to this end that

( / Gl €) 11 (€) df) cos Ty

Note that well known estimate

Z/‘Gk(xvf)”fk(f)’df. @1
k=1

M,y

=R My = const > 0,

| f1(€)] <

holds for V¢ € [0, p] because of the assumed smoothness of function f(x,y). Further, it
follows from (19) that

10e=3MP 23k
3 3T
8e 3 P 1 e 32

—_ _l’_f ,
3 A2 3 A2

0<z<é 0<h <€—ux,

|Gi(z,€)] < (22)

E<e<l, 0<by<x—E,

or
10e 322 2 2Mkd
G < = =

where M, is some constant independent of k. That jointly with (22) yields the estimate

< Myk™3

)

p
[ 1640010 de < pat bk
0

Thus, the series in right-hand side of (20) converges uniformly in D to u(z, y) because
of the last estimate, and equality (20) can be rewritten as follows:

_ / (Zek(x,g) Fo(€) cos y) de. (23)
0

k=1

We shall prove that the expression (23) of function u(x, y) can be thrice differentiable
with respect to z, i.e.

o3 i
923" /(Z O 5Gr(2,€) fr(§) cos 7le> d¢. (24)

In this order it is enough to show that series

Z (z,8) fr(§) cos WTky (25)
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3
converges uniformly in domain D. According to equality aasz’“ + A2G), = 0 we obtain
similarly as above that

ox a..3 ({II g)fk(g)C057 < ox 3

83 wky ’ 33
l

xf’!fk ©)] = [NGr(, )| f(€)]

<N MMk~ = (7) My Mak™5.

That yields the uniform convergence of series (25), evidently. Therefore, derivative
%u(x, y) is continuous in D and equality (24) holds.
The validity of the equality

0? [ mky mky
Saue) = / (Z( ) G s>fk<s>cobl> e

formally obtained from (23) follows because of estimate

2
() e olincel < (7) st meren

Hence, function u(z,y) defined by (23) is the solution of subsidiary Problem Fj,
really. Putting in (23)
!
/ ) cos —7} dn
0

:\A\[\)

(see (16)) we get that

Gl €) cos " fi(€) e

M8

u(z,y)
1

2 o k k
FEmMT D Gl &) cos T cos “ydg dy

k=1

Il
Tt T T
o — - Tt~ T

G(z,&y,m) f(&mn)dEdn,

where

2 wk k
G(z,&y,1m) *YZ (z,8) cos—ncos%y (26)

It is easily seen that function G(z, £, y,n) satisfies conditions (11) and (12), i.e. it is Green
function of boundary value Problem F5 of equation (1). The convergence in D of series

Nonlinear Anal. Model. Control, 2011, Vol. 16, No. 3, 255-269
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(26) and its needful order derivatives follows from the estimates of function G (z, &)
given above.

According to Definition 2 of Green function G(z,£,y,n) we obtain from (10) the
solution u(z, y) of considered Problem F; of the shape

l !
2u(z,y) =/ng(m,y7p,n)w2(n) dn—/ng(%y,O,n)wl(n) dn
0 0

l

- / Gy pom)is(n) diy + / G2, y,€,0)p1(€) dé
0

Op
- / Gy, €, Dipa(€) dé — / / Gla,y.6.n)f (6, dedn.  @7)
0 D

Hence, there holds

Theorem 2. Let p;(z) € C[0,p], i = 1,2, ¥;(y) € C3[0,1], 1 = 1,2, ¢3(y) € C?[0,]]
and f(z,y) € C’g:g (D), and let the following compatibility conditions (5) are fulfilled.
Then there exists a unique solution u(x,y) of Problem Fy which can be represent by
formula (27).
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