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Abstract. We investigate the asymptotic behavior of the Gerber—Shiu discounted penalty function
p(u) = (e Lircaey | U(0) = u),

where 7" denotes the time to ruin in the Erlang(2) risk process. We obtain an asymptotic expression
for the discounted penalty function when claim sizes are subexponentially distributed.
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1 Introduction

In this paper we consider the insurer’s surplus process {U (), ¢t > 0} which is defined by
the equality

N(t)
Ut)=u+tct— > Y, (1)
=1

where « > 0 is the insurer’s initial surplus, ¢ > 0 is the rate of premium income per
unit time, and { N (¢) };>¢ is the renewal counting process for the number of claims up to
time ¢. As usual,

N(t) = Z 1{91+02+--~+91‘< t}s )
=1

where 61,605, ... is a sequence of independent and identically distributed random variab-
les, which represent the inter-arrival times, with 6, being the time until the first claim. In
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316 J. KoGetova, J. Siaulys

addition, in this paper we suppose that #; has the Erlang(2) density function with scale
parameter A > 0:
k(y) = Nye ™, y>0.
Individual claims Y7,Y5, ... are non-negative, independent and identically distributed
random variables with distribution function H (y) = P(Y; < y) and finite mean EY; = a.
In addition, we suppose that the claim sequence is independent of the renewal process
N(t). Also we assume that the safety loading condition holds, i.e.
cEo, 2

- 1= _1%0. 3
= Ey N )

Suppose that
T =inf{t>0: U(t) <0|U(0) =u}
is the time to ruin. Hence |U(T')| is the deficit at ruin and U (T —) is the surplus before
ruin. In [1], Gerber and Shiu considered a function associated with a given penalty
function w and the joint distribution of (T',U(T—), |U(T)|). The authors named this
function by an expected discounted penalty function and defined it by the following
equality
bu (u) = E(e_(STW(U(T_)> ‘U(T)|)1{T<oo} ‘ U(O) = u)a “4)

where 1 is an indicator function; w(z,y), 0 < z, y < oo is some non-negative func-
tion, which can be interpreted as the penalty at the time to ruin; and 6 > 0 is a force
of interest. It is important to mention that, since the concept of expected discounted
penalty function has been introduced, many authors started to investigate the Gerber—
Shiu discounted penalty function. A number of significant results about this function
was obtained, but many problems haven’t been studied yet and the investigation of the
Gerber—Shiu discounted penalty function is still actual and important.

Cheng and Tang [2] investigated the discounted penalty function in Erlang(2) risk
process. They demonstrated that if § = 0 and

/ / w(z, y)h(z + y) de dy < oo, )
0 0

then the function ¢, (u) satisfies some defective renewal equation. Here h(y) is the
continuous density function of individual claim sizes. In the case where § > 0, using
a similar approach as in Cheng and Tang, Sun showed (see [3]) that under condition (5)
the function ¢, (u) satisfies the following defective renewal equation

1 1
6,0 = 155 / 6u(u= 1) AG() + 15 Blw). ©
where
2 oo oo oo
B(u) = 2\7(1 +0) /e_”z(s_u) /e_pl(ml_s) /w(xhxg —z1)dH (z2) dzy ds, (7)
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200 + 62
if &
3= c2p1ps — 205 — 52 it 6> 0,
A(2¢ — Aa) it §=0,

a2 — 2\c+ c2ps
and p1 = p1(9), p2 = p2(d) are two non-negative roots of Lundberg’s fundamental
equation (see, for example, [4])

2?2 /e*” dH(z) = (cs — A — 6)? (8)
0

provided 0 < p1 < (A+0)/c < pa, p1(0) = 0.
Furthermore, in (6),

G(y) = %/g(x) dz,
0

where
A2 T
g(jj) E 672 /e_P2(U—I) / e—P1(z—v) dH(Z) dU,
z [v,00)
and

c2p1pa — 200 — 62 1
c2p1p2 1+ 8

D= /g(a:) dz = ©)
0

In this paper we investigate the case where w(x, y) = 1 for all z, y, namely the penalty
at the moment 7" is accepted to be unit. In this case, for § > 0 let

d(u) = ]E(e_‘STl{T<OO} | U(0) = u).

We obtain that the partial discounted penalty function ¢(u) satisfies a defective re-
newal equation without the technical condition (5) which was required by Sun [3] and
Cheng and Tang [2]. Below, we formulate this assertion.

Theorem 1. Consider the Erlang(2) risk model with the safety loading condition (3). If
§ > 0, then the penalty function ¢(u) satisfies the renewal equation

1 1 —
P(u) = T3 / ¢(u—y)dG(y) + mG(U) (10)
[0,u]
with distribution function G(u) = 1 — G(u) for which G(0) = 0, and
B /\2 oo 0o o
G(u) = 0—2(1 +5) /e_“(y_“) /e_’”(”:_y)H(x) drdy, u>0. an
u y

Here p1, p2 (p1 < (A+9)/c < pa) are two positive roots of equation (8), and the positive
constant f3 is defined in (9).
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The defective renewal equation for the function ¢, (u) defined in (4) has been investi-
gated in many works. The papers of Gerber and Shiu [5], Willmot [6] and Landriault and
Willmot [7] should be mentioned where the general case of inter-arrival times 61,605, . ..
was considered. Unfortunately, to obtain the renewal equation for ¢, (u), the authors
suppose that the joint distribution of (7', U(T—), |[U(T')|) has a density. This questionable
assumption greatly facilitates the derivation of the renewal equation. In Section 2, we
present the proof of equation (10) which does not require the existence of such a joint
density. For this reason, our proof turns out to be much more complicated.

Before formulating the second main result, we need to define the class of subexpo-
nential distribution functions.

A distribution function F with support [0, 00) is called subexponential if

fim 2 E@)

where F' x I denotes the convolution of F with itself. As usual, the class of all subexpo-
nential distribution functions is denoted by S.

As it was already mentioned, the Gerber—Shiu discounted penalty function was widely
investigated. Much less attention has been paid to the asymptotic behavior of this func-
formula for the Gerber—Shiu discounted penalty function in the classical Poisson risk
model with subexponential claim sizes. They showed that the asymptotic formula

¢(u) ~

SRS

H(u), u— o0,

holds. Here H € S, § > 0, and p is the intensity of the Poisson process.

Cheng and Tang [2] derived some asymptotic formulas for the moments of the surplus
prior to ruin and deficit at ruin in the renewal risk model with convolution-equivalent
claim sizes and Erlang(2) inter-arrival times. Tang and Wei [9] studied the renewal risk
model with absolutely continuous claim sizes whose density function belongs to some
class of heavy-tailed distributions and satisfies some additional conditions. They obtained
asymptotic formulas for the Gerber—Shiu discounted penalty function which involve the
ladder heights and related quantities in the main terms.

Our purpose is to find the simple asymptotic formula of the Gerber—Shiu discounted
penalty function like in [8] for the Erlang(2) risk process with claims distributed according
to the classical subexponential law. The second main result of this article is the following
theorem.

Theorem 2. Consider the Erlang(2) model with the safety loading condition (3) with the
claim distribution function H € S. Then, for 6 > 0,

$(u) N2
H(u) 200+62

u — Q.
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If, in addition,

IS

[Awwes.
0
then, for § = 0,

o ~ - [ ) dy.

The second part of Theorem (§ = 0) is well known (see, for example, [10]). The
proof in the case § > 0 is presented in Section 3. We can check that the main formula of
Theorem 2 coincides with the asymptotic formula (3.15) of Tang and Wei [9], which was
proved for absolutely continuous claim distributions.

2 Proof of Theorem 1

In this section we show that the Gerber-Shiu discounted penalty function ¢(u) satisfies
the defective renewal equation (10) as stated in Theorem 1.

Proof of Theorem 1. Let § be any fixed positive real number. Let the surplus process U ()
be defined by equality (1) with renewal counting process N (¢) defined by equality (2).
Denote Ty = 0 and T}, = 61 + 05 + - - - + 6,,, for m > 1. It is evident that ruin can occur
only at moments 7}, m > 1. For these moments, N (7T;,,) = m and

N(Tm)
UTy) =u+cT,, — Z Y, =u— Sn,

n=1

where
m

So=0, Spm=3Y (Yn—cby), m=12,....
n=1

‘We have that for all nonnegative u
P(T =T1) =P(S1 > u),
and forallm = 2,3, ...
P(T =T,)=P(S,, >u, Spn—1 <u, Spp—2 < u, ..., S1 < u).

Therefore, a discounted penalty function
$(u) =E(e™ " Lireney) = E(e_éT > 1{T—Tm}>
m=1

oo
—6T)
=Y E(e ™ 1{8, <u, Sa<ts o S1 <t S >u})

m=1
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for nonnegative u. Decomposing the last sum we obtain

$(u) = Be™ 15,50y + Z Ee % e 0(Tm=01)

m=2

X 148 <u, $2— 81 <u—S1, ., Sn—1—S1<u—S1, Sy —S1 >u—51 }

Therefore,

(oo}
o(u) = Ee_5T11{sl>u} + Z //]Ee_&e_‘s(Tm_el)
mZZR R

2, —At
X 1{y—ct§u,sz—51§u—y+ct vy Sm—1—S1<u—y+ct, Sy, —S1>u—y+ct} dH(y)A te dt

L)
= E876T11{51>u} + / / Z Eeitg (T —01)
0 [0,utct] ™

2, —At
X L{8,— 8 Su—yrtet, ..., Spu_1— 51 Su—y-tet, Sp—51 >u—y+ety AH (y)A"te™ " dt
o0

00
= E876T11{51>u} + /67& / ZEeiéTl

0 [0,u+ct] =1

2, —At
X 1{51 Su—y+ct, So<u—y+ct, ..., Si—1Su—y-+ct, Sy >u—y+ct} dH( )>‘ te dt

/ —ot / dH (y)N’te ™ dt—l—/ —ot / (u+ ct —y) dH (y)N2te M dt

y—ct>u [0,u+ct]

/ — (54Nt < / é(u+ct —y)dH (y) + / dH(y)) dt.

0 [0, u+ct] (u+tct, 00)

Substituting the new variable z = u + ct into obtained equality we get

¢<u)=f/®ozzue‘w(/¢>(z—y)dH<y)+ / dH(y))dz- (12)

u [0,2] (2,00)

Since the function
/ oG-y + [ @ =1 [ (1-6(-y)dHw)
[0,2] (z,00) [0,2]
is decreasing and bounded by unity, the product

e (o panw)+ [ ano)

[0,2] (2,00)
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is continuous in z for all positive z with the possible exception some finite or countable
subset of R. In addition, this product of functions is integrable over the interval [0, co).
Hence, it follows from (12) that ¢(u) is absolutely continuous decreasing function, and
for almost all nonnegative u

/!

czﬁ’:f]o[zzue‘wf«(”)(/¢(z—y)dH(y)+ / dH(y)ﬂudz-

u [0,2] 2,00)

Simplifying the last equation and using (12), we get that for almost all nonnegative u

#'(w) = 22 () - A2/e (R “’(/m- )dH (y) + / dH(y)) dz.

c 2
u [0,2] (z,00)

Similarly to the above considerations from the last expression we obtain that ¢’ (u) is
absolutely continuous and for almost all nonnegative u the second derivative of ¢(u)
satisfies

¢ (u) = (”‘”qﬁ(u) QLI 5w
/czw— )dH() + T, (13)
[0,u]

Now we use the Laplace transform for reconstruction of equation (13). It is well known
that the Laplace transform of some function exists in the case if this function has expo-
nential order. Since 0 < ¢(u) < 1 for all u > 0, we have that

5+ A A2 T e 5+ A A2
/ c0TA AT BCESIIEED] < ::
|9’ (u)] < - ¢(u)+62/e dz < ; +c(5+/\) e,
and
y (A+5 (A +9)2 A? P
o) < 222D g+ AL g+ 2 [ ot yyar) + 5w
(0,24
2N+6 A+5)2 A2
O40), | Orop ¥
C C C

for almost all w > 0. Thus the functions in equation (13) are bounded, and the Laplace
transforms of these functions exist. Taking the Laplace transform on the both sides of
equation (13) we obtain that for all complex s with fe(s) > 0

~

s%6(s) — 56(0) — ¢/(0)
_2049) (o gy - AP Xg X

C &

Nonlinear Anal. Model. Control, 2011, Vol. 16, No. 3, 315-331



322 J. KoGetova, J. Siaulys

where
o(s) = [ e “p(u)du, H(s)= e " dH (u), ﬁ(s) = [ e *“H(u)du
/ L /
because

0" (s) = s26(s) — 56(0) — ¢/ (0),  F(s) = s(s) — $(0),

and by Fubini’s theorem

7¥ﬂu(/"mu—yyﬂﬂw>du: / (72ﬂmwu—yﬁm>de)

0 [0,u] [0,00) Y

= [ ([eremowa) ant) = o),
[0,00) 0
After some simplifications of (14) we get the following expression for the Laplace
transform QAS(.S)

Q/Z;(S) ~2s¢(0) — 2¢(A + 6)(0) + ?¢/(0) + A2 H(s)
(sc—A—08)2 — A\2H(s) '
For a latter expression we use the same transformations as in Sun’s paper (see [3,

Thm. 2.2]). Let T}, be an operator defined in Dickson and Hipp [4]. For a given integrable
function f and any real p

5)

T,f(x) = /e_”(z_z)f(z) dz, z>0.

Simple calculations show that
/\8 _f(s)_f(p) (16)
p—s
for all p > 0, Re(s) > 0, p # s. Non negative real roots of equation (8) p; and p

are zeroes for the denominator of expression (15). Hence, they are also zeroes for the
numerator of this expression. In particular,

o~

p16(0) — 2¢(A + 8)6(0) + ' (0) + AH(py) = 0.
Hence, from property (16) and expression (15) we get

o) — C500) + RH(s) — pi0(0) ~ W H(py)
(sc—=X—10)2— /\QH(S)

s pn)(ep(0) ~ X BTy ag0) - x0T, T (s)) (17)
a (sc— X —08)2 — X2H(s) B (sc— X —08)2 — X2H(s)
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for all complex s with positive real part. It was mentioned that p, is another zero for de-
nominator of the last expression. Hence ps (p2 > p1) is a zero for numerator. Therefore,

c?$(0) = N*T,, H(p2),
and, using the property (16) again, we obtain from (17) that for above s

Tplﬁ(l&)_Tplﬁ(s)

~ A2(s—p1)(s — -
as) = o= P ’;228) =
N5 — pa)(s — p2) T T, ()

where L(s) denotes the denominator of the fraction in (17). Now we consider this
denominator in more details. Evidently,

L(s) = (sc = A—08)> = N2H(s) — (p1c — A — 6)2 + A2 H(p1)

:(s—p1)(02(s+p1)—2()\+§)c+)\2w>. (19)

Let 7, be a new operator defined by equality

T,F(z) = / e P AR(2), x>0,

[,00)

where F' is a distribution function of a nonnegative random variable and p is real positive
number. Similarly to relation (16), we obtain that the Laplace transform of function 7, F'
has the following property

;pf’(s) _ M7 (20)

p—s
where F(s) = f[o oy € TAF (u) denotes the Laplace—Stieltjes transform of the distribu-

tion function F'. According to this relation, it follows from (19) that

L(s) = (s = 1) (¢ (s + p1) = 2\ + ) + N 7, H(s))
Since po is also a root of L(s) = 0, we have
Apa+ p1) — 200+ 8)c + N1, H(ps) = 0.
Hence, using the property (16) we obtain:
L(s) = (s = p) (¢ (s = po) + N7, H(s) = N7, H(p2))
= (s = p1)(s — p2) (¢ = NI, 7, H(s)).

Nonlinear Anal. Model. Control, 2011, Vol. 16, No. 3, 315-331
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Substituting this expression into (18) we get that

)\QT‘,2 Tplﬁ(s)
— N, 7y, H (s)

@(s) = 2 21

for complex s, Re(s) > 0. For non negative u, let

o0 oo
n(u) 1= Tp, Ty, H(u) = / ey ( / e W H(y) dy) da,
v(u) =T, 7, H(u) = /epZ(m“)< / e Ply=o) dH(y)) dz.
u [x,00)

It follows from (21) that
2

35 = 25 (B(s)A(s) + 7(5)

for any complex s as above. Inverting the Laplace transform, we get the following form
of the renewal equation for ¢(u)

)\2 A2
/<z>u— ) dy -+ Spn(u).
The desired renewal equation (10) follows immediately from the last equality taking

Gu) = 251+ B)n(w),

because (for details, see [11] or [12])

(1.,.5)/;\227(33)(133: )\2(10;6)//6—92(9—@ / e—P1(z—y) dH(z)dy dz

v u oz [y,00)
:)‘2(14'@/Oo / epzr—plz/Ze—(pz—pl)ydde(z)dx
U (z,00) z
] [ e
U (z,00)
_ Xa+s)

) / (/@0 _ o2 F(z) da

u

c*(p2 — p1

www.mii.Jt/NA



Asymptotic behavior of the Gerber—Shiu discounted penalty function 325

and

oo

/ —p2(y— u)/e—m(w—y)ﬁ(x) dz dy

Q
S
|

xT

(o)
2
- L;ﬂ) [ @ [ gy da
9 (o]
_XA+h) / (e7 (=) — emr2(e=0)) [ (1) da.
c*(p2 — p1)

u

Finally, observe that the properties (16) and (20) imply identity (9). Namely,

AT e— N2 7 H(0) — 7, Hps)
i de = = T,,7, H(0) = = i
02 J ’Y(I) £ CQ p2Tp1 () CQ 02
A2—X2H(p1) + A2 H(ps)—=A?H(p1)
— P1 P2—P1
c2 po
A2 —(cp1—r—6)? + (cp2—A—08)2—(cp1—A—0)?
— P1 P2—pP1
c?pa
_Pp1pa — 200 — 52
c2p1p2
Theorem 1 is proved. O

3 Proof of Theorem 2

In this section, we present the proof of Theorem 2. For this we need the following two
auxiliary lemmas. The first lemma describes the standard form of a solution of equation
(6). The simple proof of lemma can be found, for example, in [12] (see Theorem 2.1).

Lemma 1. Assume that a function 1 satisfies the defective renewal equation

— _ >
1—|—b/¢v x)dV(z )+1+bW() v >0,

[0,v]

where b > 0, V(x) = 1 — V() is a distribution function with V(0) = 0, and W (v) is
continuous for all v > 0.
The solution of this equation can be expressed in the form

P(v) = % / W —2z)dK(z) = % / W —2z)dK(z) + mW(v)
[0,v] (0,v]
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Here K () = 1 — K () is the associated compound geometric distribution function, i.e.

— = b 1 \'——
K = P V*n 2 07
() nz_:ll+b(1+b) (@), @

and V*" denotes the tail of the n-fold convolution of V with itself.

The following lemma is needed in order to compare the tail of a convolution of
distribution functions with a tail of some basic subexponential distribution. The proof
of the lemma below can be found in [13] (see Corollary 3.19).

Lemma 2. Let F' be some distribution function from S, and let G1,G>, ..., G, be
distribution functions such that

Gi(x )
im J( ) =c, t=1,2,...n,
with some nonnegative constants c1,Ca, . . ., Cn. Then

G xGayx - % Gp(x)
F(z)

—+c1+---+c, as x — Q.

If, in additionc; +co+ -+ ¢, >0, then Gy x Gy x---x G, € S.

Proof of Theorem 2. In the case § > 0, according to Theorem 1, we have Lhat function
¢(u) satisfies the defective renewal equation (10) with the distribution tail G(u) defined
by (11). Hence, it follows from Lemma 1 that, for any nonnegative u,

1 _
b(u) = g | G- 22)

0,u]

with N
L@)=1-L@) =Y mg)nﬂg*n(x)

In order to obtain the asymptotic formula for ¢(u) consider first the function G'(u).

Let for nonnegative y
[e ]

r(y) = /e_”l(w_y)ﬁ(x) dx.
Y
Then, according to (11),

9]
2

Glw) = 5 (1+8) [0 () dy.

u
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We have that )
)= (B [ @), 3)
1
[0,00)
and for every positive M
‘ / e ple(dz+y)‘
0,00)
1 Ry 1 R
= e P (—H (dz+y)) + = / e P (—H (dz +y))
() ()
[0,M] (M ,00)
B F(EJFM) Y,

The basic properties of subexponential distribution functions (see, for example, Lem-
ma 1.3.5 in [14]) imply that for every fixed M

o (-5 -

Therefore, according to the obtained estimates,
1 —
= / e P¥*H (dz+y)=0. (24)
[ ,00)
This and (23) imply
1
r(y) = EH(y)(l +o(1)), y— oo

Hence for u — oo we get

G(u) = ci\; (14 8)(1+of / —r2(s= () dy
)\2 H — P2V
= Zors (14 8)(1+0(1)) (H(u) +[0/) e P2VH (dv + u))
A2 _
= p1pa (14 B)H (u) (1 + 0(1)) (25)

because, similarly to (24),

1

lim
U— 00 (u

/ e PYH (dv +u) = 0.

[0700)

~—

Nonlinear Anal. Model. Control, 2011, Vol. 16, No. 3, 315-331
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Distribution function H belongs to the class S, so, according to Lemma 2, we have that
for every fixed n
G*™(u) A2

lim — = 14 B8)n,
u—oo H(u) 0201P2( #)

and distribution function G also belongs to the class S. According to the basic properties
of subexponential distribution functions (see, for example, Lemma 1.3.5 in [14]), there
exists a finite constant K g such that for all n > 2

G (u) B\"
e <(1+s)

Therefore, for every nonnegative u

Gm(uw) G  Gu) _ Kgh\? 1+
A+ A Hw) ~ (1+ 50w Hw) S @ vy

By the dominated convergence theorem we obtain

Lw) B . = 1 G
T ) T+ 8) Z (A )
1+ﬂ zz: 1+5 5 H(u)
B i n A2 (148)
-~ Epips — (1+p)" -~ App B

and we get that

- N (0485
L(u) ~ —~H(u), u— oo.
(W) ~ = T
If w is nonnegative, then
G* L(u /Gu— y)dL(y) + L(u).
(0,4]

According to Lemma 2 and (25)

/Gu— )dL(y) ~ c;ma+mﬁw»

[0,u]

Hence, from (22) we get that for u — oo

o) ~ (5 +1)Tw)
u) ~ ——| = u).
c?p1p2 \ B
Theorem 2 is proved. O
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4 Examples

In this section we present three simple examples which illustrate the use of Theorem 2 for
the evaluation of the Gerber—Shiu discounted penalty function. All obtained formulas are
applicable only for a large values of initial capital u.

Example 1. Consider the Pareto claim distribution function

H(x)(1(1;iw3>1{x>m,

the Erlang(2) scale parameter A = 2 and the security loading coefficient ¢ > 0. It is
well known that distribution function H is subexponential (see, for instance, [14]). In

addition, a = EY; = 1/2, and fo y) dy/a is also subexponential. Hence, according
to Theorem 2 we have that in the descrlbed model
4 1
-5 if >0
02 +46 (1 +u)? ’
d(u) ~ 1 ( ) ‘s
—_— if 6 =0.
o(1 +u)? '

Example 2. Consider the Weibull distribution function
H(z) = (1 - V") 10,

for claims, the inter arrival times scale parameter A, the force of interest § and the se-
curity loading coefficient ¢ > 0. Distribution function H is subexponential (see, for
instance, [14]), a = EY; = 2, and

/H 1—(\/>+ 1) )1{1>0} eS.
In the considered case Theorem 2 implies that
)\2
———eV* if§>0
sy~ J 2T T
Vutlom g 0.
20

Example 3. Suppose now that claims of Erlang(2) renewal risk model are distributed
according to the discrete law with distribution function

[z]

1 2 2logk

H(z) =Y e log'® (;g :
k=1

where
oo

=3 210gk —logk 0 851222.
k=1
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Let, in addition, A = 2, § = 0.03 and g is positive. It is evident that H (z) ~e~ 108" (1+2)/4
for large . Distribution function

(1 — e~ 10g2(1+x)) 1{120}

belongs to the class S (see, for instance, [15, p. 87]. Hence H € S according to the basic
properties of subexponential distribution (for details see [13, Corol. 3.13], and

d(u) ~ 38.86786¢ 108" (1u)

as u — 00, according to Theorem 2.
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