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Abstract. We establish the existence of a nontrivial solution for inhomogeneous
quasilinear elliptic systems:

—Apu = da(z)ulu|" 7% + %ﬂgb(m)u|u|“72|v|5 + f in £,
—Agv = pd(z)v|v|"72 + aiﬂgb(yc)|u|°‘v|v\572 +g¢ in £2,

(u,v) € Wy (02) x Wy ().
Our result depending on the local minimization.

Keywords: elliptic systems, Nehari manifold, Ekeland variational principle, local
minimization.

1 Introduction
In this paper we deal with the nonlinear elliptic system

—Apu = da(x)ulu|772 + %%b(x)u|u|°‘_2|v|ﬁ +f in {2,
—Agv = pd(z)vv| 72 + %iﬁb(xﬂu\aﬂv\ﬁ’g +g in {2, (1)
(u,v) € W (£2) x Wg*(92),

where 1 < p, ¢ < NaninsaregularsetofRN, N >3, a>0,8 >0, \and
p are positive parameters, functions a(x), b(z) and d(x) € C(£2) are smooth functions
with change sign on {2, we assume here that 1 < v < min(p,q), vy < a + 3, a + 3 >
max(p, q) and a/p + B/g = 1. For p > 1 Apu is the p-Laplacian defined by A,u =
div(|Vu|P~2Vu) and W, P (£2) is the closer of C5°(£2) equipped by the norm llull,p =
IV, where |||, represent the norm of Lebesgue space L (§2). The Lebesgue integral
in 2 will be denote by the symbol | whenever the integration is carried out over all (2.

Let p’ be the conjugate to p, W~ L7 (£2) is the dual space to WO1 P (£2) and we denote
by ||.]|=1,p its norm. We denote by (z*, z) x - x the natural duality paring between X and
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X*. The problem

—Apu = uu[* o[fTt 4+ f in 0,

—Agv = |ul*tlop/f~t +g in 2,

u=v=20 on 012,
where (2 is a bounded domain, f € Dal’p/ (2),9€ Dal’q/ (£2) has been studied in [1] for
p # q and in a recent paper [2] for p # ¢ on arbitrary domains with lack of compactness.

Let us define X = W, P(£2) x Wy(£2) equipped with the norm [|(u,v)||x =
llull1,p + |lv|l1,q and (X, ||.||) is a reflexive and separable Banach space.

Definition 1 (Weak solution). We say that (u,v) € X is a weak solution of (1) if:

/ |VuP~2Vu.Vw, dz

:)\/a(x)u|u|”’_2w1 dm+%_i_ﬁ/b(x)u|u|“_2|v|’3w1 dx—l—/fwl dz,

/|Vv\q_2Vv.Vw2 dz

:u/ d(z)v|v]"%w, dx+%/b(w)|u|“v|v|ﬁ_2w2 dx—i—/ng dz.
a

for all (w1, ws) € X.

It is clear that problem (1) has a variational structure.

It is well known if the Euler function ¢ is bounded below and ¢ has a minimizer
on X, then this minimizer is a critical point of ¢. However, the Euler function ¢(u,v),
associated with the problem (1), is not bounded below on the whole space X, but is
bounded on an appropriate subset, and has a minimizer on this set (if it exists) which
gives rise to solution to (1). Clearly, the critical points of ¢ are the weak solutions of
problem (1).

The associated Euler—-Lagrange functional to system (1) ¢: X — R is defined by

1 1 1
m%w=pmm¢+qvmﬂ—yb/wmmw+u/a@mﬂ

1 [0
5 @l = () - (g0, @

Consider the Nehari manifold associated to problem (1) given by

A={(u,v) € X\ {(0,0)}; ¢'(u,v)(u,v) =0}, my = (1L§1151)f.€A J(u,v).

Consequently, for every (u,v) € A, (2) becomes

¢Mww=A@wwn+AWMﬂh—A@ﬂg/ammw+u/a@w@
AW — A1) g, o),
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where forall t > 0, A(t) = 1/t — 1/(a+ f).
We introduce the operators Ji, Jo, D1, Dy, By, Bo: X — X ™ in the following way

Jl(uav)v(w7z)>x ::/‘Vu|p_2vuvw7

Jo(u,v), (w,2)) = / V|7 2VuVz,

Bl(u,v),(w,z) X /b |u|a 2|U|Buwa

Ba(u,v), (w, 2)) .f/b< Yl Jo] 20

2 Main results
Our main result is the following:

Theorem 1. Suppose that (f,g) € Wal’pl (2) x W(fl’ql (£2), non of the functions f and
g is identically to zero on {2 and.:

(@ 1<y <min(p,q), (b) vy<a+p, () a+f>max(p,q).

Then, there exists a pair (u*,v*) € A such that the sequence (un,v,) converges
strongly to (u*,v*) in X, Moreover, (u*,v*) is a solution of system (1) satisfies the
property ¢(u*,v*) < 0.

Definition 2. We say that ¢ satisfies the Palais—Smale condition (PS).. if every sequence
(U, Vm) C X such that ¢(,, vy,) is bounded and @’ (U, vm) — 0in X* as m — oo,
is relatively compact in X.

Lemma 1. The operators J;, D;, B;, i = 1,2, are well defined. Also J;, i = 1,2, are
continuous and the operators D;, B;, © = 1, 2, are compact.

Proof. This lemma is proved in [3]. O

Lemma 2. Let (uy,,vy,) be a bounded sequence in X such that ¢(uy,, vy,) is bounded and
@' (Un, vn) = 0as n — co. Then (uy, v,) has a convergent subsequence.

Proof. Since the sequence (u,,v,) is bounded in X, we may consider that there is a
subsequence (denote again by (u,,, v, )), which is weakly convergent in X.
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Moreover, we have that

<¢/(Un,’l]n) - ¢I(Um,vm)7 (un — Um,Un — vm)>

= / (IVun P72V, — VP2V, ) (Vu, — Vi)
+ / (V|7 2Vu, — [V, |72 Vuy,) (Vo, — Vo)
— )\/a(x)(|un|7_2un — |um|7_2um)(un — Up,)

u / d(2) (o] ~20n — [om "2 0m) (v — V)

T jl- B /b(ﬁﬁ)(‘un‘aiﬂvnwun - |um|a72|vm|ﬁum)(u” — Um)
- i B / b(@) (Jun | 0n]*~20n = [tm|*[0m] 7 20m) (V5 = V)

= [ () = £ = em) = [ (gln) = gC)) (00 = )

Since (uy,, vy,) converges strongly in LP((2) x L2({2), it is a Cauchy sequence in
LP(§2)x L1(£2). Using Holder inequality (since o/p+8/q = 1 and (a—1)/a+1/a = 1)
we have

[ o2l = )
< Dbllee [ Tanl ol =

Py

[ (a—1) P
< (bl ] 52 p|un—umi] leall?

- ay a1l @y
(a—1)p a P o » P
< o | [ (a5 )} [ [ - um|am} fonl?

= ”bHOOHUHHg_lHUn - umeHUn”qB — 0.

SR

Q=

Similarly

/b(x)(|un|"‘|vn|ﬁ*2vn - |um|a|vm|ﬁ*2vm)(vn — vp,) — 0.

From the compactness of the operators B;, D; (i = 1,2), [4], continuity of f and g, we
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obtain (passing to a subsequence, if necessary) that
/ (Vun P>Vt — [Vt P2Vt ) (Yt — Vi)
+ / (IV0n|7* Vv, — [V |92 Vog,) (Vo, — Vo) = 0

which implies (see [5]) that (u,,, v,,) converges strongly in X. O
Lemma 3. Let ¢ € R. Then the functional ¢(u,v) satisfies the (PS). condition.

Proof. According to Lemma 2, it sufficient to prove that the sequence (u.,, vy, ) is bounded
in X. We have
Let (uy, v,,) be such a sequence, that is

&(Up,vn) = c+o,(1) and gb'(un,vn)zon(H(un,vn)Hx),

then
(ttm; v) — ﬁw(un,vn), (s )
— A)[unll?, + A@loall?, — A) [A Ja@hui -+ [ b(x)W}

- A(1)<f7 un> - A(1)<gv U7l>
=c+ On(H(unvvn)HX) +on(1).

Using successively the Holder’s inequality and the Young inequality on the terms {f, u,, )
and (g, v,,), we can write

[A( 10— 200, — Al
Al
Alg)lloalt, — A )uquvnn‘fq —uA<v>|vn||¥,q]
1 A1) ,
< I (5, )V 1 ||9||q_17q, +C—|—on(\|(un,vn||) + on(1).

Since the real numbers 6 and v being arbitrary, a suitable choose of § and v assure the
boundedness of the sequence (uy,, vy, ). O

Lemma 4. The critical value of ¢ on A, my = inf(, ,)en ¢(u,v), has the following
property:

’ ’
A% N9l
I T q

mp < min [—
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Proof. Let usbe the unique solution of the Dirichlet problem
—Apu=f in {2,
u=20 on 0f2,
and let v4 be the unique solution of the problem
—Agu=g in £,
v=20 on 0f2.

It is clear that (uy, 0), (0, v,) are two elements of A and we have
1 1 1
m < 8(us,0) = [19uslg - frug)] == (1= ) IVusllp =~ 19l

1 1 1
my < 6(0,v,) = [qnwguz - <g,vg>} _ —(1 - q) Vel = =29yl

Similarly to proof of J. Velin [13, 4.2], we can show that

’
||pr—1,p’ = HVUng,

1911Z1,¢ = Vgl
Then
1 ' 1 ’
: P q
my < min | — yllfll_l,p/rallgll_l,q/ :
Thus, the Lemma is proved. O

3 Proof of the Theorem 1

We show that ¢ is bounded below on A. Let (u, v) be an arbitrary element in A. We have

A A
ontue) 2 At - Xt | + [a@iolt, - 2w,

A(]_) . / A(].) _ !
- 0 1Ay + s lgllLy g

This inequality follows from a(z),d(x) are sign chaining functions and we can
choose (u,v) € X with these properties that supu C 27 = {z € 2; a(z) < 0} and
supv C 25 = {z € 2; d(z) < 0}.

We choose § = {pA(p)/A(1)}*? and v = {qA(q)/A(1)}'/9. Consequently, we
have, for every (u,v) € A

A 1 _ / A 1 . ’
o(u,v) > — ]ﬁ,)e VI é,)v gl

Hence, we have shown that ¢ is bounded blow on A. Then Ekeland variational
principle [6] imply the existence of a solution of (1), such that ¢(u*, v*) < 0.
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