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Abstract. A mathematical model for an unimolecular heterogeneous catalytic reaction
is considered in the case when the reaction product slowly desorb and then diffuse away
from the surface. This model is described by a coupled system of nonlinear parabolic and
two ordinary differential equations. The existence and uniqueness theorems of classical
solution are proved for this system.
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1 Introduction and formulation of the problem

The process of the bulk diffusion and heterogeneous chemical reactions is modelled by
coupled systems of parabolic and ordinary differential equations (see for example [1],
[2], and [3] where similar models are studied). In [4], a mathematical model for an
unimolecular heterogeneous catalytic reaction of type A — B is proposed, where A is
a reactant and B is a product of this reaction. According to Langmuir [5], molecules of
the reactant A bind to active sites of the surface of a catalyst (adsorbent) K to form an
intermediate (adsorbate) that subsequently gives the finite product B. In [1] we proved
the existence and uniqueness theorem to a surface reaction model given in [4] taking into
account the bulk diffusion of A, adsorption and desorption of A by de surface of K, decay
of AK, and instantaneous desorption of product B from the surface.

In the present paper we consider the other model given in [4] which in addition to
the adsorption and desorption of A includes the slow desorption of product B, and does
not allow to diffuse for adsorbate AK and product B along the surface of the adsorbent.
The model also includes the diffusion of A from reaction environment to the adsorbent
and diffusion of B into reaction environment from the adsorbent.

Suppose that reactant A occupies a bounded domain 2 C R, n > 3, a = a(x,t)
is the concentration of A at the point = € {2 at time ¢, S := Jf2 is a surface of dimension
n — 1, of class C*** a € (0,1), S is a connected and closed part of S such that the
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Hausdorff measure H"~1(S3) > 0 or a finite number of such parts of the surface S
(surface of the adsorbent), S; = S\ Ss (see Fig. 1), p € C(S), p(x) > 0forxz € S, p(x)
is a concentration of active sites of the adsorbent at point x € Ss, p(x) = 0 for x € Sj,
01 = 01(x,t) is a fraction of p such that 6, p is a density of active sites of the surface
occupied by molecules of reactant A at point z € Sy at time ¢, 2 = 02(x, t) is a fraction
of p such that 65 p is a density of active sites of the surface occupied by molecules of the
product B at point z € Sy at time ¢, 1 —@ — 65 is a free fraction of p, (then p(1—60; —02) is
the concentration of free active sites), b = b(z, t) is a concentration of product B at point
x € {2 attime ¢, k and k1 are the adsorption and desorption rate constants, xs is the reac-
tion rate of the intermediate AK, and k3 is the desorption rate constant for the product B.

Tn Sl

S

/ Z2,.. .y Tp—-1
T

Fig. 1. Domain of definition of @ and b.

According to Langmuir [5], adsorption, desorption and reaction rates of reactant A can be
written as kp(1 — 01 — 02)a, k1p61, and KopB;. Similarly, the desorption rate of product
B can be written as k3pfy. Therefore, the diffusion of reactant A can be described by the
problem

a; — kAa =0 in 2x(0,7),

ke =0 o SO (1)
k% +5p(1 =01 — 0z)a = rk1pf on Sy x (0,T),

alio = ag in £2,

where k = const > 0 is a diffusion coefficient, Ja/On is the outward normal derivative
to S, Aa = >"" | Az, ao = ao(x) is the initial concentration of A at point z € 2.
For 0, and 65, we have the Cauchy problem

{9,1 e Ii(l — 601 — 92)& — (Hl + :‘632)91, 91|t=0 =019, T €5y, ?)

0y = kot — k3ba, Oa)i=0 = O20(z), x € Sy,

where 619 = 010(x) > 0, x € Sy is the initial value of 61, 29 = O20(x) > 0 is the initial
value of 6z, 019(x) + b20(z) < 1 forall z € S.
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The diffusion of the product B is described by the problem

by —IAb=0 in 2 x (0,T),
b
g—:() on S; x (0,7),
b G)
la—n = k3pfz on Sy x (0,7,
b|t:0 = b() in ﬁ,

where [ = const > 0 is a diffusion coefficient of the product B, 9b/dn is the outward
normal derivative to S, Ab = Y7 | by, by = bo(x) is the initial concentration of B at
point z € £2.

Therefore, the unimolecular heterogeneous catalytic reaction described above we
model by system (1), (2), and (3).

In the present paper, we prove the existence and uniqueness of the classical solution
to problem (1), (2), and (3).

Definition 1. Functions a, 61, 65 ang b are classical solutions to problem (1), (2), and (3)
ifaand b € C*1(2 x (0,T]) NC (2 x [0,T)]) and a,/On and Jb/On are continuous on
S x[0,T],S = S1USs, while 61,05 € C([0,T] x S2), 07,05 € C((0,T] x Ss).

Remark 1. Results of this paper are not valid for n = 1,2. The cases where n = 1 and
n = 2 have to be studied separately.

The paper is organized as follows. In Section 1, we describe the model. In Sec-
tion 2, we give a priori estimates. Section 3 is devoted to existence and uniqueness of the
classical solution to problem (1), (2), and (3).

2 A priori estimates

Lemma 1. Let function a = a(x,t) be continuous and nonnegative on So x [0,T], 619
and 02 be continuous on Sy and such that 010(x) + 020(z) < 1 forall x € Sy. Let 61
and 05 be a solution of Cauchy problem (2). Then, for all v € Sy and t € [0,T), the
following estimates are true:

—K ft a(z,s) ds—(k1+kK2)t

01(x,t) > O10(x)e 0 >0, 6q(t,z)>0,
- i ka(zx,s)ds
Hl(x,t) <1- (1 — 910(17))6 ‘L’f <1,
7mfta(z,s) ds—kot
1-— 91($,t) — 92<$,t) > (1 — 910(.’1?) - 920(.’17))6 0 > 0.

Proof. Lety = {(61,02): 01 = 01(t,x), 62 = 02(t,x), t € [0,T], x € Sz} be a trajec-
tory of system (2), which begins at the point (619, 20) (see Fig. 2). We prove that v does
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not leave the triangle with vertices A, O, B. First, we note that inside of the triangle with
vertices O, C, B, the derivative 65 > 0 and therefore 05 increases as ¢ increases, but inside
of the triangle with vertices O, A, C' the derivative 8, < 0 and therefore 05 decreases as
t increases.

02
N4
14,201 = H392
0, <0
05 >0
C
(07,63)
(0792) [ B
0] (f10,6020) 1 01
01 +6=1

Fig. 2. Shema of trajectory.

Suppose, that v crosses or touches the line C'B at the point (67, 65). Then at this
point

deg HQQT — /<;30§
T2 AR,
do, —(Iil + KQ)HT

Hence,

1> % - ,‘igef —l‘igeg o K2 K3 Hé

— =— + > —1.
- d01 7(%1 -+ /ﬁ?g)oik K1+ Ko K1+ Ko 9{

The contradiction shows that «v does not either cross or touch the line C'B.

Inside of the triangle with vertices O, C, B we have 6/, > 0. Therefore 5 increases
as t increases and therefore the trajectory - does not cross line OB. Hence 6> > 0. If
trajectory ~y crosses line OC, then at the point of intersection 65 = 0. Inside of the triangle
with vertices O, A, C, derivative 0 < 0. Therefore inside of this triangle, 65 decreases
as ¢ increases. If trajectory -y crosses the line O A at the point (0, 65), 65 € (0, 1), then at
this point

0< % = —7@’9% <
d-91 Ii(l — 92)&

If a = 0, then trajectory -y touches line AO. Therefore trajectory y does not cross line
OA. Trajectory  cannot cross point O as well, because at this point derivative 6}, = 0.
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At last, 7y can reach point O only by touching line O A. Therefore, ¥ remains inside of the
triangle with vertex A, O, B, i.e., 01(x,t) > 0, O2(x,t) > 0, 01(x,t) + 02(x,t) < 1 for
t>0,z €5,

Solving the first equation of problem (2) with respect to #; and 1 — 6; we get:

t

F(z,t)01(x,t) = O10(x) + / ka(z, s)(1 — 0z(z, s)) F(z, s)ds, 4)
F(x,t) (1 — Gl(z,t)) .
= (1 — 910(36)) + / (ma(m, $)0a(x, 8) + K1 + KQ)F(.Z', s)ds, (5)
0

where F(z,t) = e(m1tr2)tt[g na(z.s)ds Hence,

t
— [ ka(z,s)ds
0< Glo(x)e_(“1+“2)te 0 <bi(z,t) <1 forall z €Sy, tel0,T],

since 0 < A10(x) < 1 for all z € Sy. Moreover,

t
F(z,t) > (1= 610(z)) + (k1 + ng)/F(:c, s)ds.
0
From here by the Gronwall lemma we get the estimate

t

(k1 + /ﬁlz)/F(l‘, s)ds > (1 — b1o(x)) (e(“1+"“2)t -1).
0
and then from (5) it follows that

F(l‘, t) (1 — b ($7 t)) > (1 — 910(1‘))6(”14'“2”_
Hence,

_ ka(z,s)ds
01(z,t) <1— (1—6o(z))e ! forall z € Sy, t€[0,7].

Solving 1 — 6, — 65 from equations (2) we get
F(z,t)(1 = 01(z,t) — Oa(x,1))
= 1 — 910(1’) — 920(m)

+/ {5191(33, $)+r302(xz, )+ (K1 +/-62)(1—91(x,t)—92(x,t))}F(x, s)ds
0

>1—010(x) — O20(x) + K1 /(1 — 05(x, s))F(x, s)ds.
0
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From here it follows that
t
F(x,t) (1 — 92(17,15)) >1—010(x) — Ox9(x) + K1 /(1 — Os(x, s))F(:z:7 s)ds.
0

Hence,

K1 /(1 — 03(z,s))F(z,s)ds > (1 — b10(z) — O0(z)) (™" = 1).

0

Now, two last inequalities show that
F(Qﬁ, t) (1 — 91 (l‘, t) — 92(.’1?7 If)) Z (1 — 910(.’1?) — 920(%))65175.
The proof is complete. O

Corollary 1. Under the conditions of Lemma 1 the following inequality is true

01 (l’,t) 91()(£C) rmM
= Or (o) — Oa(d) = max{ 1= tro(x) — Oao ()’ m} ©)

where m = max  a(z,t).
(2,t)€52 % [0,T]

This inequality follows from the estimate

Ql(x,t)
1—61(z,t) — Oa(x,t)

O10(z) + /imj(l — O3(z,8))F(x,s)ds

IN

1 —010(x) — O20(x) + Ky Oft(l —0(z,8))F(x,s)ds

mm as fr0(x) < b
K1’ 1—010(x) — O0(x) — K1’
- 010(x) as O10(x) Km
1—010(x) — O20(x)’ 1—010(x) — O0(x) — K1~

Lemma 2. Let 01 and 05 be continuous on Se x [0, T] and 6, (mj) >0, O2(x,t) >0,
01(z,t)+02(x,t) < lforallz € Sy, t € [0,T]. Let 0 < ag € C({2) and a be a classical
solution of problem (1). Then

K1 01(:5,15)
0< t) < — !
<al@,1) < max{rwnear}z(%(x)’ K aessiei0,r] 1 — 01(z,t) — 92(%’5)} 7

forallz € 2,t €[0,T).
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Proof. Applying the positivity lemma (see [6], Chapter 2, Lemma 2.1, p. 54) to prob-
lem (1) we get

a(z,t) >0 forall (z,t) € 2 x[0,7).

Inserting a = m — v,

K1 2! (CU, t)
m = max<{ maxap(x), —  max ,
e K x€Sa,tel0,1] 1 — 01 (x,t) — Oa(x,t)

into problem (1) and using the same lemma, we get the estimate
v=m—a(r,t) >0 forall (z,t) € 2 x[0,T).
The proof is complete. O

Remark 2. Let 02 and p from problem (3) be nonnegative continuous functions,
bo(x) > 0 for all, z € (2, and b be a classical solution of problem (3). By [6] (see
Lemma 4.1, p. 19) b(z,t) > Oforallz € £2,¢ € [0, T].

Let a, 81, 65 and b be a classical solution of problem (1), (2), and (3). Then (see [4])

/(a(x,t) +b(z,t)) do + /p(x) (01(z,t) + O2(z,t)) dS

2 Sa

= /(CL(](-T) + b()(x)) dz + /p((E) (910(%) + 920({17)) ds. (8)

n Sa

To prove this law it is sufficient to add equations (1) and (3), then integrate over cylinder
Q: = 2x(0,t), apply the formula of integration by parts, and use equation (2), boundary
and initial conditions.

3 Existence and uniqueness of the solution

Theorem 1. Problem (1), (2), (3) has at most one classical solution.
Proof. We multiply equation (1) by a smooth function 7 and integrate the result over
cylinder Q, = 2 x (0,7), 7 € (0,T)] getting an identity which, by using the formula

of integration by parts and taking into account the boundary condition, can be written as
follows

/amdxdt—i—k/awnm drdt = //(f@p(@l + 6o —1)a+m1p91)nd5dt. 9)
Qr 0 Ss

T
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Let @, 61, 05, b and a, 91, 92, b be two classical solutions of problem (1), (2), (3).
Seta=a—a,0; = 91 01,92 = 02 —92, b=b—b. Then, for pairs a, 91,92 and a, 01,

05, integral identity (9) with 7 = a is true. Hence

/atadxdt—l—k/aidxdt

. Q-

://[I{p(él+é271)&4’/&1[)&17/€p(é1+0A271)&7F61pé1]ad5dt.

0 Sy

This equality can be rewritten as follows

1
§/a2 dx|t:T+k/ai dadt

2 Q-

= //[l{p(al + 02)& + Kp(él + ég - 1)a + nlpgl]adS dt.
0 S>

By using Eq. (4) we get

el(x’t) = 91($,t> - él(x’t)

7th x,s)ds 7ntda:,s ds
— elo(aj)e—(fﬁl-'rﬁz)t (e Of ( ) —e .Of ( ) )

t
—k [ a(z,s)ds

+no/ e~ (r1Fr2)(t— T>( (,5)(1 — Oa(z,5))e ~

~ —k [ a(xz,s)ds
—a(z,s)(1 = Oa(z,s))e Jote) )dT

—nt& x,s)ds —nt[zm,s ds
—Glo(x)e(”1+”2)t(e Of () —e ‘Of @) >

t t
~ —k [ a(z,s)ds
+ ,i/e—(ﬁ1+r€2)(t—‘r) (a(m, s)(l — Oy, s))e Tf
0

[ ales)a
—a(x,s)02(x,s)e 7 e

A —K t‘&(m,s) ds —K t'[z(x,s) ds
+ a(x,s)(1 = b2(x, s)) (e ! —e / ))dr

and then

t
|01 (2, t)| < Kb (x “1+“2)t/|a z,s)|ds
0

412
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t t
—(k1+r2)(t—7)—k [ a(z,s)ds
+/~e/e o ! la(z,7)|dT
0

t t t
4 m,‘{/ |92(x’ 7—)‘6—(&1+m)(t—‘r) dr + mx? / e~ (F1tr2)(t—T) / |a(x, S)‘ dsdr.
0 T

Using the formula of integration by parts we get

t t ¢
1
/e—(m-i-nz)(t—r) / ’a(% s)| dsdr < / |a(:r, S){ ds.
K1+ K2
J 0

0

From the second equation of system (2) we get

t

Oy (x,t) = Og(x,t) — Oy(a,t) = Ko / e~ (0 (z,7) — b1 (x, 7)) AT

0
t
= @/e—mt—ﬂel(xm) dr. (11)
0
By integration by parts we get
t t T
/|92(x,7)‘e_(”1+“2)(t_7) dr < /ig/e_(’“"””)(t_ﬂ/e_”3(7_3)|91(x,t)‘d8d7'
0 0 0
t
< m?@/’el(nﬁ,sﬂds.
0
Therefore,
mk? / MmKks /
|01 (2, )| < (2&—1— g liz) O/ |a(z,s)| ds + gy O/ |01 (2, 5)| ds.

From here, by the Gronwall lemma, we get the estimate

t
MRS 2
|61 (2, )| < eriFrst (2%—1— HTJ’:@) / |a(x,s)| ds
0
t
< Ce”’mt/ |a(z, s)| ds; (12)
0
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where C' = KTJ’:;. Using these estimates we evaluate integrals of the right-hand
side of equation (10). We have

T

/n@l(x,t)&(x,t)a(:c,t) dt < nm/ |01 (2, t)||a(x, )| dt

gcj (/yam|ds>¢m|dt<e </|axs\ds>
o[

LL’S

M\Q

From Eq. (11) and inequality (12) it follows that

T

/nﬂg(x t)a x,t)dt
< COrge™ TO/a2 x,t)dt

Obviously

I/\
o\
NES

e_’“(t s)|91 (z,s |ds> la(z,t)|dt

T 2
|61 (2, s ’ds) /‘ a(z,t)|dt < Cﬁge”"”</|a(az,t)‘dt>

0

| /\

/K(él(x,t) 4 y(a, 1) — 1)a®(x ) dt < 0.
0
Using inequality (12) we get

Ck
/nlel(m,s) (z,5)ds < 21%%@“’”7/(12(3:,3) ds.
0 0

Then

// kp(6h + 02)a + mp(é1 + 0y — 1a+ mpﬁl]adet
0

< Cpe™™ //pa dsS dt,
0
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C1 = C(1/2+ k2 + K1/2km) and from (10) we derive the inequality

1 T
i/aQ(a:,T)dx—Fk:/aida:dtS C’le”mTT//panSdt
ie} Sa

Q- 0
:C'le’m”T//pa2 dsdt < C’lTe"mLT//,ocz2 ds dt.
0 S 0 S

It is well known (see [7]) that

/anSSs/aidx—kcs/cﬁdx for all € > 0,
S 2 17}

where constant C is independent of the function a and ¢, — oo, as € — 0. Therefore,

1 T
i/azdx—ﬁ—k/aidxdtgs/aidxdt—i—cg//anxdt for all € > 0;
Q 02

. Q-

Letting ¢ = k/2 we get

/anwdt—f—kz/aidxdtSCg//azda;dt
0

2 Q-

= /anwdthg//Qdedt,
1?) 0 Q

where constant C' is independent of the function a. Set

@(T):/T/a2dxdt.
0

Then

(1) = /a2 dz
Q
and

(1) < Cod(1) <= (e770(1)) <0 = &(r)<0.

Hence, a(x,t) = 0. Now estimate (12) shows, that 6;(z,t) = 0. From formula (10)
we get, that 5(z,t) = 0. Then b = 0, since it is a solution of problem (3) with the
homogeneous conditions. The proof is complete. O
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Theorem 2. Let S € C'*°, o € (0,1), and p € C(S). Assume that ag,by are nonne-
gative continuous functions on 2 and continuously differentiable on any neighbourhood
of S. Let 619,020 be continuous on S functions such, that 619(x) > 0, 20(x) > 0 and
O10(x) + O20(x) < 1 for all x € Sy. Then problem (1), (2), (3) has a unique classical
solution.

Proof. Let 2y = £2, if ay = 0 in any neighbourhood of surface S, and 2y D 2, if ag is
continuously differentiable in any neighbourhood of surface S. In the last case we extend
function ag on (2 \ {2 preserving the same smoothness. Suppose, that

D(x,t - ! —in
(xvava)—me T, 1> T,

is a fundamental solution of equation (1). Then, for any pair of continuous on Sy X [0, T]
functions 61, 62 and continuous on S function p, problem (1) has a unique solution a €
C?*(£2 x (0,7]) NC(Q7) which can be represented by the formula (see [8])

(z,t) // )ngdT+/F($,t,§,0)ao(§) d¢, (13)

0

where ¢ is a continuous and bounded solution on S x [0, T| of the equation

//<ar LS T) Tz (n’t)r(nvtafﬂ'))sﬁ(f,T)ngdT

on,,

- %w(w) -/ (W + 2ol 000, 1., o>) (@ ()

on,,
20
with
0, if x € S1,t>0,
oc=o(x,t)= )
np(ac)(l —b1(z,t) — Hg(x,t)), if x €S, t>0,
0, if x €Sy, t>0,
= ’t =
Y=yl {lﬁp(l‘)@l(l‘,t), if x € Sy, t>0,
and can be represented by the formula
o t
o(n,1) = g1 +Z//Q (n,t,€,7)g(¢, 7) dSe dr, (15)
1=1 0
n,t o (n,t,£,0)  o(n,t
g(n,t) = < ) /< Z)n + (Z )F(n,t7£,0)>ao(§) d€>,
2 K
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o (n,t,&,7)  o(n,t)
on,, + k r

Ql(n7ta€77-) = _2< (n7t1€77)>7

t
Qi-‘rl(’r’?t?gvT)://Ql(nat7C?S)Qi(C7Sa€7T)dS(dsa i:1727"'7
T S

% 1 T'(y).

Qi(nvt»&’r) < |§ _ ’I’]‘n_l_ié (t — T)l_ié F(Z’y)’

where 6 = a — 2y > 0,0 < v < 1/2, I'(¢) is the gamma function, constant C is
independent of function 6y, 62 and such that 6, (z,t) > 0, O3(z,t) > 0, O1(z,t) +
O2(z,t) < 1forall (x,t) € Sy x [0,T]. For small ¢, function Q; has a weak singularity
and (Q; becomes continuous for i > ig. Since

Ir'(n,t,£,0)  a(n,t)
/< on, kL

<n,t,£,0>>ao<s> a¢

20
is continuous on S x [0, T'], function g is continuous and bounded as well. Hence,
lg(z,t)] < K forall z €S, te€0,T],

where constant K is independent of 6, , which satisfies the conditions 6, (z,t) > 0,
O2(z,t) >0, 01(x,t) + 61(x,t) < 1forall (z,t) € Sy x [0, T]. Therefore,

e

(i)

forall ¢ =1,2,....

t
//Qz‘(mt,fﬁ)g(éﬁ) dSedr| < C'K
0o s

These estimates show that series (15) converge uniformly and function ¢ is continuous
and bounded, that is

le(n,t)| < M forall ne S, tel0,T],

where constant M is independent of function 6, 62 such that 6 (z,¢) > 0, 02(x,t) > 0,
01(z,t) + 01 (z,t) < 1forall (z,t) € Se x [0,T].

Let a; and ¢, defined by (13) and (15) be solutions of problem (1) and integral
equation (14) with function 67 = 601, 02 = 029. Then by Lemma 2

K1 O10(x) }
0 <ai(z,t) < max< maxag(x), — max =m
- 1( ) {IGQ 0( ) K 2€S2 1 — 910(%) — 920(1’)

forall x € 2,t € (0,71,

le1(n,t)| < M forall n €S, tel0,T]
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Assume that 611, 02 is a solution of Cauchy problem (2) with @ = a;. Then

O (2, ) = max{max O1o0(2) mn}
1-— Gll(x,t) — 021(x,t) z€Ss 1 — 010( ) 920(%)) K1

and

K1 011 (x,1) {/‘61 610(x) }
— < max max ,m e < m.
K 1— 4911(167 t) — 921(3’3, t) - K z€Sy 1 — 910( ) 920(33)

Let a; and ¢4 defined by (13) and (15) be solutions of problem (1) and integral
equation (14) with function 61 = 611, 85 = 051. Then according to Lemma 2

K1 011($,t)
0 < as(x,t) <max< maxag(x), —  max <m
- 2( )_ {IGQ 0( ) K z€Ss,te[0,T] 1 —011(33,25) —921(3’5,75)}

and

lpa(n,t)] < M forall ne S, te0,T].

Suppose, that 012, 025 is a solution of Cauchy problem (2) with a = as. Then

braa, 1) < max{max ro(x) m}
1-— ng(x,t) — egg(ﬂj,t) - z€Sy 1 — 010( ) — 920(?5)7 K1

and

K1 O12(x, 1) {Hl 610(x) }
— < max max ,me < m.
k1— ng(x,t) — 912(x,t) Kk z€Sy 1 — 910( ) 020(.’E)

Proceeding this argument we get four following sequences:

t
/ / (2,1, €, 7)pi (6,7) dSe dr + / I(a. £,€, 0)ao(€) dé,
0

20
pilnt) = gi(n ) + 3 / / Q;(n,t, €, 7)gi(€, 7) dSe dr,
J=19 s

911‘ (I, t)

t

:910(x)+//{(17911-(33,5)79%(1',s))ai(x,s)f(er/ig)@li(x,s)ds, (16)
0

921‘(37,75) = 920(.13) + /{291i(as, S) — 539%(%‘, S) ds, i=1,2,.... (17

o

Here g; = g with 61 = 01;_1, 82 = 05;_1. These sequences are uniformly bounded

0<ai(x,t)<m forall x€ 2, t€[0,T], i=1,2,...,
lpi(n,t)] <M forall ne S, te[0,T], i=12,...,
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0<0;(nt)<1, 0<0(nt)<1 forall ne Sy, t€[0,T], i=1,2,....

The potential of a simple layer (see [8] or [9]),

t
0// x,t,6,7)pi(€,7)dSe dr

belong to the Holder space C*(£2 x [0, T]) with A € (0, 1). Therefore, sequence {a; }32;
is equicontinuous. Functions 61;, f5; are solutions of a system (16), (17). Therefore

|014(x, 1) — )| < (km+ K1+ K2) (t = 7),
’921($7t ’ < (k2 + K3) (t — 7),
|61 (2, 1) —9li(y7t)|

< |610(x) — b10(y)| + Hm+f€1+f€2/|9lzx5) 0ri(y, s)| ds

—|-/-€m/|921xs —Osi(y, s ‘d8+l-€/|azxs -(y,$)|ds7

’021' xvt) - 62i(y7 )| '

S ’920(:6) — ego(y” + Ko / |91i($, S) - Gli(y, S)|€7'{3(tis) dS
0

From here we get

/|92i(x, s) — Oai(y, s)| ds
t

0 T
S t|020(9c) — ggo(y)’ +/I€2 (/ ‘9”(.@, 8) - gli(y7s)’€_“3(7—5) d8> dr

0 0

< t|920($) - 920(3/)’ + %2 / ’911'(33’5) - 911‘(2175)‘ ds
0

and

|01i(2, 1) — 015y, )|

< [610(z) — b10(y)| + £m|O20(z) — O20(y)]

+C/‘0“(1‘,3)—Qli(y,s)’ds+ﬁ/|ai(9€,s)—ai(y,s)|ds
0 0
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where C' = km+ K1 + K2+ kmkKs/ k3. Now, by the Gronwall lemma, we get the estimate
|01i(z7 t) - eli (yv t)|

< e“(|010(x) — O10(y)| + £m|B20(2) — O20(y)|)
K
T T wesiitn, t]|aZ z,8) = ai(y, )|

Hence,

‘(!E7 t) - Hgi(y, t)|

eCt
< |020(x) — 20(y)| + 52?|910($) —610(y)|

M2 max lai(z, s) — ai(y, s)|.

Chrs x€Sa, t€[0,t]

These estimates show that sequences {61, }52, {62; }52, are equicontinuous. Function ¢;
is a solution of integral equation (13) with 61 = 61,1, 83 = 65;_1. The potential of a
double-layer (see [8] or [9]),

//ar N0ET) e 8) dSedt

on,,

belongs to the Holder space C*(S x [0,T]) with A < 2a/3 (see [8]). Therefore, se-
quence {¢;}2; is equicontinuous. According to the Arcela—Ascoli theorem we get
four subsequences which converge uniformly. Since problem (1) and (2) cannot possess
two classical solutions we claim that sequences {a;}5°, {©i}22,, {01:}321, {02:}52,4

converge uniformly.

Set

a(z,t) = Zliglo ai(x,t), ze€N, tel0,T),
oz, t) = zlgglo pi(z,t), xe€S, telo,T],
01(x,t) = ilingot%l(a:,t) x € Sy, t€[0,T],
Oo(x,t) = lim Oo;(z,t), x €S2, t €[0,T].

1—> 00
For limit function a we have formula (13). Therefore, a € C%1(22 x (0,T]) N C(Q7)
and it is a solution of problem (1). Pair of functions 61;, f5; is a solution of system (16)
and (17). Since sequences {a;}$2,, {6;}2, are uniformly bounded, we can go to a limit.
Pair of limit functions ¢, and 65 is a solution of the system
t

01(x,t) = O10(x) + / k(1= 01(z,s) — Oa(z,8))a(w, s) — (K1 + K2)01(z,s)ds,

0
t

O2(x,t) = Oa0(x) + / Kob1(x, s) — k3ba(x, s) ds.
0
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Existence and uniqueness theorem to a unimolecular heterogeneous catalytic reaction model

Therefore, 01, 65 is continuously differentiable with respect to variable ¢ and this pair is
a solution of Cauchy problem (2). For this 65 problem (3) has a unique classical solution.
The proof is complete. O

Remark 3. Formula (8) is true for limit functions a, 6, > and b.
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