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Abstract. In this article the authors performed linear, nonlinear ameherical analysis of

glycemic regulation mathematical model described by tfeintial equations with one

delay argument. The results obtained in the linear analysie used in numeric analysis
while constructing stable periodic solutions applying Renge—Kuto IV successive
method in normal and diabetes cases. Impact of physicatiseeon the dynamics
of glucose and insulin was modelled as well while introdgciwo external periodical

functions defining diet and physical exercise into the almgationed model. We applied
the simulation modelling program “Model Maker” for modabj.

Keywords: glycemic regulation, mathematical modeling of glycemiguiation,
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1 Introduction

Physical exercise is an important factor in diabetes managé Physical exercise of
diverse forms gives diverse results of glycemia. Althougygical activity may be some-
times a risky method to loose weight while being ill with typdiabetes, regular exercises
are the basis in diabetes treatment.

Appropriately selected physical activity increases thesgwlity of cells to insulin,
enhances the homeostasis of glucose and helps to reduceimeedidses. [1]. During
exercising the uptake of glucoses to muscles increasesiapally to the intensity and
duration of physical load. Exercises both stimulate glecegtake independently from
insulin stimulation and neutralise cell immunity to insul2].

While evaluating the type, duration and intensity of phgbiexercises it is nec-
essary to consider the level of physical state of patient&b&ics perform aerobical
and anaerobical exercises. Anaerobical exercises lasthas 2 minutes, for example
short distance running, swimming or weight lifting. In tidase namely cells receive
ATP energy from sebum and carbohydrates from glycogen tttraulates in muscles.
Aerobiocal exercises last over 2 minutes, for example, ldistance running and other
sporting fields.
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The consequence of frequent intervals between intensiagtgci.e. interval be-
tween rapid warm-up exercises and heavy training, is a prentiglycogen consumption
in muscles that highly increases insulin sensibility aftetive activity. During the period
of long lasting active activity glucoses in blood drops daignificantly and the resources
of glycogen in muscles exhaust rather considerably. In ttesactivity is not coordinated
with insulin doses the volume of glycogen in muscles durictiya activity is consumed
faster than its resources are accumulated, therefore hygeogia may develop. When
active activity lasts for a short period of time and is vertemmsive than the replenishing
of human body with carbohydrates is the only efficient way &intain the normal level
of glycaemia. [3].

This theme are widely analyzed in the works of the world dt$¢s see [4-18]
and this fact proves that this theme is very significant indpkere of medicine as the
increasing number of patients become ill with diabetesitaslannually.

We will analyse in this article mathematical model (1)—(8pdalemonstrate that
introduction of diet and physical load into the mentioneddelaallows applying it suc-
cessfully to optimisation of glycaemia control and diakett®atment.The investigated
model (1)—(2) comprises two differential equations witte aielay [19].

i) =ri| 52 - X2 oo, )
G(t) =rg {1 + c[l - %)] — %ﬂ G(t). (2)

In this modell(¢) is the level of active insulin in blood at the time momenk’; is
the average value of insulin in blool - the time necessary for the production of insulin
in pancreagi-cells. G(t) is the level of glucose in blood (glycemid) is the average
value of glucose in the blood. Glycemic self-regulatonatieins are interpreted as in
a “predator-victim” task, where the insulin is a “predatarid sugar is a “victim”.r;,
rg are positive values characterizing the linear rate of pctido of insulin and sugar
concentration in blood-line growth, and c is a parametext thgulates the feedback of
glycemia inSvitra [19].

In order to reach diabetes treatment efficiency it is verydrtgmt to apply an
appropriate treatment strategy. Application of physicalis an important factor both for
treatment of diabetics and for keeping of good conditionedlthy people. This treatment
strategy is widely applied in clinical treatment of pateiitwith diabetes.

In this article we will numerical method modeled the dynasra€glycemia in case
of normal and diabetic cases introducing in model (1)—(2) éwternal periodic functions
defining the nutritionad(t) = g(t + 24) [20] and exercisg (t) = f(t + 24).

Here f(t) — is a linear function describing the intensity of physicad in normal
case and in case of diabetes aitd) is a linear function describing the nutritional regime
[20]. We suggest to apply the above mentioned functions fodetling the dynamics
of glycaemia and insulin in general diagram submitted in EigThis scheme allows to
model the dynamics of glycemia and insulin in the period ofa¥s in case of normal and
diabetes, where it is possible to introduge) = 1,...,6 times a day and exercise are
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introducedf(¢t) = 1, ..., 2 times a day.

Fig. 1. The overall modeling scheme of glycemic regulatiathematical model (1)—(2)
in normal and diabetic cases.

Before starting modeling exercise influence glycemic aralilin dynamics we

will investigate in a qualitative way a model following thef@cation Theory [19] to
determine model parameters.

2 Mathematical analysis

2.1 Linear analysis

We identified three positive equilibrium states of equagiset (1)—(2):

I(t) = G(t) =0, (3)
It)=0, G@t)=(1+c¢)Kg, 4)
I(f,) = K[, G(t) = KG. (5)

The result demonstrated that (3) and (4) the equilibriurtestare unstable. We
will investigate the stability of equilibrium state (5) aftthe following such changes of
the variables:

I(t)=K;[1+z(t)] and G(t) = Kg[l+y(t)]. (6)
Then we replace equations system (1)—(2) by the followirsgesy of equations:

i(t) = —rr[z(t —h) —y(t)] [1 + z(t)], )
y(t) = —ra[ex(t) +y()] [1+y(t)]. (8)

The characteristic quasipolinomial of the linear part ofi&ipn system (7)—(8)
will be

P\ = (A + me_’\h) (A+rg) +ergrr =0. (9)
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Theorem 1. The solution of differential equations to be asymptoticatable, it is ne-
cessary and sufficient that all the roots of its charact@isguation should satisfy the
inequality:

Re )\ < 0.

This condition must be valid for alP(\) roots. Since it is rather difficult to calcu-
late all quasipolinomial roots diverse negative charasties of real parts of quasipolino-
mial roots of are of great importancé)-segmentation method is applied very often for
investigation of quasipolinomial roots [19].

D-segmentation method

We will analyse the location of roots of characteristic gnaknomial (9) in the plane of
parameters; andC' applying D-fragmentation method.
In this case our quasipolinomial (9) depends on three pasame

P(\,rr,¢) = 0. (10)

When equation (9) has a zero root= 0, then we get the lines= —1 andr; = 0.
When equation (9) has a purely imaginary roats= io, o > 0, we receive the
following curves (11)—(12) in parametric form, which we hdtaw inr;c plane

2 _ . (a ~
e ri(sin(och) + rg cos(oh)) ’ (11)
rira
orG
. 12
TG sin(ch) — o cos(ch)’ 1)

wheres — 0 then from the system of equations (11)—(12) we receive thewing
coordinates of reversible point

lime= -1, limr; T (13)

o—0 o—0 - =
rG

Then we will draw the above received parametric curveBisegmentation plane
and mark the return point coordinates in normal and dialoeses.

While optimizing the values of parameters andc both in a case of a healthy
person and in the case of diabetics only positive values edettparameters have the
meaning in glycemic modelling.

Applying “Maple” we chartedD-segmentation curves in normal case with the
following values of parameters = 6, K; = 8, Kg = 100, r¢ = 12; in case of
diabetes when the values of parameters are as follows 5.8, K; = 7, K¢ = 125,
rq = 21.6 [19].

In Fig. 2 and Fig. 3 we showed the asymptotic stability figllsand D,. We found
that all real parts of equation roots in the figlg are negative. We also determined that
during the transition from the fiel®, to the field D, we receive two roots, the real parts
of which are positive. We determined that stable periodigtgms of the equation (1)—(2)
in the field Ds.
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; :

- c
2 Do 1 Do D2
1 D2

— c=-1 — c=-1
— n — i
ri=0 i=0

Fig. 2. D-segmentation curves in normal Fig. 3. D-segmentation curves in case of
case. diabetes.

2.2 Nonlinear analysis

In this section we will construct the periodic solution offfdiential equation
system (1)—(2) applying the theory of bifurcation providhgcévitra [19].

The system of equations (1)—(2) has been examined in the stanternal equi-
librium I(t) = K; and inG(t) = K¢ environment. In this system of equations after
the substitution of variableb(t) = K;[I + z(t)], G(t) = K¢[I + y(t)] the following
differential equations system was received:

i(t) = —rr[x(t — h) —y(t)] [1+ x(t)], (14)
y(t) = —raex(t) +y()] [1+y(t)]. (15)

The properties of Hutchinson equation suggest that in casafticiently small
€ =11 — 55 the equation (14) has a stable periodic solution

x(7) = &x1 (1) + Eao () + -+, (16)
where
x1(1) = cos(ogT), x2(T) = %O(SiH(QUOT) + cos(2097)), a7)

e, T in equations (16) and (17) are the following:

/ t
g = 7’05’ T = 7 AN (18)
do 1— (C?ii + ﬁ)g
0 oo

whereoy, ¢, dy are expressed in formulas [19]:

™ T+ 6 oo(3m — 2)

—_— = — = — 1
o O Ty B (19)

70 = T 10(r2 1 4)
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when+, o{, 15, w were expressed as

27 4
/o A
To = 24 0o = 2+ 4 (20)
2
aorT aor~0o
f— 1 — G 7_/ o G U/ 21
o [ p e Kl e ) @)
2
’ Qo004 QT ’
Wy = —5——5T 1— ——5|0,. 22
0 0—(2)+T2G ()+|: 0—(2)+T2G:| 0 ( )

Differential equation (15) also has a single stable pecisdiution
y(1) = & (1) + Eyalr) +- -+ (23)

After the appropriate standardization of time ratios oél{{23) can be sought ap-
plying the method of uncertain coefficients. Then we get

U1 (1) +reyi (1) = —rgei (1), (24)
Y2(7) + raye(7) = —racra (1) + 91(T)yi (7). (25)

We get thaty; (7) in the equation (24) are as follows:

B rac(ogsin(ogt) + ra cos(ooT))

= 26
y(7) og + 12 (6)
From equation (25) we get, that
y2(7) = Asin(2007) + B cos(2007), (27)
where
= L e — 2Whoy) 28)
- 40_(2) +7"2G 1ra 200/,
1
= ——F5|W- — 2Wi o). 29
PP 7%[ 2rG 100] (29)
And thatW,, Wawill be the following:
W, = _lec + 700027% [02 — r2] (30)
YT0 T 2024yl ek
W, = TG, %G (31)

2 2
5 o5+ 18

Consequently the differential equations (14)—(15) wilvéatable periodic solu-
tions.
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Theorem 2. When0 < r; — g = € < 1, r7¢ = age andn, > 0, the differential
equation systerflL4)-(15) in the environment of a sufficiently small the equilibriustst
of I(t) = Ky andG(t) = K¢ have the only stable environment periodic solutions that at
any time intervak—! are expressed in formulas.
I(t) = K; [1 + & cos(opT) + §2m2(7') + 0(53)}, (32)
G(t) = Kg[1+ &y () + Eya(r) + O(€7)], (33)

where functionsez(7), y1(7), y2(7) are respectively expressed in formulds), (26),
(27), and¢, 7, oq, are defined by formulad.8)(19).

Applying formulas (14)—(33) we will construct approximdtemulas of solution
(32)—(33) in normal and diabetes cases. In normal casesxipmte formulas will be:

I(t) ~ 8 [1 +1,53473 cos(0, 3438t)
1
+2 3554(Esm(0 6875¢) + gcos,(o,6875t))], (34)
G(t) ~ 100[1 + 1,53473(0, 0031 sin(0, 3438¢) + 0, 1399 cos(0, 3438¢))
—2,3554(0,0435 sin(0, 6875¢) + 0,0247 cos(0, 6875t))],  (35)
whenr; = 0.39; r¢ = 12.00; ¢ = 0.14; h = 6.00; & = 1.5347; 7 = 1.3131¢;

oo = 0.2618.
In diabetic cases approximate formulas will be:

It)y~7 [1 + 1,4158 cos(0, 3394¢)

1 1
+2,0043 <—0 sin(0, 6788t) + R cos(0, 678815))] , (36)

G(t) ~ 125[1 — 1,4158(0, 0018 sin(0, 3394t) + 0, 1399 cos(0, 3394t))
—2,0043(0,0719sin(0, 6788t) 40,0248 cos(0,6788t))|,  (37)

whenr; = 0.39; r¢ = 21.60; ¢ = 0.14; h = 5.8; & = 1.4158; 7 = 1.2538¢;
oy = 02708

2.3 Mathematical modelling of the impact of diet and physich exercise on the
dynamics of glucoses and insulin

After execution of a qualitative analysis mathematical eldd)—(2) of glycemic regula-
tion we will apply values optimized parameters while exetyt numerical analysis.
We will try to find differential equation with the delay soioims describing glycemic
and insulin dynamics using the Runge—Kuto IV sequence ndetho
We will chart the comparison of glucoses and insulin nunasolutions of diffe-
rential equation system (1)—(2) in normal and diabetessoagth the experimental points,
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respectively Fig. 4 and Fig. 5. Experimental points in ndrozse are taken from [21],
and diabetes case are taken from [22]. In normal case we as®ltbwing values of
parametersh = 6.00; K; = 8.00; K¢ = 100.00; r¢ = 12.00; r; = 0.39; ¢ = 0.14.
While searching for a stable periodic numerical solutiogase of diabetes we used the
following parameters valuesh = 5.80; K; = 7.00; K¢ = 125.00; r¢ = 21.60;
rr = 0.39; ¢ = 0.14.

In Figs. 6—7 we will show the GL numerical solutions of difetial equation (1)—(2)
system solutions received with the help of formula (1) andAGblutions (dotted line)
received with the help of periodical approximate formuldS)(and (37) in normal and
diabetes cases respectively.

In Figs. 8-9 we will show the IN numerical solutions of di#éeatial equation (1)—(2)
system solutions received with the help of formula (2) andAL$¢lutions (dotted line)
received with the help of periodical approximate formuld4)(and (36) in normal and
diabetes cases respectively.
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Fig. 4. Numerical solution of model (1)—(2) in normal case.
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Fig. 5. Numerical solution of model (1)—(2) in diabetic case
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Fig. 6. Comparison of glucoses numerical solution and emiuteceived according to
formula (35) in normal cases.
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Fig. 7. Comparison of glucoses numerical solution and swiuteceived according to
formula (37) in diabetic cases.
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Fig. 8. Comparison of insulin numerical solution and santireceived according to
formula (34) in normal cases.
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Fig. 9. Comparison of insulin numerical solution and santireceived according to
formula (36) in diabetic cases.

Further we will introduce diet and physical load functiobs{(2) into model and on
selecting optimaty, v parameters we will demonstrate graphically variationslotgses
and insulin in normal and diabetes cases, when meals anmetialee, four and six times a
day and exercises are performed twice a day both in a casesaiitajr person and person
ill with diabetes.

Values of the parametehs K;, Kg, ra, r1, ¢ will be taken from the linear analysis.
Model (1)—(2) with introduced diet and exercises functiethie following:

) =, | GO _LE—h)
0 = |52 - LD 1, (38)
G(t) =rg {1 +g(t) — f(t) + c[l — %ﬂ — %?]G(t). (39)

Equations (38)—(39) explain the dynamics of physiologgatem “insulin-sugar” in
normal and diabetes cases and allow to describe the dependeglucose fluctuations
from insulin amount. In the model (38)—(39)) and f(¢) are takes fronSvitra [19]:

k

g(t) = g(t+24) = gi(t). f(1) = f(t+24) = D f;(0), (40)
i=1 j=1

gz(t) = gz(t + 24) = Q4 sin [%(t — t11>:| y tﬂ S t § tig, (41)

f]' (t) = fj (t + 24) =7 sin |:% (t - tj1>:| y tjl § t S tjg, (42)

k — the number of meals, @ — the number of exercises;;, ¢;; — the beginning of the
effect.t;s, tj2 — the end of the effectl;, T; — duration of the effecty;, v; — parameters.

On introducing diet and physical exercise functions (1)#{& model we modelled
numerically the impact of these functions to glucoses angsighl exercise variations
applying scheme showed in Fig. 1 in normal and diabetes cadsasthis purpose we
applied the simulation modeling program “Model Maker” ($égs. 10— 21).
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Fig. 10. The glycemic and insulin dynamics of a healthy pets&ing meal 3 times a day.
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Fig. 19. Glycemic and insulin dynamics of a diabetic takingafs 4 times a day and
exercising 2 times a day.
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Fig. 20. Numerical solutions (38)—(39) of model when a teafterson takes meals 6 times
day and exercises 2 times a day.
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Fig. 10 demonstrate the glucose and insulin fluctuationgrmis in three-day
period in normal case when one external force — the diet regirakes impact = 3,
T; = 3. In the case of healthy person diet parameters are defingd (43

t11 =8, tio =11, a3 =0.30 (breakfasl;)

tor =13, too =16, a9 =0.35 (dinner) (43)

ts1 = 18, t33 =21, a3 =0.35 (Supper)

Fig. 11 shows the glucose and insulin fluctuations obsenvedree-day period in
diabetes case when one external force. i.e. the diet regimkesrimpack = 3, 7; = 3.
In case of diabetes the diet parameters are defined (44).

t11 =8, tio =11, a3 =0.30 (breakfasl;)

tor = 13, tog =16, ag =0.35 (dinner) (44)

ts1 = 18, t33 =21, a3 =0.35 (Supper)

Fig. 12 shows glucose and insulin fluctuations observedéerthiree-day period in
normal case when one external force, i.e the diet regime snakgactk = 4, T; = 4. In
case of healthy person the diet parameters are defined (45).

t11 = 7, t1g = 11, a; = 0.20 (breakfast)

tor = 11, tog =15, ag =0.30 (dinner)

t31 =15, t32 =19, «a3=0.30 (afternoon)

tyg1 =19, tg0 =23, ay4 =0.20 (supper)

(45)

Fig. 13 demonstrate glucose and insulin fluctuations oleskeirv three-day period
in diabetes case when one external force — the diet regimesniaipact: = 4, T; = 4.
In case of diabetes the diet parameters are defined (46).

t11 =8, tio =12, a; =0.15 (breakfasl;)

to] = 14, tog = 18, as = 0.25 (dinner)

ts1 =20, t33 =24, a3 =0.20 (Supper)

tyn =26, tyo =30, a4 = 0.40 (night's Iunch)

(46)

Fig. 14 shows glucose and insulin fluctuations observed lieetdlay period in
normal case when one external force — the diet regime makgscink = 6, 7; = 3. In
case of healthy person the diet parameters are defined (47).

ti1 =7, t12=10, a3 =0.10 (breakfast)

tor =10, toe =13, az =0.15 (lunch)

t31 = 13, t32 =16, «a3=0.30 (dinner)

ty1 = 16, t49 =19, a4 =0.20 (afternoon)

ts1 =19, ts50 =22, a5 =0.15 (supper)

te1 =22, tex =25, ag=0.10 (night’slunch)

(47)
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Fig. 15 shows glucose and insulin fluctuations observed lieetday period in
diabetes case when one external force — diet regime makexcimp = 6, 7, = 3.
In diabetes case the diet parameters are defined (48).

t11 =8, tipo=11, «a; =0.10 (breakfast)
tor =11, tge =14, ay =0.15 (lunch)

ts1 = 14, t35 =17, a3 =0.20 (dinner)

tyn =17, t40 =20, a4 =0.20 (afternoon)
ts1 =20, tso =23, a5 =0.10 (supper)

te1 = 23, tez =26, ag=0.25 (night’slunch)

(48)

Appropriately tailored physical activity helps diabetiosmaintain glycaemia close
to normal. Diverse algorithms of physical exercise and ihietraction may be applied
while describing diverse diabetes treatment strategies.

Fig. 16 shows glucoses and insulin variations that wererobddan the period of
three days and nights in normal case when two external ferdést regime and physical
loadk = 3, T; = 3 make impact anak = 2, T; = 1. In this case optimised diet and
physical load parameters are defined (49).

ti1 =8, tia=11, a1 =0.35 (breakfast)

tor = 13, too =16, a =0.35 (dinner)

t31 = 18, t32 =21, «a3=0.30 (supper) (49)
t11 =9, t12=10, 7 =0.55,

tor =15, tog =16, ~9 = 0.45.

Fig. 17 present glucoses and insulin variations that wesemed in the period of
three days and nights in diabetes case when two externalferdiet regime and physical
exercisek = 3, T; = 3 make impact ana = 2, 7; = 1. In this case optimised diet and
physical exercise parameters are defined (50).

ti1 =8, tia=11, a1 =0.35 (breakfast)

tor = 13, too =16, ag =0.40 (dinner)

t31 = 18, t32 =21, «a3=0.25 (supper) (50)
t11 =9, t12=10, 7 =0.50,

tor =15, tog =16, ~9 = 0.40.

Fig. 18 offer glucoses and insulin variations that were olestin the period of
three days and nights in normal case when two external ferdést regime and physical
loadk = 4, T; = 4 make impact anah = 2, 7; = 1. In this case optimised diet and
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physical load parameters are defined (51).

ti1 =7, ti2=11, a3 =0.30 (breakfast)
tor = 11, too =15, g =0.25 (dinner)
t31 = 15, t32 =19, «a3=0.25 (afternoon)
tyg1 =19, t40 =23, a4 =0.20 (supper)
t11 =9, t12=10, 7 =0.5,

to; =15, 192 =16, o =0.5.

(51)

Fig. 19 present glucoses and insulin variations that wesemed in the period of
three days and nights in diabetes case when two externalferdiet regime and physical
exercisek = 3, T; = 4 make impact ana = 2, 7; = 1. In this case optimised diet and
physical exercise parameters are defined (52).

t11 =8, tio=12, «a; =0.20 (breakfast)
top = 14, tog =18, a9 =0.20 (dinner)

ts1 =20, t32 =24, a3 =0.10 (supper)

tsr = 26, tso =30, a4 =0.50 (night'slunch)
t11 =9, t12 =10, -~ =0.55,

tor = 15, top =16, 75 = 0.45.

(52)

Fig. 20 offer glucoses and insulin variations that were olest in the period of
three days and nights in normal case when two external ferdést regime and physical
loadk = 6, T; = 3 make impact anak = 2, T; = 1. In this case optimised diet and
physical load parameters are defined (53).

ti1 =17, t12=10, a1 =0.15 (breakfast)
tor = 10, too =13, ap =0.15 (lunch)

t31 = 13, t32 =16, a3 =0.20 (dinner)

ty1 = 16, 49 =19, a4 =0.15 (afternoon)
ts1 =19, t50 =22, a5 =0.15 (supper)

te1 =22, tex =25, ag=0.20 (night’slunch)
t11 =9, t12 =10, ~1 =0.55,

tor =15, top =16, 79 = 0.45.

(53)

Fig. 21 show glucoses and insulin variations that were ofeskin the period of
three days and nights in diabetes case when two externalferdiet regime and physical
exercisek = 6, T; = 3 make impact ana = 2, 7; = 1. In this case optimised diet and
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physical exercise parameters are defined (54).

t11 =8, tio=11, «a; =0.15 (breakfast)
tor = 11, too =14, ap =0.15 (lunch)

t31 = 14, t33 =17, a3 =0.15 (dinner)

ty1 = 17, t49 =20, a4 =0.15 (afternoon)
ts1 =20, t50 =23, a5 =0.15 (supper)

te1 = 23, tez =26, ag=0.25 (night’s lunch)
tin =9, tip=10, 7 =0.44,

tor =15, tao =16, 72 = 0.56.

(54)

In this section we demonstrated how the model (1)—(2) coeldgplicable simu-
lated of glycemic and insulin dynamics introduced funcsiaf nutritional and physical
exercise in order to work out optimal of diabetes control.

3 Conclusions

A linear and nonlinear analysis of model (1)—(2) was perfednfollowing qualitative
methods of bifurcation theory. On selecting parameterasimplying a certain biolog-
ical meaning in internal equilibrium state environment &xéstence of stable periodic
solutions obtained applying the simulation modeling paogr‘Model Maker” in a nu-
merical way was demonstrated.

Applying D-decomposition method a stability sphere of asymptotigiktya D, =
(r/12;57/12) where a single one frequency approximate stable periodaation of
model (1)—(2) exists and its analytical notation is coreited, was defined.

A constructed approximate stable periodical solution efriiodel coincides with
numerical solution well enough.

On introducing two external forces specifying diet and ptgisexercise functions
in normal and diabetes cases the received results of nuaharialyses showed that this
model reflects glycaemia and insulin dynamics of a healthrggeand person ill with
diabetes rather exactly.

On comparing received numerical solutions of these modigtsaxperimental data
a fairly good coincidence of the models and the data wasvedeind this fact allows to
apply the investigated model in monitoring complex systems
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