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Abstract. This paper investigates the influence of both viscous andsatissipation on
the problem of magnetohydrodynamic flow past a stretchimgysosurface embedded
in a porous medium. Analytic solutions of the resulting moedhr non-homogeneous
boundary value problem in the case when the plate stretcitesawelocity varying
linearly with distance, expressed in terms of confluent hypemetric functions, are
presented for the case of prescribed surface temperatwmeiital calculations have
been carried out for various values of suction parametegnetic field, Prandtl number,
Eckert number and Schmidt number. The results show thatases in magnetic
parameter decrease both the dimensionless transversitydlmgitudinal velocity and
also the skin friction coefficient. Also, formation of thimbndary layer is observed for
higher value of magnetic parameter.
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1 Introduction

The study of two-dimensional boundary layer flow, heat andstieansfer over a porous
stretching surface is very important as it finds many prat#@#pplications in different
areas. To be more specific, it may be pointed out that manyliomefigal processes
involve the cooling of continuous strips or filaments by dirapthem through a quiescent
fluid and that in the process of drawing these strips are somaststretched. Viscous
dissipation changes the temperature distributions byimdey role like an energy source,
which leads to affected heat transfer rates. The merit oéffeet of viscous dissipation
depends on whether the plate is being cooled or heated. fparthe viscous dissipation
in MHD flows, the Joules dissipation also acts as a volumbgat source. Heat transfer
analysis over porous surface is of much practical intergstd its abundant applications.
To be more specific, heat-treated materials traveling bertwee feed roll and wind-up
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roll or materials manufactured by extrusion, glass-fiber paper production, cooling of

metallic sheets or electronic chips, crystal growing jushame a few. In these cases,
the final product of desired characteristics depends onateeaf cooling in the process

and the process of stretching. In view of all these aspdutsptesent work deals with

the effect of viscous and Joules dissipation on MHD flow, laeat mass transfer over a
porous surface embedded in a porous medium.

Recently, attention has been made on the effect of trarsyeapplied magnetic
field on the flow of electrically conducting fluids with vari@properties associated with
the interplay of magnetic fields and thermal perturbatiopanous medium past vertical
plate find usual applications in astrophysics, geophyf§ligial dynamics and engineering.
Researches in these fields have been conducted by manyigavest. For example,
analytical results were carryout by Vajravelu and Hadptaou [1] who took into account
the effects of viscous dissipation and internal heat geioera An analysis of thermal
boundary layer in an electrically conducting fluid over ahnly stretching sheet in the
presence of a constant transverse magnetic field with suctiblowing at the sheet was
carried out by Chaim [2]. The viscous and joules dissipasiod internal heat generation
was taken into account in the energy equation.

Very recently, the viscous and joules dissipation and i#keheat generation was
taken into account in the energy equation. Sajid et al. [@¢stigated the non-similar
analytic solution for MHD flow and heat transfer in a thirdder fluid over a stretching
sheet. He found that the skin friction coefficient decreasethe magnetic parameter
or the third grade parameter increases. A mathematicaysindlas been carried out on
momentum and heat transfer characteristics in an incorsipteselectrically conducting
viscoelastic boundary layer fluid flow over a linear stretchsheet by Abel et al. [4].
A numerical reinvestigation of MHD boundary layer flow oveneated stretching sheet
with variable viscosity has been analyzed by Pantokra{&ias

The problem of viscous dissipation, Joule heating and feate/sink on non-Darcy
MHD natural convection flow over an isoflux permeable sphera porous medium is
numerically analyzed by Yih [6]. The work of Sonth et al. [7gals with the effect
of the viscous dissipation term along with temperature ddpat heat source/sink on
momentum, heat and mass transfer in a visco-elastic fluid deer an accelerating
surface. Chen [8] examined the effect of combined heat arg$ tnansfer on MHD free
convection from a vertical surface with ohmic heating arstwous dissipation.

Very Recently, the effect of viscous dissipation and Jowdating on MHD free
convection flow past a semi-infinite vertical flat plate in fhhesence of the combined
effect of Hall and non-slip currents for the case of power-ariation of the wall tem-
perature is analyzed by Abo-Eldahab and El Aziz [9]. In 2008k and Lodha [10]
analyzed the flow and heat transfer due to a stretching paorace in presence of
transverse magnetic field including heat due to viscougmitien. The effects of viscous
dissipation on natural convection flow over a sphere in tlesgmce of magnetic field and
heat generation for an electrically conducting fluid haverbmvestigated theoretically
by Alam et al. [11]. Barletta and Celli [12] investigated timxed convection MHD flow
in a vertical channel with Joules and viscous dissipatiéects. The study of nonlinear
hydromagnetic flow and heat transfer due to a stretchingysosarface with prescribed
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heat flux and viscous dissipation effects was analyzed byg&ahal. [13]. Hence the
present study investigates the effect of viscous and Jaligsgpation on MHD flow in a
porous medium with heat and mass transfer

2 Mathematical analysis

Two-dimensional, nonlinear, steady, MHD laminar boundaser flow with heat and
mass transfer of a viscous, incompressible and electricaliducting fluid over a porous
surface embedded in a porous medium in the presence of avéraesmagnetic field
including viscous and Joules dissipation is consideredrfeestigation. An uniform
transverse magnetic field of strendsy is applied parallel tg-axis. Consider a polymer
sheet emerging out of a slit at = 0, y = 0 and subsequently being stretched, as in
a polymer extrusion process. Let us assume that the speeganhtin the plate is
proportional to the power of its distance from the slit and boundary layer approxi-
mations are applicable. In writing the following equatipih$s assumed that the induced
magnetic field, the external electric field and the electetdfdue to the polarization of
charges are negligible. Under these conditions, the gawgioundary layer equations
of momentum, energy and diffusion with viscous and Joulssigation are

ou  Ov
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The boundary conditions are

u=ax™, v=vyu(x), T=Tyx)="Tu+Toz",
C = Culw) = Cou + Coa"  aty =0, (5)
u=0, T=Ty, C=Cy aty— oco.

Hereu, v are components of velocity components in ihendy directionsy is kinematic
coefficient of viscosity/<,, is permeability of the mediung; is electrical conductivity of
the fluid, By is applied magnetic fieldp is density of the fluid,I" is temperature of the
fluid, T, is wall temperature],, is temperature far away from the surfaééjs thermal
conductvity,C,, is specific heat at constant pressufeis species concentration of the
fluid, C,, is species concentration near the w@ll, is species concentration of the fluid
away from the wall,D is diffusivity coefficient,a, Ty, andCy are dimensional constants,
m is index of power-law velocity and n is index of power-lawiation of wall temperature
which is constant.
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As in [10], we introduce the following similarity transfoations

v = |20 Vg,

2ux (6)
’Uw(SC> Y Va’(m+1)x('m—1)/27
n = 2m,
where)\ > 0 for suction at the stretching plate ads the stream function.
The velocity components are given by
ov ov
= — =——. 7
=g o Q)

It can be easily verified that the continuity equation (1)dieritically satisfied and intro-
duce the non-dimensional form of temperature and the cdrat@m as

T—-Tw ~ C-Cx
e T S ®
Now the equations (2) to (4) become
F" + FF" —BF”? — (R + M*)F' =0, 9)
0" + PrF0’ —2BPrF'0 = —Ec Pr[F" + M*F"], (10)
h" 4+ ScFhW — SemhF' =0 (11)
with boundary conditions
F)=A F'(0)=1, F'(c0)=0,
6(0) =1, 6(c0) =0, (12)
h(0) =1, h() =0,
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where
2m .
g =—— stretching parameter,
m—+1
20B2 .
M2 = 2720 magnetic parameter,
pa(l +m)
Kpa -
Ry = permeability parameter,
14
Pr = 1y Prandtl number,
K
a2
E.= Eckert number,
CpTo
Sc = % Schmidt number.

Equations (9), (10) and (11) with boundary conditions (1@)stitute a non-linear
BVP, the analytical solution of which is not feasible for gesl value of parametes.
However, an analytical solution of these equations can haimdd wheng = 1
(i.,e.m = 1), as follows.

It may be noted that, whefi = 1 or m = 1, the velocity of the stretching plate is
ax, i.e. the plate stretches with a velocity varying linearlighwdistance. In this case, the
equations (9), (10) and (11) are reduced to

F" +FF" —F? — (M* + R;")F' =0, (13)
0" +PrF¢ —2Pr F'0 = —EcPr[F" + M?F"], (14)
B’ + ScFh —2SchF' =0 (15)

with the boundary conditions given in (12).
Equation (13) with boundary conditions (12), is independ#r(14) and admits a
solution of the form (following Chakrabarti and Gupta [14])

F(n) = A+ Be™ ",

where

2 p-1 2 _ A/ A2 +4(1+ M2 + Ry
P (R; +M)’ B:—l, o \/ ; L)
(6% (0%

Hence the exact solution is
1

F(n) = —[a* - (Ry+ M?) — e ). (16)

In order to solve energy equation (14), a new independeighlak is introduced

¢ = —Pr

— e, a7
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Using (16) and (17), equation (14) yields

2 202 2
gj_£+[(1_[(l)_€]d_9+29:_w

d¢ Pr ¢ (18)

with corresponding boundary conditions

w50>o,9G”>L

o’

whereK; = ££a? — (M2 + Ry ")
Equation (18) is confluent hypergeometric equation with-homogeneous part, the
solution of which may be expressed as follows

- Pr 2 2
0(¢) = —EcaQ(aQJrMQ)g? + [HEC?Z?E;—}}_AK) ek P (—2+4 K151+ K15 €)
2Pr2-FK) (_a—lzlr)KllFl(*ZJrKl;lJrKl; ")

Functiond in terms of variable; can now be expressed as

_ EcPr(a® + M?)

0 _ —2an
() 2022~ K;)
EcPT(a2+IV12) —a . —Pr —a
N [1+ T oK) } e~k 1F1(*2+K1,1+K1, 7€ ") (19)
VFi( =24 K31+ Ky; =£7) .

The dimensionless surface heat transfer rate may be dexsved
0(0) = Ec Pr(a® + M?) Ec Pr(a? + M?)
- a2-K)) 202(2 — K1)
. . 2 2
Pr <K1 — 2) [1+7E;§;é§,}% )] 1Fu(— 1+ K524 K5 =5F)
1+ K, 1P — 24+ K5 14+ K5 =450) '

o2

—OéKl |:1+

(20)

o

To obtain the solution of equation (15), a new variables introduced which is
defined as

2 an
1 a’e
¢ = Sc
Now equation (15) can be written as
d®h  dh
— 4+ —[(1 - K3) — 2h = 21
Cqez + gl = K2) = +2h =0, (21)

whereK, = 3¢[a? — (Ry ' + M?)] with the corresponding boundary conditions

h(g: _SC) =1, h(C=0)=0. (22)

a2
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The solution of equation (21) subject to the boundary camdif22) is obtained in
terms of confluent hypergeometric function

ey = Sy — 21+ K> ()
(C) T (—Sc\ K2 . . =Sey\ '
(=39) 77 1P (Ko — 251+ Ko; =5°)

Functionh in terms of variable) can now be expressed as

by = P (B — 251+ Ky i) 23)
o 1Fy (Ko — 2,14 Kp; =39) .

The dimensionless surface mass transfer rate may be dasved

Ky —2\ 1F(Ky —1;2 + Ko; =3¢
h’(O)aKng&( 2 >1 (K 2 ;{;>. (24)
a \1+ Ky /) 1Fi(Kz—2;1+ Kp; =5°)
The non-dimensional form of skin-friction at the wall candadculated as
0
=y (—) — F"(0) = —a (25)
9y ) y—o

3 Resultsand discussion

In order to have a physical point of view of the problem, nuigsrcalculations were
carried out for different values of suction parametemagnetic parametef(?), Prandt|
number Pr), Eckert numberKc) and Schmidth numbeiSt).

The dimensionless transverse and longitudinal velocitfiles for different values
of magnetic parameter with constant suction parameter antignbility parameter are
presented in Figs. 1 and 2. Itis observed that the velociig sbeadily and then converge
closely for transverse velocity but different trend is net in the longitudinal velocity and
also observed that both the transverse and longitudinatitglof the fluid are decreased
for increase in the value ¥/, since the magnetic field exerts a restraining force on the
fluid which tends to impede its motion.

The influence of suction parameter over the non-dimensivaatverse and longi-
tudinal velocity profiles are shown in Figs. 3 and 4. It is sd&at the effect of suction
parameter enhances the transverse velocity but it detedettae longitudinal velocity.
However the trend of suction effect over longitudinal véipés different from the trans-
verse velocity.

In the subsequent analysis, the temperature profiles aresdisd due to its primary
importance in astrophysical environments. Figs. 5-8 disphe temperature profiles
for different values suction parameter, magnetic paramPrandtl number and Eckert
number. Fig. 5 shows that higher value of magnetic paranceigsed a rise in tempera-
ture. But increase in the suction parameter recorded a @eeia temperature (which is
shown in Fig. 6). An increase in Prandtl numter is associated with a decrease in the
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F(M)
2.1
1 2 3 4 5
‘|’] E—
Fig. 1. Non-dimensional transverse

velocity profiles for different\/?.

Fig. 3. Effect of A on dimensionless
transverse velocity.

A =10
Pr=0.71
Ec=0.2
R, =100

6 (m)

Fig. 5. Temperature distribution for

various values of\/2.

R, =100

Fig. 2. Non-dimensional longitudinal
velocity profiles for varioug\/>.

M*=3
R, =100

F'(1) 0.

Fig. 4. Dimensionless longitudinal
velocity profiles for differenth.

M’ =2.0
N Pr=0.71
Ec=0.2
R, =100

ey o

Fig. 6. Temperature distribution for

different\.
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temperature distribution which is displayed in Fig. 7. Weelved from Fig. 8 that an
increase in Eckert numbéfc enhances the temperature because the heat energy is stored
in the liquid due to the frictional heating. Comparing thgg$:i5-8 it is observed that the
formation of the thin boundary layer is observed far awayftbe wall for higher values

of magnetic parameter.

In Figs. 9-11, the behavior of the dimensionless conceatré presented for var-
ious material parameterdy/, A and Sc. It is noticed that the concentration of the fluid
increase with increase of magnetic parameter as shown irBFighe concentration of
the fluid decreases with increase of suction parameter fwikievident from Fig.10).
Fig. 11 display the effect of Schmidt numbg&e, on the concentration profile. Increase
in Schmidt number decreases the concentration. Companmdrigs. 8 and 11, it is
observed that while the effect of Eckert number is to enhéime¢emperature, the effect
of Schmidth number is to decrease the concentration.

M2=2.0 M?=2.0
L =10 . A =10
Ec=02 Pr=0.71
) R, =100 R, =100
0 0.
0. I 0.
m) 0 0.
8(n)
0. 0.
6
Fig. 7. Effect of Pr over temperature Fig. 8. Temperature distribution for
distribution. different Ec.
A=1.0 M2=2.0
\ Sc=0.62 1 Sc=0.62
R, =100 R, =100
0.8 0.8
0.6 M2 =8 0.6
ME=6 =05
0.4 M’ =4 h(n) 0.4 =10
h(n) M2=2 =15
0.2 M2 =0 0.2 1=2.0
2 4 6 8 2 4 6 8
‘I’] Em— ‘|"| _—

Fig. 9. Dimensionless concentration Fig. 10. Dimensionless concentration
distribution for different)>. distribution for varioush.
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Variation in skin friction coefficient against magnetic pareter and suction parame-
ter are displayed in Figs. 12 and 13. Itis noted that the sidtidn decreases as magnetic
parameter increases. The effect of suction is to decreasskin friction coefficient
(which is evident from Fig. 13). The rate of heat trans#§i0) as a function of the
Eckert number for different magnetic parameter are showhign 14. It is observed
that the rate of heat transfer enhances for increase in bagimetic parameter and Eckert
number. Fig. 15 illustrates the variation of rate of heandfar’(0) against theEc
for different suction parameter. The rate of heat trangfér) of the fluid reduces with
increase of suction parameter. In Fig. 16, the effect of EakemberEc over the rate
of heat transfep’(0) for different values of Prandtl numbé?r is demonstrated. It is
apparent that increase - decreases the rate of heat tran#fée).

M?>=2.0
L =10 A =05
1 R, =100

—2.5 Mi=4
0.4 F"(O) MZ:6
h(M) = .
05 M" =8
> 3.5 lf
20 4 60 80 1
Rj———
Fig. 11. Effect ofSc over dimensionless Fig. 12. Skin friction coefficient for
concentration distribution. variousM?.

A =10
- Pr=0.71
M =2.0 R, = 100

(k v -1 ]\/Iz = 0
F"'(0)
- 0'(0) /

Fig. 13. Skin friction coefficient for Fig. 14. Influence of\? over rate of
various values oA. heat transfer.
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6'(0)

4

M’ =2.0 M’ =2.0
Pr=0.71 L =10
-0.25 =05 Ri=100 0 pr=o71 Ri =100

o5 =10 0.5 Pr=10
=15 .
-0.75
2=2.0
4 Pr=175
= Pr=23

6'(0)

-1.5

Fig. 15. Influence of over rate of heat Fig. 16. Surface heat transfer rate
transfer. against Eckert number for differeftr.

Conclusion

The effects of viscous and joules dissipation on MHD flow withat and mass transfer
past a stretching porous surface embedded in a porous méxlamalyzed in the present
study. In the absence of porous medium, Joules dissipatidnnzass transfer these
results agree quantitatively with the earlier result of &aki Lodha [10]. The important
conclusions of the study are summarized below:

The effect of magnetic parameter is to decrease both thendim@ess transverse
velocity, longitudinal velocity and also the skin frictiaoefficient.

In the presence of viscous and Joules dissipation, theteffecagnetic parameter is
to increase the temperature, concentration and the heaferaate.

While the effect of suction parameter is to decrease thedimensional longitudinal
velocity, temperature, concentration, skin friction aaterof heat transfer, its effect
is to accelerate the dimensionless transverse velocity.

Prandtl number reduces both the temperature distributidnheat transfer rate for
its increasing values.

Formation of thin thermal boundary layer is observed fagafvtam the plate for
higher value of suction parameter.

The flow of heat becomes faster when the Eckert number ineseds increase in
Schmidt number results in lowering the concentration itistion steadily.
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