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Abstract. The problem of unsteady oscillatory flow and heat transfea imorizontal
composite porous medium is performed. The flow is modelenbusie Darcy-Brinkman
equation. The viscous and Darcian dissipation terms areiatduded in the energy
equation. The partial differential equations governing flow and heat transfer are
solved analytically using two-term harmonic and non-hariméunctions in both regions
of the channel. Effect of the physical parameters such apdahmus medium parameter,
ratio of viscosity, oscillation amplitude, conductivitgtio, Prandtl number and the Eckert
number on the velocity and/or temperature fields are shoaphigcally. It is observed
that both the velocity and temperature fields in the chanealahse as either of the porous
medium parameter or the viscosity ratio increases whilg therease with increases in
the oscillation amplitude. Also, increasing the thermahdactivity ratio is found to
suppress the temperature in both regions of the channel efféets of the Prandtl and
Eckert numbers are found to decrease the thermal state anémmel as well.

Keywords: unsteady, composite porous medium, horizontal channel.

Nomenclature

A real positive constant s permeability of porous matrix

C, specific heat at constant pressure 7' temperature

Ec Eckert number T, walltemperature

h  channel half width t time

K thermal conductivity u,v velocity components of velocity along
k  ratio of thermal conductivities and perpendicular to thegexd, resp.
m ratio of viscosities u; average velocity

P non-dimensional pressure gradient vy  scale of suction

p  pressure x,y Cartesian coordinates

Pr Prandtl number
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Greek letters

e  coefficient of periodic parameter wt periodic frequency parameter
0  Kronecker delta kinematic viscosity

po fluid density porous medium parameter

p fluid dynamic viscosity non-dimensional temperature
w frequency parameter

< Q X

Subscripts

1,2 quantities for region | and region Il, respectively
eff effective value for porous matrix

Superscripts
x dimensionless quantity

1 Introduction

In recent years considerable interest has been evidenctteistudy of flow past a
porous medium because of its natural occurrence and imputm both geophysical
and engineering environments. Research on thermal iniendwetween heat generating
porous bed and overlying fluid layer was largely motivatedh®/nuclear reactor severe
accident problems. Another area of nuclear engineerindicgiens is the design of
pebble bed reactor which requires a proper understandifgradéd convection through
packed beds under normal operating conditions and of freeeation either in the case
of loss of coolant or during cold shut down. The applicatiats include problems
involving porous bearings [1-6], porous rollers [7], posdayer insulation consisting of
solid and porous media [8] and, in biomathematics. Comedkitd and porous layers
also find its application in porous journal bearings. Undigthhpressure conditions,
the lubricant is squeezed into the porous matrix which sgledhe fluid as soon as the
pressure decreases thereby maintaining a liquid-film berwibe shaft and in human
body hip and knee, etc., acts on a similar principle. Theas@d$ of the joint are articular
cartilage, a smooth rubbery material which is attacheddattid bone. The surface of the
articular cartilage is rough and porous, and hence, carthiapynovial fluid. It has been
suggested that because of the porous nature of the artwadlage, other lubricating
material is squeezed into the joint when it is under stresse Beory is that pressure
causes lubricating “threads” to squeeze out of the cadilatp the joint; one end of each
lubricating threads remains in the cartilage and as thespreseduces, the threads are
pulled back into the holes. Zaturaska et al. [9] reportecherflow of viscous fluid driven
along a channel by suction at porous walls. More recentiygkind Cox [10] performed
an asymptotic analysis of the steady-state and time-depeérhaminar porous channel
flows.

Problems involving multiphase flow and heat transfer andtiraoimponent mass
transfer arise in a number of scientific and engineeringmlises and are important in the
petroleum extraction and transport. For example, the vegenck of an oil field always
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contains several immiscible fluids in its pores. Part of theeprolume is occupied either
by oil or gas or both. Crude oils often contain dissolved gagkich may be released
into the reservoir rock when the pressure decreases. Therdden some theoretical
and experimental work on stratified laminar flow of two imnitiée fluids in a horizontal
pipe [11-14]. Chamkha [15] reported analytical solutioos ffow of two-immiscible
fluids in porous and non-porous parallel-plates. Later oHMwo-fluid convective flow
and heat transfer in composite porous medium was analyzkthtashetty et al. [16—18].

All of the above studies pertain to steady flow. However, aifigant number of
problems of practical interest are unsteady. The flow udgteas may be caused by a
change in the free stream velocity or in the surface temperatr in both. When there is
an impulsive change in the velocity field, the inviscid flondsveloped instantaneously,
but the flow in the viscous layer near the wall is developedisiavhich becomes fully
developed steady flow after sometime. Raptis and KafousRjsstudied the influence
of a magnetic field on the steady free convection flow througbraus medium bounded
by an infinite vertical isothermal plate with a constant grcwelocity. Umavathi [20]
studied oscillatory flow of unsteady convective fluid in anité vertical stratum.

The objective of this paper is to consider unsteady flow amd th@nsfer in a horizon-
tal composite channel consisting of two parallel permeplaltes with half of the distance
between them filled by a fluid-saturated porous layer andftter dvalf by a clear viscous
fluid.

2 Mathematical formulation

Consider unsteady, fully developed, laminar flow of an inposssible viscous fluid
through a an infinitely-long composite channel (see Fig. 1).

h Twz
Region Il
- X
0000 00 0o %o 0o Region |
O 0o0o 00 0O OOOO 0O 00 OO O

0000 000DO0ODO0DODOGO®OOO0OO0O0O
0o 0 00 00 0000 00 00

I’ -h T

Porous
material

w1

Fig. 1. Physical configuration.
The region—h < y < 0 (region |) is filled with a porous matrix and the region

0 < y < h (region 1) is occupied by a clear viscous fluid. The two walighe channel
are held at constant different temperaturgs and7,,, with ,, < T, and the infinite
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plates are placed horizontally. It should be noted heredinat the plates of the channel
are assumed to be infinite, all of the physical dependenabkas except pressure will
only depend orny andt. The thermo-physical properties of the fluid and the effecti
properties of the porous medium are assumed constant. ionredpoth the fluid and the
porous matrix are assumed to be in local thermal equilibrigmrther, the flow in both
regions of the channel is assumed to be driven by a commosypregradient— %) and
temperature gradied®7" = T, — Ty,,.

With the assumptions mentioned above, the governing empstf motion and
energy are:

a’Ui
= 1
By 0, (1)
Ou,; ou,; O%u;  Op 1
i = - o XU, 2
po(@t +v 8y> Xu 0y or XU (2)
oT; dY; 0T, oui\> o,
— TV | = XKk—F 5 — —uj, 3
pocp<8t A ay) XK oy X“<8y> g ©

wherei = 1,2 gives equations for regions | and Il, respectivelys thex-component of
fluid velocity,v is they-component of fluid velocity and is temperature of the fluichg,

w andC, are the fluid density, dynamic viscosity and specific heabastant pressure,
respectively. The parameteiis the porous medium permeability. The other coefficients
appearing in equations (2) and (3) are such that

Xu = Mefr  fOr porous matrix region,

Xp =W for clear fluid region,
x=1 for porous matrix region,
x=20 for clear fluid region,

Xk = Kcpr for porous matrix region,
xx = K for clear fluid region.

The boundary conditions on velocity are the no-slip boupdaimditions which
require that the-component of velocity must vanish at the wall. The boundanditions
on temperature are the isothermal conditions. It is alsorasd that the velocity, shear
stress, temperature and heat flux at the interfaces arencons.

The boundary and interface conditions on velocity for the fluids can then be
written as

’U,l(*h) = 0,
u1(0) = u2(0),

0u1 6u2
—— =p—o— aty=0.
e ff Dy 12 By Y

(V%) (h) = 0,
(4)
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The thermal boundary and interface conditions for both daick given by

Tl(_h) = Twu TQ(h) = Twza
T:1(0) = T»(0),
oTy oTy

Kefpf—=K— aty=0.
ff@y By Y

®)

The continuity equations of both fluids (equation (1)) impat, v; and vy are
independent of;, they can be utmost a function of time alone. Hence, we catewri
(assumingr, = vy = v)

v = vo(l + EAei“’t), (6)

where A is real positive constant, is the frequency parameter ands small such that
eA < 1. Here, it is assumed that the transpiration velocity vgpesodically with time
about a non-zero constant mean WhenesA = 0, the case of constant transpiration
velocity is recovered. By use of the following non-dimemsibquantities

2

— * v * v * * 2 4
Ui = U1y, Y= —Y, t:_gta V=70V, 0 =—5,
() ’UO S’UO (7)
V2 oP T — Ty, E Ug
= — _— = - C = .
‘LL’U(2)U() ox ’ Tw1 - ng ’ CpAT
Equations (2) and (3) are placed in dimensionless form as
ou; ou; 0%u;
= = A" — xoPu; — P e}
o V%, oz X h (8)
00; 00 020 oui\’
! ! = B—= + AE : Ecu? 9
5t +U8y o0 + C(ay) + xo°Ecus, 9)

wherei = 1, 2 gives equations for regions | and Il and

k 1
Ai=m, Ay=1, Bi=—, By=—.
1 m, 2 ) 1 PT', 2 Pr

Pr = %, m = ”% is the ratio of viscosities ank = % is the ratio of thermal

conductivities.

The non-dimensional form of the hydrodynamic and thermahgiary and interface
conditions reduce to

Ul(fl) - 07 UQ(]') - 0;
u1(0) = u2(0),
8u1 o a’u,g

L2 aty=0;

(10)
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91(71) - 17 92(1) - 07

00, 06, B

(The asterisks have been dropped for simplicity.)

3 Closed-form solutions

The governing momentum and energy equations (8) and (9)ddwedssubject to the
boundary and interface conditions (10) and (11) for thecsigl@nd temperature distribu-
tions in both regions. These equations are coupled paiffatehtial equations that can
not be solved in closed form. However, they can be reduceettof®rdinary differential
equations that can be solved analytically. This can be dgrefiresenting the velocity
and temperature as

ui(y, 1) = wio(y) + ce™tuyy (y) + 0(52) +..., 1=1,2, (12)
Hi(y, t) = Glo(y) + 5@’“’59,-1 (y) + 0(82) +..., 1=1,2. (13)

This is a valid assumption because of the choice of v as defineduation (6) that the
amplitudezs A < 1.

By substituting equations (12) and (13) into equations ¢89), equating the har-
monic and non-harmonic terms and neglecting the higherradetens of O(¢?), one
obtains the following pairs of equations far;o, 6;0) and(u;1, 6;1).

Non-periodic coefficientsO ()

2
d*us0 duso

A, — x02u = P, 14
dy? dy X0 Usi0 (14)
d29i0 db;o duso 2 2 2
B,——— =-AF — Ecuz,. 15
dy? dy ¢ dy X0~ LCUyg (15)
Periodic coefficientsO (')
dQU‘l du:l du i0
Ai—l = — 2 ' i1 = _A—Z ’ 16
e m X(a + zw)u 1 m (16)
d29,‘1 d9i1 duio d’u,io du,-l 2
———— —qwhy = —A —2FEcA; — =2 Ecuguii. (17
1 m 1wl m c Iy dy xo“Ecuiour. (17)

Using equations (12) and (13), the boundary and interfaceitions may be writ-
ten as:

Uh(*l) = 0, 'LLQZ(l) = 0,

©13(0) = u2(0), (18)
G R —
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01i(—1) =1—1015, 02(1)=0,
61:(0) = 62;(0),
Q0 00

k = aty=20
ay By Yy )

(19)

wherei = 0, 1 gives the boundary and interface conditions for non-péeic@d(c")) and
periodic(O(e!)) coefficients, respectively and; is the Kronecker delta.

Without going into detail, solution of the equations (14)1d) using the boundary
and interface conditions (18) and (19) can be written as

P
Uu1o0 :Clemly + 02€m2y - 5 (20)
o
ug0=C3 + Cge™ Y + Py, (21)
91() = 05 + Cﬁem4y + kgy + kmemly + k11€m2y
+ k12 + ky3e®™M2Y + ky4e™0Y, (22)
fa0 = Cr + Cse ™Y + kise ™ + kige ™ + kiry, (23)
u11 =e“Y (X Cy cos Fry + XChosin Fry) + Eqe™Y + Ege™?Y
+1 [eely(YCg cos F1y + Y Cipsin Fry) + Fae™Y + F3em2y], (24)
ug =e*Y (X Chq cos Fuy + X Chasin Fyy)
A
+1i|e“Y (Y Chy1cos Fuy + Y Chasin Fyy) + —(Cye ¥ + P) |, (25)
w

011 =e®Y(X C13 cos Fsy+ X Cr4sin F5y) + Pyqe®™Y 4 Pyye®™2Y 4 Fre™aY
+ Pose™5Y + Poge™ Y + Pore™™2Y +e"0Y ( Payg cos Fry+ Pag sin F1y)
+e™7 (Psg cos F1y+ Ps1 sin Fry)+eY (Psg cos Fy+ Pas sin Fiy)
+1 [ee5y(Y013 cos Fsy+Y C1y sin Fyy) 4+ Qo3e>™1Y +Qqqe®™2Y
+ Fre™ Y+ Qo5 + Q6™ Y 4+ Qore?Y
+e"%Y (Qag cos F1y—+ Qag sin F1y)
+e™™(Qs30 cos F1y+Qs1 sin Fy)
+e“Y(Qs2 cos F1y+Qs3 sin Fiy)+ Ks), (26)
021 =e®?"Y (X C15 cos Fory+ X Ciesin F27y)+P44e*29+P4g,e*y
+e"8Y (Pyg cos Fyy—+ Pyr sin Fuy) +efay (Pyg cos Fyy—+ Pyg sin Fyy)
+1 [eewy (X 15 cos Fory+ X Cigsin Fary) +Pye Y4 PyseY
+koge 7Y 4 e™sY (Pyg cos Fyy—+ Pyr sin Fuy)
+e°4Y(Pyg cos Fuy+ Pyg sin Fyy) +k:29} . (27)

It should be noted that all of the constants appearing in blog@solutions are defined in
Appendix section.
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4 Results and discussion

The problem of unsteady flow and heat transfer in a horizaataposite porous medium
channelis investigated analytically. The closed-fornusohs are reported for small such
that oscillation amplitudeA < 1. The solution of non-periodic and periodic coefficients
of e’ is evaluated for various parametric conditions. The resari depicted graphically
in Figs. 2 to 10.

Figs. 2 and 3 display the effect of the porous medium paramaets the velocity
and temperature profiles, respectively. As the porous megarametes increases, the
velocity and temperature decrease in both regions of thereHaThis is expected since
the porous matrix represents an obstacle to flow and therefeduces its velocity and
temperature. This result is also similar to the case of fdlyeloped flow through a
porous medium as predicted by Rudraiah and Nagraj [21].

Region-Il Region-Il

05 |- 05

00

00

05 05+ NN 5[.‘00
3

Region-|

E L L L L 10 L L I I
00 05 1.0 u 15 20 00 02 04 o 06 08 10

Fig. 2. Velocity profiles for different values Fig. 3. Temperature profiles for different
of the porous medium parameter values of the porous medium parameter

Fig. 4 depicts the effect of Prandtl number on the tempeegiwfiles. The Prandtl
number is the ratio of momentum diffusion to heat diffusittfis a measure of the relative
importance of viscosity and heat conduction in a flow fieldugras the Prandtl number
increases, the viscous forces dominate over heat conduatid hence, the temperature
decreases. This is obvious from Fig. 4.

Fig. 5 presents the effect of the Eckert number on the temyoerprofiles. Physically
speaking, the Eckert number represents the effects of stews and porous medium dis-
sipations. As the Eckert number increases, the temperigiden the channel decreases.
The magnitude of reduction in the temperature field in redgiicmlarger compared to that
in region I.

The effect of the viscosity ratio m on the velocity and tenapere profiles is shown
in Figs. 6 and 7, respectively. As the viscosity ratio inee=g both the velocity and
temperature profiles are decreased. This is due to the fattaththe fluid viscosity
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increases, the fluid in both regions of the channel becomriekethand hence the flow
velocity is reduced causing the temperature distributioretiuce as well.

LU

10

Region-lI Region-ll

30
18
0.7
Pr=0.0001
00

y Region-I

05+ 05 -

00 02 04 06 08 10 10

Fig. 4. Temperature profiles for different Fig. 5. Temperature profiles for different
values of the Prandtl numbétr. values of the Eckert numbétc.

Region-II Region-Il

05

W 00 Y 00
y Region+! y Region-|
30
20
1.0
05 0.5
m=0.25

Fig. 6. Velocity profiles for different values Fig. 7. Temperature profiles for different
of the ratio of viscositiesn. values of the ratio of viscosities.

Fig. 8 displays the influence of the thermal conductivityardt on the temperature
profiles. Increases in the thermal conductivity ratio hdaetendency to cool down the
thermal state in the channel. This is depicted in the redndéti the fluid temperatures as
k increases as shown in Fig. 8.

Figs. 9 and 10 illustrate the effect of the oscillation atyales A on the velocity and
temperature fields, respectively. It should be remindetittteoscillation amplitude was
assumed to be small in evaluating the analytical solutieg 4 < 1. The condition of
eA = 0 is for steady state solutions. It is clear from Figs. 9 andhBd &s the oscillation

amplitude increases, both the velocity and temperaturfiiggsdncrease in both regions
of the channel.
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Regior+| Region-Il

05 05 -

A=00 0. 0.

00 0.0

05 |

Fig. 8. Temperature profiles for different Fig. 9. Velocity profiles for different values
values of the ratio of conductivitigs of the oscillation amplitude A.

Regior-|

eA=0f 0.1 0.2

Region-|

10 L L L I
000 075 1.50 2.25 300

0 —

Fig. 10. Temperature profiles for different
values of the oscillation amplitudeA.

5 Conclusions

The problem of unsteady flow of a viscous fluid through a hariabcomposite channel
whose half width is filled with a uniform layer of porous medhahe presence of time-

dependent oscillatory wall transpiration velocity wasdstigated analytically. Both the
fluid and the porous matrix were assumed to have constanigathpsoperties. Separate
closed-form solutions for each region of the channel wetaiobd taking into conside-

ration suitable interface matching conditions. The clef@h results were numerically

evaluated and presented graphically for various valuesepbrous medium parameter,
viscosity and thermal conductivity ratios, oscillation@litude and the Prandtl and Eckert
numbers.

It was predicted that both the velocity and temperature lpoflecreased as either
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of the porous medium parameter or the viscosity ratio waseased. Furthermore, it
was concluded that the temperature field decreased as efttie Prandtl number, the
Eckert number or the thermal conductivity ratio increast¢alvever, both the velocity and
temperature fields in the channel increased as the osmillaiinplitude was increased.
It can be concluded that the flow and heat transfer aspectshioriaontal composite

channel with permeable walls can be controlled by congidatifferent combinations of

fluids and porous media having different viscosities, catiglities and also by varying

the amplitude of the transpiration velocity at the boundary

Appendix
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By = 2kamy + 1,
B7 = 2kseq + 1,
BIO = 2m8 + P?“,
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By = B} +w?Pr®— B}, F2,
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)
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—2Ecmkgow —2Eco?Cleqw
Fig = 2 2 27 I = 2 2 27
(kam2 +ms5)? +w (4komi 4+ 2mq)? + w
P —2Fcc?Chesw oo —2Fco?kogw
18 (4kam3 + 2ma)? + w?’ 197 (kam2 4+ ms)? + w?’
[ —2Fc Pesw o —2Fc Pesw
07 (kom2 + mp)? + w2’ 2T (kgm2 + ma)? + w2’
Foo — 72ECO’201FQW Fow — 72ECO—202F3CU
2= (4kam? + 2m;)? + w?’ 2 (4kam3 + 2msg)? + w?’
B, —2Fco?korw e —2FcPFyw
227 (kymZ + ms)? + w?’ 7 (hgm? ¥ my )2 + w?’
[ —2Fc PFsw P — V/Tasin(64/2)
26 (amZ 1 ma)2 1o =5
72P7"2Ak15w PTQAkmw
Fos = Foo =
® T 4—2Pr)2 +w2Pr?’ # T 1 = Pr2+w2Pr?’
[ —2Fc¢ P’I“QACZ . —2FEc PriAC, .
0T 4—2Pr2 +w?Pr2’ TF T (1= Pr)? +w?Pr?’
k —mEcm3C} —mEcm3C3
kzZP—, k3 = ———F"—, k4t =F1%5—7"",
T dmiks + 2my dmska + 2meo
he — —2mEcmimsC;Cy ke — —0?EcC? o —0%?EcC3
mgkﬁg + ms ’ 4m%k2 + 2m, ’ 4m%k2 + 2’!7127
e — —EcP? o — —20%2FcCCy _ 2EcCP
8 o2 9 m2kay + mg 10 m2ky +my’
2EcCy P
ki = T — —|—2m ; kig = k3 + ke, ki3 = kg + kr,
22 2
—FEc PrC? 2FEc Pr PCy
by = ks + k ppo = —Lebrey o, 2kePrPCy
14 5 + Ko, 15 1_opr 16 11— pr
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7Ak’8 2Ecmm1C’1
ki = —Ec P? kig = kig= —————
17 & ’ 18 w ’ 19 4B%B§F12 + B§ )
2EcmmoCo
koo = W’ ka1 =mima(Crest+Caea), koo =mima(CrF3+CoFy),
fon — 2EcoCy fo — 2Eca?Cy fon — 2EcP
¥ T UBBIZFE+ B2 ' T ABB2F2+ B P G2(4B2BIF? + B2)
PrAC,
kas = Cres + Caea, kor = C1F3 4 CoFy, kog = TS,
I —Ak17 I —2FEc PrCy —2EcPrP
20 = — 30 = y K31 = ;
w 4B%OB%1F42 + B%Q 43%33%4}742 + B%5)
—1 —1 —1 P
lh =1— (e — 1)ymmy, lo =1— (e — 1)mma, ls =Pe " — —;,
o

s = —ks+ k10€7m1 -+ klleimQ -+ k12672m1 -+ k13672m2 —+ k14€7m5 — ].,
ls = kise 2+ kige ' +kir, o = kio + ki1 + k1o + ki3 + k1a — k15 — k16,
l7 = k(ks + mikio + makii + 2mikia + 2makiz + mskia) + 2kis + kig — ka7,

kma(e= " —1) lz(e=Fr —1)
g =1 2mate 72 lo = ls+1g— ¢~
8 Dr ; 9 51 s Dr ;
li0 = e~ cos I, l11 = —e~* sin I,
l12 = ege™ ™ + eze” M2, lig = Foe ™™ + Fze™ ™2,
114 = 664 COS F‘47 l15 = 664 sin F‘47
A
lie = ;(046_14-13), lir = ez +e3,
A
lig =Fy + F3 — ;(C4+P), lig = m(miez + maes),
AC Fyl
log = m(m1 Fo + moF3) + T gy = ey
w lis
Fyl
lyg = =28 4 Loo, log =mer +1lo1,  log = lorliz + o,
15
los = lotlig + 12, log =€ “®cosky, lor =—e “sinFs,

log = Paze™ 2™ 4 Poye 22 4 eqe™ ™4 + Pase ™5 + Page” ™ + Pare” ™2
+ e M (Pygcos F1 — Pagsin Fy) + e~ ™ (Psg cos Fy — P31 sin Fy)
+ e (Psycos Fy — Pagsin Fy),

log = Qa3e 2™ + Qaae™ 2™ + Fre™ ™ + Qaze™ ™ + Qage” ™ + Qare” "2
+e ™ (Qagcos F1 — Qagsin Fy) + e~ ™" (Qs0 cos F1 — Q31 sin Fy)
+ e (Q32 cos 1 — Q33sin Fy) + ks,

l30 = €7 cos Fo7, 131 = €% sin Foy,

410



Unsteady Oscillatory Flow and Heat Transfer in a Horizotaimposite Porous Medium Channel

I3g = Pyge % + Pyse™ ' + €™ (Pyg cos Fy — Py7sin Fy)
+ €°(Pyg cos Fy + Pygsin Fy),
lss = Quae > + Quse™ " + €"*(Qup cos Fiy + Qursin Fy)
+ €% (Qus €08 Fy + Quo sin Fy) + koge ™" + koo,
l34 = Poz + Poy 4+ e7 + Pos + Pog + Por + Pog + P3g + P32
— Pyy — Pys — Pyg — Pug,
I35 = Qa3 + Qaa + F7 + Qa5 + Qa6 + Q27 + Q2s + Q30 + Q32
— Qua — Qa5 — Qa6 — Qug — kog — koo,
lsg = k(2mq Pag + 2maPag + myer + mz Pos + my Pag + maPay + mgPas
+ 1 Pog +m7P3o + F1 P31 + ey P3p + F1 P33)
+ 2Py + Pys — mg Py — FyPyr — e4Pyg — Fy Py,
I37 = k(2m1Qa3 + 2maQa4 + maFr + msQas + m1Qae + maQar + meQag
+ F1Q29 + m7Q30 + F1Q31 + €1Q32 + F1Q33)
+2Qua + Qus — msQue — F1Qa7r — €4Qus — F1Quo + Prkas,

Forl- Forl Forl-
las = 2220 _er, lgo = 22 4 lgs, lao = 2 4y,
131 l31 Z31
ly1 = kes + 33, lag = l3gl3a + 139,  laz = l3sl3s + l40;
—1+ sqrtl 4+ 4™ —1 —sqrtl + 4™
my = s mo = )
2m 2m
-1
my = —, ms = m1 + mg;
ko
P, =e1 XCy + F1 XChy, Py, =e1 XCo — F1 Xy,

Py = —DyF}P, + DoF1 Py + D3Py, Py = —D1F2Py — DyFy Py + D3P,
Py = —D5F{ Py + DsFi Py + D;P1, Ps = —DsF{Py — DgF1 Py + D7P,
P; = —D1F?Q1 + DyF\ Py + D3Pi, Py = —D1F2Qy — DyF1Q1 + D3Qo,
Py = —DsF?Q1 + DsF1Qa + D7Q1, Pig = —D5F?Qq — DsFiQ1 + D7Qo,
Py = —D1FEXCy+ Dy XCho + Ds X Co,

Piy = —D1F2XCi9 — D2F1 XCy + D3 X Chy,

Pi3 = —DsF2XCy + DgFy X Cho + D7 X Co,

Py = —D5FXCyg — DgF1XCo 4 D7X Cho,

Pi5 = —DgF?XCo + D1oFy1 X Cho + D11 X Cy,

Pig = —DgFEXC19 — D19F1 XCo + D11 X Cho,

Py; = —D1FEYCy + Do Fy Y Cho + D3Y Cy,

Pig = —D1F2YCyo — DaF1Y Cy + D3Y Cho,
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Pig = —Ds5F2YCy + DgFyY Cho + D7Y Cy,
Pyy = —D5FY Cig — DgF1Y Cy + D7Y Cho,
Py = —DgFY Cy + D1gF1Y Cyp 4+ D11Y Co,
Py = 7D9F12Y010 — D1gF1YCy + D11Y Chp,

Py3 = esq+e11—Fia+eir—Fao, Py = eg+e12—Fi5+e1g—Fhs,
Pys = eg+e13—Fig+eig — Fha, Pyg = eg+eao — Fas,
Po7 = erp+ea1 — Fag, Py = le(P37Q7)+k23(P117Q17)7

Pog = k1o(Py—Qs)+kos(Pra—Q1s), Pso = koo(Ps—Qo)+kas(Pis—Q1o),
Ps1 = koo (Ps — Q10) +k24(Pra—Q20), Ps2 = kas(P15—Q21),

Ps3 = ka5 (P16 —Q22), Py = eaXCn+ FaXCha,

P35 = e4 XCro— F4 X C1y, Pyg =—D13F Pya+D14Fy Py + Dis Pas,
P3; = —D13F% P35 — D14 Fy P34y + Dy5Pss,

Psg = —D17F2 P34 + D1gFy Ps5 + D19 Py,

P3g = —D17F? P35 — D1gFy P34 + D19 Pss,

Pyo = —D13F7Q34 + D14FyQ35 + D15Q34,

Py = —D13F2Q35 — D14F4Q34 4+ D15Qs3s,

Py = —D17F?Q34 + D18F4Q35 + D19Q34,

Py3 = —D17F2Q35 — D18F4Q34 + D19Q3s,

Pas = ea5 — Fao, Pys = e29 — F1, Pys = k3o(P3s — Qao),
Py7 = k3o(Ps7 — Qa1),  Pas = ks1(Pss — Qu2), Pao = ka1 (P39 — Qus);

Q1 = e1YCy + F1Y Chy, Q2 = e1YCig — F1Y Cy,

Q3 = Dy P, — wB3 Py, Qs = —DyF1 Py —wB3 P,

Qs = DgF1 P, — wBg Py, Q6 = —DgF Py —wBghs,

Q7 = DyF1Q2 — wB3Q1, Qs = —DyF1Q1 — wB3Q)2,

Qo = DgF1Q2 — wBsQ1, Q10 = —DgF1Q1 — wBgQ2,

Q11 = DyF1 XC1g —wB3XCy, Q12 = —D4yF1 XCy — wB3 X C1o,

Q13 = DgF1 XC1g — wBg X Cy, Q14 = —DgF1 XCy — wBs X C1o,
Q15 = D121 XC19 — wByg X Cy, Q16 = —D12F1 XCy — wBy X C1y,
Q17 = DyF1Y C1g — wB3Y Cy, Q18 = —D4F1YCy — wB3Y Uy,

Q19 = DsF1Y C1p — wBgY Cy, Q20 = —DgF1YCy — wBgY Cio,

Q21 = D12F1Y C1o — wBgY Cy, Q22 = —D12F1Y Co — wBgY Cho,

Qa3 = Fso + F11 + €14+ Fi7 + €22, Qa4 = Fs + Fi2 + €15 + Fig + ea3,
Qa5 = Fs + Fiz + e16 + Fig + €21, Qa5 = Fo + Foo + €25,
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Q27 = Fio + Fo1 + e,

Q29 = k19(Qa+Ps)+k23(Q12+ Pis),
Q31 = k20 (Qs+Pro)+k24(Qra+Pao),

Q33 = ka5(Q16 + Pa2),
Q35 = e4Y C12 — FLY Cyy,

Q37 = —D16Fy P34 — wPrBy2Pss,
Q39 = —DyoFyPsy — wPrBy5Pss5,
Qu = —D16F1Q34 — wPrBi12Q3s,
Qa3 = —D2F4Q34 — wPrB15Qs3s,

Qa6 = k30(Q36 + Pao),
Qus = k31(Q3s + Pi2),

li1las — miFilio
XCy = 2 MAe
’ mEilo — liilos

XCi = XCy + Uiy,

lorlas — kFslasg

Xy — 27042 — Fl508
Cra kFsla — lo7lay’

XCi5 = XCr3 + 3,

l11los — miFily:
Y0971125 myl1t13

mFil — linlas
YCi11 =Y 0y + i3,

lorlaz — kFslag

YO,y = 273 T KT
B kFslas — lorlay’

YCi5 =Y i3 + I35,

r = +/(14+mo2)? + (dwm)?,

r3 = 1/1+ 16w2k3,

1 4dwm
1+ mo?’

03 = tan71(4wk2),

01 = tan™

Q28 = k19(Q3+Pr)+ka3(Q11+ Pi7),
Q30 = k20(Qs5+Po) +k24(Q13+4 Pro),
Q32 = ka5(Q15 + P21),

Q34 = e4YCr1 + FyY Cha,

Q36 = D16Fu P35 — wPrB12Q34,
Q38 = Do Fy P35 — wPrB15Q34,
Qa0 = D16F1Q35 — wPrB12Q34,
Qa2 = D2 FuQs5 — wPrB15Q34,
Qa4 = Fog+es3p, Qa5 = Fag+e31,
Qa7 = k30(Q37 + Pu1),

Qa9 = k31(Q30 + Pu3);

— (110X Cy + 112)

XCio = )
li1
XCpy = —114XC117
l1s
XCpy = —(lo6 X Cr3 + 128)’
lo7
XCy = —(l30X C15 + 132),
l31
—(l10Y Cg + 1=
Yy = (l10Y Cy 13)7
li1
YOy = —114Y Ci1 + lis
lis
YOy, = —(lo6Y Ch3 + 129)7
la7
YOy = *(130ch15 + 133);
31

ro = v/ 1+ 16w?,
ra =/ Pr? + (dwPr)?,

0y = tan_1(4w),

4w
6y = tan~t =.
r
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