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Abstract. In this study, a multiobjective nonfragile control is proposed for a class of stochastic
Takagi and Sugeno (T-S) fuzzy systems with mixed time delays to guarantee the optimal Hs and
H, performance simultaneously. Firstly, based on the T-S fuzzy model, two form of nonfragile
state feedback controllers are designed to stabilize the T-S fuzzy system, that is to say, nonfragile
state feedback controllers minimize the H2 and H, performance simultaneously. Then, by
applying T-S fuzzy approach, the multiobjective Hz/H nonfragile fuzzy control problem is
transformed into linear matrix inequality (LMI)-constrained multiobjective problem (MOP). In
addition, we efficiently solve Pareto optimal solutions for the MOP by employing LMI-based
multiobjective evolution algorithm (MOEA). Finally, the validity of this approach is illustrated by
a realistic design example.

Keywords: multiobjective nonfragile control, mixed time delays, Pareto optimal solutions, linear
matrix inequality.
1 Introduction

Stochastic systems have attracted much attention due to their practical application, such
as mathematical finance, gene networks, signal processing, etc. [2,3,21,32,39,40]. The
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time delays are frequently encountered in many practical engineering systems, such as
communication, chemical systems, financial and economic systems, and so on. It has been
shown that the existence of time delays in dynamical systems often leads to instability
and performance degradation. Therefore, stability analysis and controller synthesis for
control systems with time delays has been extensively investigated in the past years, and
a great deal of results related to time-delay systems have been reported in the literature
[4,5,12-14,27]. Naturally, the study on stochastic systems with time delays has received
considerable attention [10, 17-19,34-36,42].

During the past two decades, the well-known T-S fuzzy model [6,30] was considered
as a popular and powerful tool for approximating complex nonlinear dynamical systems.
Using the fuzzy model, the nonlinear system can be described as a weighted sum of simple
linear subsystems, and then the nonlinear system can be stabilized based on fuzzy control.
Therefore, the processing method in the traditional linear system theory can be applied
to T=S fuzzy systems. In the recent years, the research on T-S fuzzy system has been
deeply researched, and a lot of significant results have been obtained, see [8,9, 15, 16,22—
25,37,41] and the references therein. In particular, multiobjective optimization problem
of T=S fuzzy systems was investigated in [1, 28] recently. It is worth mentioning that in
many industrial applications, inaccuracy will inevitably occur in the implementation of
the controller due to numerical rounding errors and actuator degradation, which leads
to the study of nonfragile controllers [33]. The desired controller can provide sufficient
tuning margin and tolerate uncertainties in its coefficients. Nonfragile fuzzy control was
proposed to design a feedback control that will be insensitive to some error or variation
in gains of feedback control [20,31,43].

Meanwhile, several papers discussed the multiobjective optimization problem for the
nonlinear stochastic financial systems in recent literature [29,38]. Nevertheless, few work
devoted to the nonlinear stochastic financial systems with discrete delay and distributed
time delay. In fact, the nonlinear stochastic financial systems with mixed time delays
can more effectively describe the real economic system. Moreover, the existing literature
about the nonlinear stochastic financial systems only considered simple state feedback
controllers without taking into account changes in controller parameters. As we known,
the design of multiobjective nonfragile controllers for nonlinear stochastic mixed time-
delays systems has not been fully studied, which motivates our current research.

Motivated by aforementioned observation, this paper focuses on the nonfragile control
for stochastic T-S fuzzy systems with mixed time delays to guarantee the optimal Hs
and H, performance simultaneously. Firstly, nonlinear stochastic T-S fuzzy model with
mixed delays, Hy/H., performance, nonfragile state feedback controller with either
additive or multiplicative norm-bounded uncertainties are introduced. Secondly, the mul-
tiobjective optimization problem of nonlinear stochastic T-S fuzzy system is transformed
into a LMI-constrained multiobjective optimization problem by two kinds of nonfragile
fuzzy controllers. The stability of nonlinear stochastic mixed-times-delays systems is also
analyzed. Third, Multiobjective nonfragile fuzzy control for nonlinear stochastic T-S
fuzzy systems with mixed time delays is solved via LMI-constrained MOEA algorithm.
Finally, a financial system example is given to show the effectiveness and applicability of
the proposed methods.
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Notations. The notations used in this paper are standard. R™ denotes the n-dimensional
Euclidean space, AT represents the transpose of the matrix A; The notations A > 0
(A > 0) is used to denote a symmetric positive-definite (positive-semidefinite) matrix.
* denotes the symmetric block in symmetric matrix. || X || represent the Euclidean norm
of the matrix X. £%(R™, R™) is the space of nonanticipative stochastic processes. y(t) €
R with respect to an increasing o-algebras F; (t > 0) satisfies [|y(t)| c2@+.rn.0) =
E{[;° y"(t)Qy(t) dt}'/2. E is the expectation operator. diag{-} stands for a block-di-
agonal matrix. A(P) is the maximum eigenvalue of real-valued matrix P.

2 Problem formulation
Consider the following stochastic financial system with mixed time delays:

dx(t) = (f + Bu(t) + v(t)) dt + gdw(?), (1)
with
) = [2(t),y(t), (), 6(1)]
u(t) = [ua(£), ua(t), us(t),0] "

o(t) = [v1(t), va(t), vs(1),0]
J1=z2(t) + (y(t) — a)z(t) + hio(2),
fo=1—=by(t) — z*(t) + ha(y(t) — y(t — 7)),
—x(t) —cz(t),  fa=p(z(t) — (1),
f=1h, f2 f5, fal*, g =171, G2, 33, 0],

7
)

g
I

where x(t), y(t) and z(¢) represent the interest rate, the investment demand and the price
index, respectively. a > 0 represents the saving amount, b > 0 is the cost per investment,
and ¢ > 0 is the elasticity of demand of commercial markets. f : R® — R3 and g :
R? — R3 are nonlinear Borel measurable continuous functions, which are satisfied with
Lipschitz continuity. B is a 3 x 3 real-valued constant matrix. The x(t) € R3 is the state
vector; the initial state vector x(0) = xg. 71 > 0 is a constant time delay; distributed time
delay (continuous delay) ¢(t) = ffoo wexp(—pu(t — 7))x(r)dr, p > 0. Both h;y and
hs indicate the feedback intensity. The input vector u(t) € £%(R™;R3) is the admissible
regulation effort with respect to {F3 },- . v(t) € L3 (R*;R3) is regarded as an unknown
finite energy stochastic external disturbance and denotes the external disturbance caused
by the international situation like war or natural disaster. The term g dw(¢) can be regarded
as a continuous state-dependent internal random fluctuation.

Assume that x4 is an equilibrium point of nonlinear stochastic system in (1). One can
derive from (1) that the transformation x(¢) = x(¢) — x4 transforms nonlinear stochastic
system (1) into the following nonlinear stochastic system:

dz(t) = (f + Bu(t) + v(t)) dt + g dw(t), )

http://www.journals.vu.lt/nonlinear-analysis
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where [ = f(z(t) + x4, (t — 71) + x4) and g = g(x(t) + x4, (t — T1) + Xq)-
Thus, the control design problem of nonlinear stochastic system in (1) to the desired x4
is transformed to the stabilization problem of the nonlinear stochastic system in (2).

Next, we approach the stochastic financial system with discrete delay and distributed
time delay (2) by fuzzy interpolation method:

Plant rule:
fori =1,2...,1,
if 21 is G;1 and ... and z4 is G4, then
t

dz(t) = |Ajz(t) + Apz(t — 1) + Ao / x(s)ds + Bu(t) + Cyo(t) | dt

t—To

¢
+ | D;jx(t) + Dyz(t — 1) + Do / z(s)ds| dw(t), 3)

t—To
where [ is the number of fuzzy rules, z; ... z4 are premise variables, G;; is the fuzzy set.
The matrices A;, Ay;, Asi, B;, Ci, D;, D1, Do; € R™ ™ are constant matrices, and 71
and 7, are the discrete and distributed time delay, respectively.

By using singleton fuzzifier, product inference and center average defuzzifier, the
dynamic model (3) can be expressed by the following global model:

t

!
dz(t) = Z hi(2) [Az(t) + Ajz(t — 1) + Ag; / x(s)ds + Bu(t) + Cyo(t) | dt
i=1 t—T1o
¢
+ | Dix(t) + Dyx(t — 1) + Da; / x(s) ds] dw(t), 4)
t—To
where z = [21,25,...,25]", pi(z) = [T)=; Gij(z)), hi(z) (2)/ 0 (2),
i

= u i=1
and G;;(z;) is the membership grade of z; in G;;. Suppose p;(z) > 0,7 = 1,2,...,1,
22:1 wi(z) > 0. Therefore, h;(z) > 0fori=1,2,... 1, and 22:1 hi(z) =1

Remark 1. Recently, T-S fuzzy systems have been used to efficient approximated nonlin-
ear dynamic systems [1,9,15,28,30]. We also give an example to show that stochastic T-S

fuzzy system (4) can effectively approximate nonlinear stochastic financial system (2) in
the final simulation.

Similarly, a nonfragile state feedback controller is designed for a given T-S fuzzy
system (4) as follows:

Control rule j:

fort =1,2...,1,

if z1 is Gj1 and ... and 2z, is G4, then
u(t) = (K + AK;)x(t),
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The matrix K; is to be designed such that the closed-loop system is stable. AKj is the
gain variation of K; and AK is assumed to be of the two form:

Case 1. AK; has an additive uncertainty:
AK; = My Fi;(t)Nyj; 5)
Case 2. AK; has a multiplicative uncertainty:
AK; = My Fs;(t)Noj K, (6)

where My;, Nij, M>; and N»; are known real constant matrices, F1; and Fy; are un-
known matrix functions satisfying FlTjFlj <, F;;ng < I
Hence, the overall fuzzy controller is given by

ult) = hi(2) (K + AKj)a(t), 9

j=1

where h;(z) is designed as (4).
Under control (7), the overall closed-loop system is obtained as follows:
l

l
da(t) = 330 h:)hy(2)

=1 j=1

Alx(t) + Ah.’L'(t — Tl)

t
+ Ag; / l‘(s) ds + Bi(Kj + AK])x(t) + Cﬂ}(t) dt
t—To

t
Dllli(t)ﬁ*Dhl‘(t*Tl)ﬁ»DQz / x(s)ds

t—T7o

+ du(t), ®)

Based on the fuzzy augmented system (8), the H control performance J5(u(t)) index
without considering the effect of external disturbance v(t) can be represented by

T (u(t)) = Hm(t>H2£2F(R+;R“,Q1) + Hu(t)Hiff(RJr;]R“,Rl)’ ©

where )1 > 0 and R; > 0 are weighting matrices to tradeoff between regulation error
z(t) and control input u(¢). Further, in order to efficiently mitigate the effects of external
disturbance v(t), the Ho, control performance index Jo,(u(t)) of the fuzzy system in (8)
is defined as follows:

1212 g+ a1 Z2 2+ 20 ryy~E{V(0)}
()= sw otar DML P Ut

v(t)ELE(RT,R™) H’U(t)”iQ}_(R‘F;]Rn)
v#0, £o#0

,» (10)

where Q2 > 0, Ry > 0. The robust H, performance index Ju(u(t)) in (8) is denoted
as the effect of external disturbance.

http://www.journals.vu.lt/nonlinear-analysis


http://www.journals.vu.lt/nonlinear-analysis

Multiobjective nonfragile fuzzy control for nonlinear stochastic financial systems 701

Remark 2. Because the Hy performance and H, performance of the system are often
two mutually-constrained performance indicators, it is not possible to reach the maximum
or minimum at the same time, so it can be regarded as a multiobjective optimization
problem.

The multiobjective Hy/H, control design problem is to specify the control input
u(t) in (7) such that the Hs performance (9) and robust H,, performance (10) are all
minimized simultaneously. Throughout this paper, the following definitions and lemmas
are used to derive the main results.

Definition 1. (See [11].) The solution z(t) = 0 of system (4) is said to be exponentially
2-stable (stability in mean square) if, for some positive constants A and k,

E{||z(t)|*} < Al|wol|? exp(—kt).

Definition 2. The multiobjective Hy/H, control design problem of a nonlinear stochas-
tic T-S fuzzy system with mixed delays (4) is to design an admissible control design u(t)
in (7), which could make the Hs and H, performance indices minimum in the Pareto
optimal sense, simultaneously, i.e.,

min (J2(u(t)), Joo (u(t))) s.t. (4), (11)

u(t)eu

where U is the set of all the admissible control; the objective functional Jo(u(t)) and
Joo(u(t)) are defined in (9) and (10), respectively; the vector of the objective functionals
(J2(u(t)), Joo(u(t))) is called objective vector of w(t).

Lemma 1. (See [28].) Suppose o and (3 are the upper bounds of the Hy and H,
performance indices, respectively, i.e., Ja(u(t)) < o, and Jo(u(t)) < 5. The MOP
in (11) is equivalent to the MOP given in the following:

u%iélu(a’ﬂ) st Jo(u(t)) < avand Joo (u(t)) < B.

Lemma 2. (See [38].) For any two real matrices X, Y with appropriate dimensions and
for any constant n > 0, we have:

1
XY +YTX <pPXTY + YTy
n

Lemma 3. (See [19].) Let K, M, N and R > 0 be real matrices of appropriate
dimensions, and F (t) be function matrices satisfying FT (t)F(t) < I. Then the following
statements hold:

(1) For any scalar € > 0 and vectors x,y € R",
20 TMF(t)Ny < e " MM 2 4+ e 1yTNTNy.
(ii) For any scalar € > 0 such that R~' —eMMT > 0,

(K +MF(@)N) R(K + MF(t)N) < K™ (R —=eMM") 'K+ 'NTN.
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Lemma 4. (See [26].) For any matrix D; with appropriate dimension and the scheduling
Sunctions h;(z) with0 < h;(2) < 1,fori € Ny, 1 <i<Il, P> 0, and 22:1 hi(z) =1,

we have

l T
(Zhj(z)Dj> P> hi(2)D; <Y hi(2)Df PD;.

i=1

3 Main results

3.1 Multiobjective H5/ H ., control design

In this section, there are two sufficient conditions for the nonfragile control input u(t)
in (5) and (6) to solve the multiobjective Hs/ H », control problem for nonlinear stochastic

T-S fuzzy model with mixed time delays in (4), respectively.

Case 1. For the additive gain variation model AK; = M, Fy;(t)N1;, we have the

following design condition.

Theorem 1. For given scalars T1 and To, if there exist positive scalars €1, €5 and positive
definite symmetric matrices P, Z1, Z5 and Z3 with appropriate dimensions, such that the

following LMIs-constrained MOP can be solved.:
« (o, B)  s.t. the following LMIs for alli,j = 1,2,... 1,

min
P,Z1,22,7Z5,K1,...,

3 .
P+nZ + 7'12Z2 + §T§Z3 < a’y*ll,

where
W =Pt Z, =V~ Zy=U"1, Z3=T71, Y; = K;W,

U = AW + WAL + B;Y; + (B;Y;)" + e2B;My; M B;,
1

Wy = AW + WA + B;Y; + (B;Y;)" + e2B;M1; M, B; + ﬂciq?,
Wl AllV AQlT 0 Lpg AliV AQiT 0
o _|*x =V 0 0 @ | *x =V 0 0
hy = * * -T 0|’ my = * * -7 0|’
* * x*  =U * * x*  =U
WDF W YT WNF,
W _ 2 _|VDL 0 0 0
o= =1rpr 0 0 o |’
0 0 O 0

12)

13)

(14)

5)

http://www.journals.vu.lt/nonlinear-analysis
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1 1
) = diag{—VV, —Qrl -V - ?U — ?T, Ry + et My M, — (a1 +52)1},
1 2

1 1 -
—U - ﬁﬂ —R;! +51M1jM1Tj, —(e1 +52)I},
3

@?=m%{4M—QJ—V—
1

then the multiobjective Hy [ H, control u(t) = Z; 1Ry (2) (K + My Fyj(t)Naj)a(t)

with K; = Y; W™ for the stochastic T-S fuzzy model with mixed delays in (8) can be
solved.

Proof. Define the following Lyapunov function candidate for nonlinear stochastic T-S
fuzzy model with mixed delays (8):

5
V()= Vi(t), (16)
k=1

where

/ / 8)Zsx(s)ds db,

—T1 t+0
¢
/x(@) dG] ds

Vi(t) = j VxT(e)da

// —t+ )27 (8) Zsx(0) dO ds.

0 t—s

Z3

Using Lemmas 2—4 and Itd formula, we have

l l
(0 <233 M7

Ax()-i—Alil‘(t—Tl)—FAgi / x(s)ds

t—To

+ Bi(Kj + My; F1j(t)Ny;)x(t) + Cyo(t) | +n" DT PDy

QZZJ:TP Ajx(t) + Ayz(t — 1)
=1 j=1
t

+ Ay / 2(s) ds + B;K;a(t) + Cio(t)
t—To

+ 2" (t) [e2a™ () PB;My;(PB;My;)" + 5 "N Nyj|a(t) + n" DT PDn,
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LVa(t) = () Z12(t) — 2V (t — 1) Z12(t — 1),
LV3(t) = ma ™ (t) Zox(t) — / v (s)Z12(s) ds,

t—T1

LV,(t) =2 /(9—t+r2)a:T(t)Z3x(t9)d9— /xT(G)dH Zs / x(6)de

t t t

t

< %ngT(t)Zg,x(t) + / (0 =t +72)z" (0) Zs2(0) 40

t—To
t t
- / zT(0)do Zs / z(0)d6,
t—‘f'z t—TQ
9 t
LVa(t) = Za™ (1) Zsa(t) - / (0 — t + 1227 (0) Zs2(6) A0,
t—To

where n = [zT(¢) 2 (t — 1) ftt_m 2T(s)ds|T, D = [D; Dy; Doy;). Therefore,
5
LV(t)=>_ LVi(t)
k=1
t
Azll?(t) + AlZI(t — Tl) + Agi / I(S) + BZKJ.Z‘(t) ds

t—7o

l l

<2ZZ:¢TP

i=1 j=1

+ Cﬂ}(t) + JTT(t) [Eg_le(t)PBiMlj(PBiMlj)T + €2N{FjN1j} $(t)

+ 0T DTPDy + 2T () Zy2(t) — 2T (t — 1) Z1(t — 1)
t

+ i’ (t) Zox(t) — / v (s)Zyx(s) ds

t—71
t t
+ 22T (t) Zax(t) — / T (0)do Zs / z(0)d6. (17)
t—Tz t—Tz

In order to get Jo(u(t)) < « and Joo(u(t)) < B, first, we prove the sufficient
conditions for J2(u(t)) < « of the MOP in (8).

oo

Ja(u(t)) = E{ / (2T () Quz(t) + u™ () Riu(t)) dt},

0

http://www.journals.vu.lt/nonlinear-analysis
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o0

J2 (u(t)) <E{V(0)} +E{ / (2T (1) Qux(t) +uT(t)R1u(t))dt+dV(t)}

=E{V(0)} + E{ (T (H)Q1z(t) + uT () Riu(t)) dt + LV (t) dt}

/
/

<E{V(0)}+ E{ {xT(t)le(t) +uT () Ryu(t)

t
All‘ + Az (t — 7'1) + Ao; / ,’E(S) ds + BlKJLL'(t)‘|

t—71o

U
+QZZmTP

=1 j=1

+ .’I?T(t) [E;le(t)PBiM1j<PBiM1j)T + EQNlTlej] ac(t)

w

+ 0" DTPDy + 2T () Zy2(t) — 2T (t — 7)) Z1z(t — 1)
¢

+ izt (t) Zox(t) — /xT(s)Zlm(s)ds

+ 132 (t) Zax(t) — / T (0)d Zs / x(@)d@}dt}.

Now we show that the following two inequalities hold. On the one hand,
_ _ _ 3_
E{V(0)} < AP)E{(zgz0)} + MZ1)11y + A(Za)7iy + 5)\(23)75’7 <o, (18)

where A\(P), A(Z1), A(Z3) and A(Z3) are maximum eigenvalue of P, Z;, Z, and Zs,
respectlvely, ¥ = max_ <5<0{E{xT(s)x(s)}}, 7 = max{r, e}, i.e., P+ 117 +
1279 + (3/2)73Z3 < ay~'I, which is (12). Then, by using Lemma 3, we have

ul(t )RW( )
th t)(K; + AK;))TR (K, + AK;)x(t)
—Zh ) (K + My iy ())Ny) " Ry (K + My Fuy(8) Ny )ao(1)
< Z hi(z)x" () [K}) (R — alMlelTj)‘lKj +e7 'Ny N (19)

Nonlinear Anal. Model. Control, 24(5):696-717
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Therefore,

A,l‘(t) + Ah‘l'(t — T1)

I
2P (1)Qrx(t) + uT (t) Ryu(t) + 2 Z Z ' P
i=1 j=1

t—T2

+ 2" (t) [e3 "2 (1) PB;M1;(PB;My;)" + 22N Nyjla(t) + n" DT PDn

+ 2T () Z1x(t) — 2V (t — 1) Z1x(t — 11) + " () Zo(t)

— / x¥(s)Z1x(s)ds + m3a" () Z3w(t) — / 2 (0)do Zs / xz(0)de
<Y Y ITE), (20)
i=1 j=1

H1 PAM PAgz 0 D;F

- | -z 0 0 DL I

—1 = * * _Z3 0 + D2Tl P[Dz Dlz D21 0]7 (21)
* * * —Zs 0

I = Qi+ KJ (R — e My M) "' K + e7 'NENy; + ATP
+ PA; + PB;K; + (PBin)T + o PB; My (PBiMirj)
+ 52_1N1TjN1j + 21+ 1120 + T3 Z5.

LetW =P 1,2, =V, Z,=U"",Z; =T, Y; = K;W, and pre-multiplying
and post-multiplying (21) by matrix A = diag{W,V, T, U}, we are easy to get

WILW ALV AyT 0 WD}
—— % -V 0 0 VDL | 4
AZ A = . -1 o |t ror| W [D;W D,V DoT 0],
* * * -U 0
where

WILW = WQiW + YT (Ry! — &1 My ME) Y, + ey 'WNEN ;W
+ WAL + AW + BY; + (BiY;)" + £2B; My (B:M,))
+ ey 'WNENW + WZW + 72 W ZeW + 15 W ZsW.

http://www.journals.vu.lt/nonlinear-analysis
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On the other hand, applying the Schur complement formula to the LMI in (14) results in
AZ7 A < 0, which together with (18) gives Jo(u(t)) < a.
Next, we prove the sufficient conditions for Jo. (u(t)) < 3 of the MOP in (8).

E{/(acT(t)QQx(t)+uT(t)R2u(t)) dt}

0

<E{V(0)} + E{ (2 (£)Q2z(t) + u™ (t) Rou(t)) dt + dV(t)}

=E{V(0)} + E{ (2T (#)Qax(t) + u™ (t)Rou(t)) dt + LV (¢) dt}

0\8 0\8 0\8

<E{V(0)} + E{ {zT(t)QQ:E(t) + uT (t) Ryu(t)

Aix(t) + Alﬂi(t — 7'1) + Ao, / x(s) ds + Binl‘(t)‘|

t—To

+ Z‘T(t) [62_1Z‘T(t)PBiM1j (PBiMlj)T + 62NEN1j] .T(t)

l l

+2) Y 2P

i=1 j=1

+ %xT(t)PCiCZTPx(t) + 80T ()o(t) + n DT PDy + 2T (8) Zra(t)
— 2T (t — 1) Zyx(t — 1) + ma (t) Zox(t) — / xt(s)Z1x(s) ds

t—11

+ 732 T (t) Zsa(t) — / T (0)do Zs / x(e)da}dt}. (22)

t—To t—7o
From (19) we can obtain

2t (t)Qax(t) + u (t) Ryul(t)

I
JrQZZo:TP

i=1 j=1

Azx(t) + Alix(t — Tl) + Agi / l‘(S) ds + BzKJ‘T(t)‘|

t—T7o

+ 2 (t) [e3 "2 (t) PB; My (PB;Mi;)" + e2N{ Nyj]a(t)

1
+ ExT(t)PCiCiTPa:(t) + 0T DYPDy + 2T () Z12(t) + 12T (t) Zoz ()
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t

t—Tl
t t
— / T (0)do Zs / x(0) do
t—To t—To
o
<Y ST Z0(),
i=1 j=1
where
IIy PAy PAy 0 D}
- _|* =74 0 0 DL,
E=, . 7 0 + pr P[D; Dy; Dy; 0], (23)
* * * —75 0

Iy = Qo + KF (Ry" — es My M) " K + e7 "N Ny + AT P + PA;
1
+ PB;K; + (PB;K;)" + EPciqT P+ e, PBM,j(PBMY))
+ e 'NENy + Zy + 11 2o + 75 Z3.
Pre-multiplying and post-multiplying (23) by matrix A, we have
WILW AV AxT 0O

- 1 * -V 0 0
AZA = * * -T 0
* * * -U
WD}
VDT -
+ TD,;; W= [D;W D1,V DoT 0], (24)
0

where
WILW = WQaW + YT (Ry' — e My ME) 'Y + el 'WNEN ;W + WAT

1
+ AW + B;Y; + (B:Y;)" + BCiC’iT + &2 B My (B M)

+ ey 'WNENGW + WZW + 72 W ZoW + 73 W ZsW.

Now, from the LMI in (15) it is easy is see, as shown in (24), which by the Schur
complement formula implies that A=A < 0. From this and (22) we have Ja(u(t)) < 38
for all v(¢) # 0. This completes the proof. O

Case 2. For the multiplicative gain variation model AK; = My;Fy;(t)No; K, we
have the following design condition.
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Theorem 2. For given scalars T, and To, if there exist positive scalars €3, €4 and positive
definite symmetric matrices P, Z1, Zo and Z3 with appropriate dimensions such that the
following LMIs-constrained MOP can be solved:

P7Z172211£1151K17»--7K1(a, B)  s.t. the following LMIs forall i,5 = 1,2, ..., (25)
2 3 3 -1
P+T121+7122+§T223<OZ’Y I, (26)
(1) 7Q1)
" ﬂd<& @
* 115,
72 7(2)
r% ﬂ4<u (28)
* 115,

where

W =Pt Zy =V, Zy=U"1, Zs=T71, Y; = K;W,

Uy = AW + WAT + B;Y; + (B;Y;)" + e4B;i My; M3, B;,
1

Uy = A;W + WAL + B;Y; + (B;Y;)" + e4B; Ma; My, B; + 3

Ci C;F )

U AV AT 0
* -V 0 0
0

_ 1 =(2
H&) - * -T ’ Hl(l) Tl ox * -T ’
* * * -U * * * U
WDl w Y YN
L 1 B O
TD,, 0 0 0 ’
0 0 0 0
=(1) . 1 1 1 1 T
H22 :dlag —VV, _Ql -V - ﬁU_ ?T7 _Rl +53M2]‘M2j, —(81 +€2)I 5
1 2
_ ) _ 1 1 _
2 = dlag{—VV, - -V - U= 5T, =R, Ut esMy; My, —(e1 + 52)1},
1 2

then the multiobjective Hy | H, control u(t) = 2321 hj(2)(Kj+Msaj Foj(t) Noj Kj)x(t)
with K; = YjW’1 for the stochastic T-S fuzzy model with mixed delays in (8) can be

solved.

Proof. 1t is similar with Theorem 1 by replacing the multiplicative gain with (10). The
proof is omitted. O
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Remark 3. Multiobjective Hy/H . control can be regarded as the design of multiobjec-
tive Hy/H,. investment policy can be seen as how to search a management policy u(t)
to maximize higher return on investment (ROI) (/{2 management policy) and minimize
investment risk (H ., management policy) the stochastic financial system with mixed time
delays (2) or (4), simultaneously.

3.2 Stochastic stability analysis

In this section, assuming that the nonfragile control is known and we will study the
conditions under which the closed-loop system is stochastically exponentially stable in
the mean square. The following theorem will play a key role in the stability analysis of
closed-loop system and design of the expected nonfragile control.

Theorem 3. The trivial solution x(t) = 0 of the nonlinear stochastic T-S fuzzy system
with mixed delays (4) is said to be exponentially 2-stable (stability in mean square) if the
external noise v(t) = 0, and u(t) is a feasible solution of the MOP in (12).

Proof. Since the given Lyapunov function (16) is satisfied with the following two inequal-
ities:

(1)

< V(t) < ko), (29)

where k; > 0 and k2 > 0, Expressing the difference V' (¢) — V(0) by means of Ito
formula, calculating its expectations, we get

t
E{V() — V(0)} = /E{LV(S)}ds, (30)
0
from (20) and (29) we have
LV(t) < =2 (1)Q1x(t) < —k3|\x(t)|\2 < —%V(x(t)), 31)

differentiating equality (30) with respect to ¢ and using (31), we see that
d ks
&E{V(t)} =E{LV(t)} < —k—ZE{V(t)}.

This implies the estimate

B{Jlo0]} < B2 < BY L exp(-52),

it is obvious that
lim E{||x(t)||2} =0,

t—o0

ie., limy_ o 2(t) = 0, so z(t) = 0 exponentially stability in the mean square sense. The
proof is completed. O
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4 LMI-constrained MOEA

In this section, an LMI-constrained MOEA searching algorithm is developed to help us
solve the MOP in Theorem 1 or Theorem 2. Before giving the design steps, three defini-
tions for solutions of the MOP in (12) or (25) are provided to guarantee the domination
of candidate solutions («, ) in the searching process as follows:

Definition 3 [Pareto dominance]. (See [7].) Consider the LMI-constrained MOP in
(13)—(15) or (26)—(28). A feasible objective vector (a!, 3') is said to dominate another
feasible objective vector (a2, 32) if and only if o' < o2 and B! < 32 for at least one
inequality being a strict inequality.

Definition 4 [Pareto optimality]. (See [7].) Let (W', V1 U, T* K{,...,K}) and
(W2 V2 U2, T? K%,...,K}) be the feasible solution corresponding to the objective
value (!, 1) and (a2, 3?) subject to the LMIs in (13)-(15) or (26)—(28) for all 7, =
1,...,1, respectively. (W1, VL U, T K{, ... K}')is said to dominate (W?, V2 U2
T2 K%, ..., KlQ) if o' < a? and B' < 2 for at least one inequality being a strict
inequality.

Definition 5 [Pareto front]. (See [7].) For the MOP in (19), the Pareto front Py is
defined as P} = {(a*, 5%) | (W*,V*,U*,T*, K5, ..., K})}, and (o, 8*) is generated
by (W*, V*, U*,T*, K{,..., K[)} subject to the LMIs in (13)—(15) or (26)—(28).

In this paper, the LMI-constrained MOEA of multiobjective nonfragile fuzzy control
design for nonlinear stochastic T-S fuzzy systems with mixed time delays is similar to the
literatures [1] and [28] as follows:

Step 1. Select the searching range (v, fo) x (@, () for the feasible objective vector
(a, ) and set the iteration number N, the population number NN, the crossover ration
N,, and the mutation ratio/NV,, in the LMI-constrained MOEA.

Step 2. Select N, feasible chromosomes from the feasible chromosome set randomly
to be the initial population P;.

Step 3. Set iteration index N; = 1.

Step 4. Operate the EA with the crossover ratio N, the mutation ratio N,,, and
generate 2/N,, number feasible chromosomes by examining whether their corresponding
objective vectors are feasible objective vectors for the LMIs in (13)—(15) or (26)—(28).

Step 5. Set the iteration index N; = N; + 1 and select N, chromosomes from the
2N, feasible chromosomes in Step 4 through nondominated sorting method to be the
population Py, .

Step 6. Repeat Steps 4 and 5 until the iteration number N is reached. If the iteration
number N is satisfied, then we set Py, = Pr.

Step 7. Select a preferable feasible objective individual (af, 37) € Pr according to
designer own preference. Once the preferable feasible objective individual is selected, the
corresponding Pareto optimal solution ¢t = {WT, VT Ut Tt KT ... K[} is obtained.
By using <, the proposed multiobjective Ho/H,, fuzzy control design problem u(t)
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can be constructed, and the multiobjective Hs/H, control design problem in (4) can be
solved with J5(u(t)) = af and J (u(t)) = BT, simultaneously.

5 Illustrative example

In this section, we shall give an example to demonstrate the effectiveness of the proposed
approach. The related parameters and disturbance are given as follows:

a=1.5, b=0.2, c=0.25, w=0.2, 7 = 0.1, 79 = 0.2,
hi=hy =01,  x9=[0.85-1.93,07,  x4=[0.1,4.5-0.2],
g1=0.03[2(t) + (y(t) — a)z(t)], g =0.01[1 = by(t) — (x(t))],

g3 = 0.02[—z(t) — c2(t)], v(t) = [0.01sin(2¢), —0.02sin(2¢), —0.01sin(2t)],

[1.2300 0.6000 1.0000 ] 0.9600 0.6099 1.0000
Ay = |—0.2391 1.3000 0 , Ay = |—0.2391 0.9100 0 ,
|—0.9667 0 —0.2500] —0.9550 0  —0.2500
[1.1935 0.3000 1.0000 ] [0.9243 0.3015 1.0000 ]
Ay = [—0.2273 1.5000 0 , Ais = [—0.2273 1.1000 0 ,
|—0.9866 0  —0.2500] |—0.9627 0 —0.2500]
[ 0.9467 0.1000 1.0000 ] [ 0.8901 0.1000 1.0000 ]
Ay = | —0.2058 1.700 0 , Asy = | —0.2058 1.400 0 ,
|—0.9950 0 —0.2500] |—0.9860 0 —0.2500]
0.01 005 0 0.0l 0 0.05
My, = Myp = [0.02 003 0 |, Nii = Nip = [0.02 001 0 |,
0 0.01 —0.01 0.03 0 0.01
0.2800 0.1800 0.3000 sint 0 0
D1 = D2 = [-0.0239 0.1300 0 s F11 = F12 = 0 cost 0 y
—0.1933 0  —0.0500 0 0 1
[ 0.238 0.0300 0.3000 ] 100
Dyy = Dyy = | —0.0227 0.1300 0 , B,=10 3 0],
|—0.1933 0 —0.0500] 00 2

[ 0.194 0.0300 0.3000 ]
Dy = Doy = | —0.0227 0.0910 0 , By =C1 = Cy = I3y,
|—0.1910 0 —0.0500]

Q1= Ry = Q2 = I3x3, Ry = 0.51343.

Before considering the investment policy u(t), the three states x(t), y(t) and z(t) of
the nonlinear stochastic system in (1) are described in Fig. 1.
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Figure 1. Trajectories of the interest rate x(¢), the investment demand y(¢) and the price index z(t) for system

in (1).
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Figure 2. Pareto front for 50 optimal solutions.

It is easy to see the fluctuations in the real environment from Fig. 1. Now we will
consider introducing introducing the investment policy u(t). For the proposed LMI-based
MOEA to solve the MOP (12), the selection range I" = [30, 90] x [0.6, 1.2], the iteration
number N = 100, population number IV, = 50, crossover ratio N, = 0.8, and mutation
ratio V,,, = 0.15, based on the nonfragile state feedback controller nonfragile feedback
controller with additive form and Theorem 1, there are 50 Pareto optimal solutions as the
Pareto front in Fig. 2.

We select one of the Pareto objective vectors (85.6301, 0.6447). By using the toolbox
of LMI, K7, K> are obtained respectively:

—21.3067 —19.4730 —11.7339
Ky = | —-9.2337 -27.1337 —6.5989 |,
—5.9666 —4.1976 —5.2869

Nonlinear Anal. Model. Control, 24(5):696-717


https://doi.org/10.15388/NA.2019.5.2

714 Y. Yang et al.

Amplitude

0 0.5 1 1.5 2 25 3 35 4 4.5 5
Time

Figure 3. The trajectories z(¢), y(¢) and z(¢) of the chosen Pareto solution.

—21.4217 —19.5645 —11.8055
Ky = | —9.2576 —27.1576 —6.6092
—5.9575 —4.2253 —5.2854

Then we get interest rate x(¢), investment demend y(¢) and price index z(t) trajecto-
ries in Fig. 3. From Fig. 3 we can see that x(¢), y(¢) and z(t) have reached the desired
state of investors, respectively.

6 Conclusion

This study has investigated the multiobjective nonfragile fuzzy control design for a class
of nonlinear dynamic systems with mixed time delays to guarantee the optimal H» and
H, performance simultaneously. T-S fuzzy model has been used to approximate the
nonlinear dynamic system. By the help of the T-S fuzzy model, two form of nonfragile
state feedback controllers has been designed to stabilize the nonlinear dynamic system,
and the multiobjective Hs/H o, nonfragile fuzzy control problem has been transformed
into LMI-constrained MOP. Furthermore, we have efficiently solved 50 Pareto optimal
solutions of the MOP. The designers can freely choose multiobjective Ha/H o, control
strategy according to their own preferences. Finally, an example has been provided to
illustrate the effectiveness of the proposed approach.
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