Nonlinear Analysis: Modelling and Control, 2009, Vol. 149\, 217-247

Finite Element Analysis of Mixed Convection in a

Rectangular Cavity with a Heat-Conducting Horizontal

Circular Cylinder

Md. M. Rahman!, M. A. Alim 1, M. A. H. Mamun 2

! Department of Mathematics
2Department of Mechanical Engineering
Bangladesh University of Engineering and Technology
Dhaka-1000, Bangladesh
mmustafizurrahman@math.buet.ac.bd

Received:2008-03-26 Revised:2008-10-30 Published online: 2009-05-26

Abstract. Combined free and forced convection in a two dimensiondbregular cavity
with a uniform heat source applied on the right vertical vimlstudied numerically. A
circular heat conducting horizontal cylinder is placed samere within the cavity. The
present study simulates a practical system, such as a direduacaterial in an inert
atmosphere inside a furnace with a constant flow of gas froteidei Importance
is placed on the influences of the configurations and physicaperties of the
cavity. The development mathematical model is governedheycbupled equations
of continuity, momentum and energy and is solved by empbpy@alerkin weighted
residual finite element method. In this paper, a finite elénf@mulation for steady-
state incompressible conjugate mixed convection and atiwduflow is developed. The
computations are carried out for wide ranges of the govgrparameters, Reynolds
number Re), Richardson numberAz), Prandtl number ®r) and some physical
parameters. The results indicate that both the heat trarsgéfrom the heated wall and
the dimensionless temperature in the cavity strongly deperthe governing parameters
and configurations of the system studied, such as sizejdocahermal conductivity of
the cylinder and the location of the inflow and outflow openilgetailed results of the
interaction between forced airstreams and the buoyaneg+dfiow by the heat source are
demonstrated by the distributions of streamlines, isotiseand heat transfer coefficient.

Keywords: heat transfer, finite element method, mixed convectiont bheaducting
horizontal circular cylinder, rectangular cavity.

Nomenclature

AR  aspectratio D cylinder diameter [m]
C,  specific heat of the fluid g gravitational acceleration [ms$]
at constant pressure/Kg K] Gr  Grashof number
CBC convective boundary conditions A convective heat transfer coefficient
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H height of the cavity [m] Pr  Prandtl number
k thermal conductivity of fluid Ra  Rayleigh number
[Wm—1K™] Re  Reynolds number
ks thermal conductivity of solid Ri Richardson number
[Wm—1K™1 T  dimensional temperature [K]
K thermal conductivity ratio of the u,v  velocity components [m3]
solid and fluid U,V non-dimensional velocity
L width of the cavity [m] components
L, distance betweep-axis and v cavity volume [n]
the cylinder center [m] w height of the inflow and
L, distance between-axis and outflow openings [m]
the cylinder center [m] x,y Cartesian coordinates [m]
Nu  average Nusselt number X,Y non-dimensional Cartesian
P pressure [Nm?] coordinates
P non-dimensional pressure

Greek symbols

a thermal diffusivity [n¥s™'] v kinematic viscosity of the fluid
Jé] thermal expansion coefficient [K] [m2s1]

0 non-dimensional temperature p density of the fluid [Kg m®]
Subscripts

i inlet state av  average

1 Introduction

The studies of buoyancy driven flow characteristics in dewiére received considerable
attention in recent years due to its extensive applicationthe field of engineering,
for example cooling of electronic devices, furnaces, ledtion technologies, chemical
processing equipment, drying technologies etc. Analysabove phenomena incorpo-
rating a solid heat conducting obstruction extends its ilisato various other practical
situations. Particularly a conductive material in an irs¢mhosphere inside a furnace with
a constant flow of gas from outside constitutes a practicpliegtion for the present
simulation. Many authors have recently studied heat tearisfenclosures with partitions,
which influence the convection flow phenomenon.

Omri and Nasrallah [1] studied mixed convection in an aipled cavity with dif-
ferentially heated vertical isothermal sidewalls havintgti and exit ports by a control
volume finite element method. They investigated two diffé@acement configurations
of the inlet and exit ports on the sidewalls. Best configoratvas selected analyzing
the cooling effectiveness of the cavity, which suggested thjecting air through the
cold wall was more effective in heat removal and placingtimear the bottom and
exit near the top produce effective cooling. Later on, Siagkl Sharif [2] extended
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their works by considering six placement configurationsh# inlet and exit ports of
a differentially heated rectangular enclosure whereaptheious work was limited to
only two different configurations of inlet and exit port. Ate same time, a numerical
analysis of laminar mixed convection in an open cavity witheated wall bounded by a
horizontally insulated plate was presented by Manca eBhiwhere three heating modes
were considered: assisting flow, opposing flow and heatiog fbelow. Results were
reported for Richardson number frobnl to 100, Reynolds numbers frorh00 to 1000
and aspect ratio in the ran@e—1.5. They showed that the maximum temperature values
decrease as the Reynolds and the Richardson numbers eciéaseffect of the ratio of
channel height to the cavity height was found to play a sigaifi role on streamline and
isotherm patterns for different heating configurations.e Tivestigation also indicated
that opposing forced flow configuration has the highest tlaéparformance, in terms of
both maximum temperature and average Nusselt number., Isatglar problem for the
case of assisting forced flow configuration was tested exyaerially by Manca et al. [4]
and based on the flow visualization results, they pointethaifor Re = 1000 there were
two nearly distinct fluid motions: a parallel forced flow iretbhannel and a recirculation
flow inside the cavity and foRe = 100 the effect of a stronger buoyancy determined
a penetration of thermal plume from the heated plate wadl the upper channel. Very
recently Manca et al. [5] experimentally analyzed opposiog in mixed convection in
a channel with an open cavity below. Recently Rahman et akt[@lied numerically
the opposing mixed convection in a vented enclosure. Thegdahat with the increase
of Reynolds and Richardson numbers the convective heafenabecomes predominant
over the conduction heat transfer and the rate of heat gafisfm the heated wall is
significantly depended on the position of the inlet port.

However, many authors have studied heat transfer in en@estith heat-conducting
body obstruction, thereby influencing the convective floempdmenon. Shuja et al. [7]
investigated the effect of exit port locations and aspetid @& the heat generating body
on the heat transfer characteristics and irreversibilyearation in a square cavity. They
found that the overall normalized Nusselt number as welfrasersibility was strongly
affected by both of the location of exit port and aspect mtRapanicolaou and Jaluria [8]
studied mixed convection from an isolated heat sources éti@ngular enclosure. Later
on, Papanicolaou and Jaluria [9] performed computationsixed convection from a
localized heat source in a cavity with conducting walls amd tpenings for application
of electronic equipment cooling. Hsu et al. [10] numerigafivestigated mixed con-
vection in a partially divided rectangular enclosure. Theysidered the divider as a
baffle inside the enclosure with two different orientatiamsl indicated that the average
Nusselt number and the dimensionless surface temperatpendent on the locations
and height of the baffle. Lee et al. [11] considered the prabdé natural convection
in a horizontal enclosure with a square body. Natural caiimedn a horizontal layer
of fluid with a periodic array of square cylinder in the intarivere conducted by Ha et
al. [12], in which they concluded that the transition of th@nflfrom quasi-steady up to
unsteady convection depends on the presence of bodies pact aatio effect of the cell.
However, in the previous literature the body was considased rigid wall but internal
heat transfer was not calculated. Few numerical studiésgakto account heat transfer
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in the interior of the body have been conducted over the jpasgile of decades. One of the
systematic numerical investigations of this problem wasdemted by House et al. [13],
who considered natural convection in a vertical squaretgaith heat conducting body,
placed on center in order to understand the effect of the ¢maducting body on the
heat transfer process in the cavity. They showed that fargRe and Pr an existence
of conducting body with thermal conductivity ratio lessrhanity leads to heat transfer
enhancement.

As the first step toward accurate flow solutions using the ialameshing technique,
this paper develops a finite element formulation suitablaf@lysis of steady-state conju-
gate mixed convection and conduction problems. The papesd$tom the Navier-Stokes
equations together with the energy equations to derive dhesponding finite element
model. The computational procedure used in the developai¢mé computer program is
described. The finite element equations derived and thezoth@uter program developed
are then evaluated by example of mixed convection in a rgaian cavity with heat
conducting horizontal circular cylinder.

The objective of the present study is to investigate thecefié a heat conducting
solid cylinder, which may increase or decrease the heasfeammn mixed convection
in a rectangular vented cavity. Numerical solutions areaioied over a wide range of
Richardson number, Reynolds number, Prandtl number angusgphysical parameters.
The dependence of the thermal and flow fields on the sizegjdosaand thermal con-
ductivity of the cylinder is studied in detail.

2 Model specification

The physical model considered here is shown in Fig. 1 alotigtive important geometric
parameters. A cartesian co-ordinate system is used witfincat the lower left corner
of the computational domain. It consists of rectangulaitzs/with a heat conducting
horizontal circular solid cylinder, whose right wall is $etted to hot withl}, temperature
while the other sidewalls are kept adiabatic. The cavityatisions are defined by height
H and width L. The inflow opening located on the left adiabatic verticall\aad the
outflow opening on the opposite heated vertical wall is ageahas shown in the schematic
figures and may vary in location, placed either at the top dtobo position. The cavity
presented in Fig. 1(a) is subjected to an external flow thtrervia the bottom of the
insulated vertical wall and leaves via the bottom of the gijedheated vertical wall. For
reasons of brevity, this case will be referred to as BB conéiion from now. When
the horizontal cold jet enters into the cavity from the bottof the insulated wall and
leaves from the top of the opposite vertical one is shown ¢n E{b), this case will be
referred as BT configuration. Similarly, Fig. 1(c) and 1(c} eeferredto as TB and TT
configurations respectively. For simplicity, the heightshe two openings are set equal
to the one-tenth of the enclosure height. It is assumedhleantoming fluid flow through
the inlet at a uniform velocityy; at the ambient temperatu?é and the outgoing flow is
assumed to have zero diffusion flux for all variables i.e.vemtive boundary conditions
(CBC). All solid boundaries are assumed to be rigid no-sktlsv
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Fig. 1. Four schematic configurations of thermally drivewitya (a) BB configuration,
(b) BT configuration, (c) TB configuration, (d) TT configuiaii

3 Mathematical formulation

The flow within the cavity is assumed to be two-dimensiortahdy, laminar, incompress-
ible and the fluid properties are to be constant. The radiatifects are taken as negligible
and the Boussinesq approximation is used. The dimenspehpsations describing the
flow are as follows:

5% gy =0 )
Ug—ngvg—gg—iJr%(%Jr%), 2)
Ug—;+vg—¥g—§+%<g¥+%>+me, (3)
V3% +V oy = T (5)2(92 " g;i) @)

For solid cylinder the energy equation is
0= (g;? A ) )
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whereRe = u;L/v, Gr = gBATL3/v?, Pr = v/a, Ri = Gr/Re?, andK = k;/k
(AT =T, — T; anda = k/pc, are the temperature difference and thermal diffusivity
of the fluid respectively) are the Reynolds number, Grashwhler, Prandtl number,
Richardson number and solid fluid thermal conductivityaragispectively.
The above equations were non dimensionalized by using llogiog dimensionless
dependent and independent variables
T Y u v p T-—1T; T, —1T;

X:—,Y:—,U:—,V:—,P:—,o—i, 0s = ;
L L U; U; pu? Ty —T; Th —T;

where X andY are the coordinates varying along horizontal and vertidgadotions
respectively[/ andV are the velocity componentsin theandY directions respectively,
0 is the dimensionless temperature dhik the dimensionless pressure.

Non-dimensional forms of the boundary conditions for thesent problem are speci-
fied as follows:

Attheinlet:U =1,V =0,0 = 0.

At the outlet: convective boundary condition (CB@ = 0.

At all solid boundariest/ = 0, V = 0.

At the heated right vertical walfl = 1.

At the left, top and bottom wallsZ = 0.

At the fluid-solid interface(£2 ) f1uia = K (%%)sotia-

WhereN is the non-dimensional distances eitd&ior Y direction acting normal to
the surface and is the dimensionless ratio of the thermal conductivity/().

The average Nusselt number at the heated wall is calculgitéd:b= %f(fh % dy

and the bulk average temperature is defineé,as= [0 dV /V, whereL,, andh(y) are
the length and the local convection heat transfer coefficiEtine heated wall respectively,
V is the cavity volume and,,, should be minimized.

4 Numerical analysis

The governing equations along with the boundary conditiares solved numerically
by employing Galerkin weighted residual finite element teghes. The finite element
formulation and computational procedure are discussedll detAppendix.

4.1 Grid independence test

Geometry studied in this paper is an obstructed vented\gathierefore several grid
size sensitivity tests were conducted in this geometry terdgne the sufficiency of the
mesh scheme and to ensure that the solutions are grid indepenThis is obtained
when numerical results of the average Nusselt numberaverage temperatuée, and
solution time become grid size independent, although weirmea the refinement of the
mesh grid. Five different non-uniform grids with the follmg number of nodes and
elements were considered for the grid refinement te3t§45 nodes,3788 elements;
29321 nodes 4556 elements37787 nodes 5900 elements38163 nodes 5962 elements
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and48030 nodes 516 elements as shown in Table 1. From these valk&i<;3 nodes and
5962 elements can be chosen throughout the simulation to opithiz relation between
the accuracy required and the computing time.

Table 1. Grid sensitivity check @&e = 100, R: = 1.0, K = 5.0, D = 0.2 and
Pr=0.71

Nodes 24545 29321 37787 38163 48030
(elements)  (3788)  (4556)  (5900)  (5962)  (7516)
Nu 4167817 4.168185 4.168376 4.168394 4.168461
Oav 0.042974 0.042973 0.042973 0.042973 0.042973
Time[s] 323.610 408.859 563.203 588.390  793.125

4.2 Code validation

The present code was extensively validated based on théepraif House et al. [13].
We present here some results obtained by our code in corapavith those reported in
House et al. [13] forRa = 0.0, 10° and two values of = 0.2 and5.0. The physical
problem studied by House et al. [13] was a vertical squartsuare with sides of length
L. The vertical walls were isothermal and differentially tesh where as the bottom and
top walls were adiabatic. A square heat conducting body siiles of length equal to
L/2 was placed at the center of the enclosure. For the same parameed in House et
al. [13]; the average Nusselt number (at the hot wall) coisparis shown in Table 2. The
present results have an excellent agreement with the seshtiiined by House et al. [13].

Table 2. Nusselt number comparison fr = 0.71

Nu

Ra K Present work House et al. [13] Error (%)

0 0.2 0.7071 0.7063 0.11

0 1.0 1.0000 1.0000 0.00

0 5.0 1.4142 1.4125 0.12
10° 0.2 4.6237 4.6239 0.00
10° 1.0 4.5037 4.5061 0.00
10° 5.0 4.3190 4.3249 0.14

5 Results and discussion

Numerical results have been presented in order to detetimneffects of the presence of
dimensionless parameters in a rectangular cavity. Therdiroeless governing parame-
ters that must be specified for the system are Reynolds nufitbgrRichardson number
(Rid), Prandtl number®r) and the physical parameters in the system are the cylinder
diameter D), solid fluid thermal conductivity ratioK), location of inlet and outlet
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openings of the cavity, location of cylinder in the cavitydacavity aspect ratio4 R).
Since so many basic dimensionless parameters are requithtacterize a system, a
comprehensive analysis of all combinations of these paemnés not practical. The
numerical results have been used to explain the effect afrabparameters at a small
fraction of the possible situations by simplifying the cogufiation. The presentations
of the results have been started with the streamline antléswot patterns in the cavity.
Representative distributions of average Nusselt numb#reaheated wall and average
temperature of the fluid in the cavity have also been predente

5.1 Effect of inlet and outlet positions

Four different cavity configurations have been investid&be the mixed convection prob-
lem in order to compare the behavior of convective heat tearfer different relative
inlet and outlet locations. The streamlines correspontbnifpe four different inlet and
outlet positions namely BB, BT, TB and TT withR = 1.0, Re = 100, Ri = 1.0,
Pr=0.71,L, =L, =0.5,D =0.2andK = 5.0 have been shown in Figs. 2a(i)—(iv).
It has been observed that a large counter-clockwise (CCWifictdation cell is formed
above the main fluid stream for the BB (injection at the bottufrthe left insulated wall
and exit from the bottom of the heated wall) configuration amacupies the maximum
space of the cavity. This is because the fresh fluid entehiegavity travels the shortest
possible distance before leaving the cavity and cannot datnentimate mixing with
the hotter fluids. As the outlet port moved along the heatell avahe top corner and
keeping the inlet position unchanged, i.e. for BT configorathe CCW recirculation
cell reduces in size and is divided into two relatively smalitices, which are located
at the left top corner in the cavity. However, for the TB coufigtion the flow changes
its pattern from two recirculation vortices to a single eariand shifted from left top
corner to the right top corner in the cavity. On the other handock-wise (CW) small
eddy is developed near the left insulated wall starting fiost below the inlet position
whereas the external flow increases its passage region aily faiccupies almost the
cavity for the TT configuration, which is due to the enterimgsh fluids come into
intimate mixing with the hotter fluids in the cavity. The coats of the dimensionless
temperatured]) corresponding to the above mentioned four cases With= 1.0, Re =
100, Ri = 1.0, Pr = 0.71, L, = L, = 0.5, D = 0.2 and K = 5.0 have been
presented in Figs. 2b(i)—(iv). The value ®Pn the heated wall i3, whereas the value
of 6 of the fluid entering the cavity is zero and the contour valaesincremented by
0.05. From the isotherms shown in Figs. 2b(i)—(iv), it is noti¢kdt the isothermal lines
are more uniformly distributed in the cavity for the BB and T8nfigurations. On the
other hand, it has been observed that for TB configuratiorhitjle temperature region
is more concentrated near the hot wall and the distributiothe isothermal lines is
non-uniform in the cavity. It has also been observed thaigb#hnermal lines are more
vertically concentrated around the heat source for the Tfigoration, which is similar
to conduction-like distribution. It is also seen that therthal boundary layer near the
heated wall in the cavity is developed for BT and TT configiorad, where as the thermal
boundary layer in the cavity is absent for the BB and TB comfijans.
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The average Nusselt numbéy+) at the hot wall and the bulk average temperature
(f4v) in the cavity have been compared in Fig. 3 for the above foafigurations. From
this figure it is clear that th&/w is highest for BT configuration. The reason for this is the
fresh fluid entering in the bottom of the left wall and travetsnparatively long distance
and taking heat away from the hot wall before exit the cavitgan also be seen that the
average temperature of the fluid in the cavity is the lowestife BT configuration in the
forced convection dominated region and for the TT configareinh the free convection
dominated region.

6.5

6F

Fig. 3. Effect of inlet and outlet position on average Nusseimber and average
temperature whilAR = 1.0, Re = 100, Pr = 0.71, D = 0.2, L, = L, = 0.5
andK = 5.0.

5.2 Effect of the cylinder diameter

The effects of the heat conducting cylinder on the flow andntia fields for the BT
configuration atAR = 1.0, Re = 100, Ri = 1.0, Pr = 0.71, L, = L, = 0.5 and
K = 5.0 have been presented in Fig. 4. As compared to Fig. 4a(i),ahe sylinder
in the cavity reduces the strength of the recirculation celuced by the heat source.
In Fig. 4a(ii), which is for cylinder of diameteb = 0.1, only small differences in the
streamlines have been observed when compared with Fig. 4Efis is the evidence
of no significance influence of a small size solid cylinder be tonvective flow of
the cavity. On the other hand, as the size of the cylindereases, the space available
for the buoyancy-induced recirculating flow decreases.mtioe isotherms shown in
Figs. 4(i)—(iv), it has been observed that the high-temipeeazone is confined to a region
close to the hot surface for all cases and the lines are uniadtistributed in the cavity.
The last line from the heated wall is the line with= 0.05 for all the cases presented in
this figure. A closer examination shows that the area betwezheated wall and the line
0, = 0.05 slightly increase with the increase of the cylinder diaméi#).

Further, in order to evaluate how the presence of the cyliafiects the heat transfer
rate along the hot wall, average Nusselt numbér) has been plotted as a function of
Richardson numbelf{;) for four different cylinder diameterd{ =0, D = 0.1, D = 0.2
andD = 0.4) shown in Fig. 5.
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It has been observed that is the highest for the large cylinder diameter (D = 0.4)
at Ri < 6.0 and beyond this values é{: the cylinder diameter has insignificant effect on
the average Nusselt number at the hot wall. The effect ohdgli diameter on average
temperature of the fluid in the cavity is also shown in Fig. &k this figure it has been
seen that cylinder diameter has little effect on the avetagweratured,,) of the fluid
in the cavity. A closer examination of Fig. 5 has revealed the values of),, decreases
at Ri < 0.5 and beyond this value aki, 6,, increases sharply with increasiy for all
values ofD. On the other hand),,, is the lowest forD = 0.2 at R: < 2.0 and beyond
this value ofRji, 6, is the lowest forD = 10.0.

6.5

T L)

Fig. 5. Effect of cylinder diameter on average Nusselt nunalpel average temperature
for the BT configuration whileAR = 1.0, Re = 100, Pr = 0.71, L, = L, = 0.5
andK = 5.0.

5.3 Effect of thermal conductivity ratio

The effect of the thermal conductivity ratio of the solid ghdd has also been computed
numerically and have shown in Figs. 6 for the BT configuraibAR = 1.0, Re = 100,
Ri =10, Pr =071, D = 02andL, = L, = 0.5. It has been found that the
different heat transfer properties of the cylinder have |seféect on the heat transfer
in the cavity. The streamlines for these cases appear torbestlidentical as shown
in the Fig. 6a(i)—(iv). This is because thermal conductivitio has no influence on
the velocity distribution. The effect of thermal condudwatio on the isotherms has
been presented in the Figs. 6b(i)—(iv). From these figurésastbeen seen easily that
a concentrated thermal boundary layer near the heatedcsurées developed for all the
cases and the isothermal lines moves away from the centhne biat conducting cylinder
with increasing values of the thermal conductivity ratio.

Average Nusselt number at the hot wall and average temperafuthe fluid in
the cavity as a function of Richardson number have been sliovAily. 7 for the BT
configuration atAR = 1.0, Re = 100, Pr = 0.71, L, = L, = 0.5, D = 0.4 and
K =0.2,1.0,5.0and10.0. The average Nusselt number at the heated surface is found to
be the highest for a relatively low thermal conductivityjoak” = 0.2, which is due to the
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cylinder with low thermal conductivity acts as an insulatord prevents heat transfer
between the hot and cold fluid streams. Hence the heat trangfés case is mainly by
mixed convection. The average temperature of the fluid ircéivity decreases for all the
cases in the forced convection dominated region and aredases sharply with increasing
Ri in the free convection dominated region. On the other haravalues ob,,, is found

to be the lowest folX = 0.2 at Ri < 2.0 and beyond this value dti, ,,, is the lowest
for K = 10.0.

6.5
———-- K=02
K=1.0
035} ___. k=50
———— k=10.0

Fig. 7. Effect of thermal conductivity ratio on average Nalssiumber and average
temperature for the BT configuration whiéR = 1.0, Re = 100, Pr = 0.71,
L, =Ly =0.5andD = 0.4.

5.4 Effect of Reynolds number

The effects of the paramet&e on the flow and thermal fields for the BT configuration
atAR =10, Ri =1.0,D =02, Pr =071, L, = L, = 0.5 and K = 5.0 have
been presented in the Fig. 8. From the Fig. 8a(i) it is fourad the open lines of the
external flow occupy almost the whole cavity and becomes sgtmerabout the diagonal
from the inlet to the exit forRe = 50. Because, of the small value &fe the thermal
transport effect by the external cold air is small. At higlfgér = 100, the pattern of
the streamlines become asymmetric shapes about the limetlfi@inlet to the exit. The
circulation of the flow shows two rotating vortices near tbf top corner of the cavity
as shown in Fig. 8a(ii). As the Reynolds number increase® up(, the role of forced
convection in the cavity become more significant, and comsetly the circulation in the
flow become large with two inner vortices as presented in &adiii). Further increases
of the Reynolds number (i.62¢ = 200), increases the strength of the recirculation cell,
which occupies much portion in the cavity and the two innetiges become small in size
as shown in Fig. 8a(iv). The corresponding temperatureiligtons have also been seen
in Figs. 8b(i)—(iv). From these figures it has been observatincrease ilke reduces the
thermal boundary layer thickness near the heated surfati isrpossible, since at larger
value of Re, the effect of gravitational force become negligible ane filow is governed
by the forced convection. The average Nusselt numbers atthiesource and the average
temperature in the cavity have been plotted as a functionididRdson number for a
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particular Reynolds numbers (shown in Fig. 9). From thisrBgtuhas been observed that
for a fixed values ofRi, the average Nusselt number at the hot wall is the highest and
average temperature of the fluid in the cavity is the lowesldige values oRRe = 200.

This is due to more heat has been carried away from the heatesand dissipated through
the out flow opening for the large values ®é.

12

101

——— Re =50
———— Re=100

Re =150
- - - - Re=200

0.5

Fig. 9. Effect of Reynolds number on average Nusselt numheiagerage temperature
for the BT configuration whileAR = 1.0, Pr = 0.71, D = 0.2, L, = L, = 0.5 and
K =5.0.

5.5 Effect of Richardson number

Fig. 10 has been indicated the dynamic and thermal field ferBh configuration at
AR = 1.0, Re =100, D = 0.2, L, = L, = 0.5, K = 5.0 and differentR: in terms
of the streamlines and isotherms. The streamlines shownginlBa(i)—(iv) describe
the interaction of forced and natural convection underotexiconvection regimes. For
Ri = 0.0, the major incoming flow is symmetric about the diagonalijuinfrom the
inlet to the exit port and a small vortex is developed neaiefteénsulated wall starting
from just above the inlet port, due to the domination of forcenvection as shown in
Fig. 10a(i). AtR:i = 2.5, the size of the vortex is increased dramatically and change
its pattern from a uni-cellular vortex to a bi-cellular viogss, which occupies much of
the cavity as shown in Fig. 10a(ii). This is because the bnoydorce dominates the
forced flow in the cavity. AsRi increases t6.0, the bi-cellular vortices merge into a
single vortex and become slightly large as presented in1&ig(iii). Further increase of
Ri at 10.0, the patterns of the streamlines are about the same as thiosg = 5.0,
but, a careful observation indicates that the inner voriesome larger slightly in size
and stronger in strength compared this with the upper oneause the effect of free
convection on heat transfer and flow increases with incngdsi. From Figs. 10b(i)—(iv)
it has been seen that the isothermal lines are nearly pat@ltee vertical heated wall
for Ri = 0.0, this indicating a dominant heat conduction mechanism.tf@iargerRi
(Ri = 2.5,5.0,10.0) the high temperature region become more concentratedhémd t
near the hot wall, and the other isothermal lines unifornigfributed in the remaining
parts of the cavity.
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5.6 Effect of Prandtl number

The influence of Prandtl number on streamlines as well abésots for the BT configu-
ration atAR = 1.0, Re = 100, Ri = 1.0, D =0.2, L, = L, = 0.5 andK = 5.0 has
been demonstrated in Fig. 11. The flow with small Prandtl nem@Br = 0.71) has been
affected by the buoyancy force, thus creating a CCW redit@mn region near the left
top corner in the cavity as shown in Fig. 11a(i). This redmtion region decreases with
increasing Prandtl numbers as shown in Figs. 11a(ii)—(M)e isotherms illustrate the
temperature field in the separated flow region has been shokig.i11b(i)—(iv). The last
line from the heated wall is the line with = 0.05 for all the Prandtl numbers presented
in this figure. The most significant information in these pla the shifting of the),
line for the different Prandtl numbers. For the casé’ef= 0.71 this line moves under
the cylinder placed at the center in the cavity. With incieg®randtl numbers, that line
moves towards the heated wall. The area enclosed betweéh time and the heated
wall can be considered as the thermally influenced regiohefltiid by the heated wall.
The large region that is associated with a smaller Prandtibar indicates the relatively
strong thermal conduction component in these fluids.

The variation of average Nusselt numbah4) at the heated wall and average temper-
ature of the fluid in the cavity along with Richardson numipedifferent Prandtl numbers
has been presented in Fig. 13. From this figure it is cleagy sleat for a particular values
of Ri the average Nusselt number is the highest and average tetugeis the lowest for
the large Prandtl numbéPr = 7.1. This is because, the fluid with the highest Prandtl
number is capable to carried more heat away from the heatsamd dissipated through
the out flow opening in the cavity.

5.7 Effect of cylinder locations

The effect of the cylinder location on the thermal transipag great importance and has
been shown in Figs. 12 and 14. Streamlines and isotherne fior various cylinder
locations have been shown in Fig. 12 @R =1.0, Re=100, Ri=1.0, D=0.2, Pr=
0.71 and K =5.0. As the cylinder moves closer to the left insulated wall gltime mid-
horizontal plane and closer to the top insulated wall aldvegrid-vertical plane, a large
circulation cell with inner vortex has confined at the lefi fwortion in the cavity as shown
in Figs. 12a(i) and 12a(iv) respectively, and concentréitedmal layer has developed
around the heat source as shown in Figs. 12b(i) and 12b@pectively. Further, if the
cylinder moves near the heat source along the mid-horigplatae, the recirculating cell
reduces as shown in Fig. 12a(ii) and concentrated isothbeteme vertical at the heat
source. However, the size of the recirculating cell redutamatically if the solid body
is located lower in the cavity as shown in Fig. 12a(iii) and tbothermal lines are more
vertically concentrated around the heat source as expos$éd.i12b(iii), which is similar
to conduction-like mechanism.

The average Nusselt numbers at the heated surface and tiag@avemperatures in
the cavity are plotted against Richardson numbers for fafferdnt cylinder locations
have been shown in Fig. 14. From this figure it is seen thaMhés the highest when the
cylinder moves closer to the left insulated wall along thd-mdrizontal plane and closer
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to the top insulated wall along the mid-vertical plane upRio= 4.0, beyond this the
value of Ri, Nu is the highest when the cylinder moves near the heat souoog dhe
mid-horizontal plane. The average temperature of the finithé cavity is the lowest
when the cylinder moves closer to the left insulated walhglthe mid-horizontal plane
and closer to the top insulated wall along the mid-vertitahp forRi < 0.5, beyond this
value of Ri, Nu is the lowest when the cylinder moves closer to the bottomlated wall
along the mid-vertical plane d8i increases.

20 0.4F

e PP= 071 -—-- Pr=0.71

Pr=1.0 -

et R
r=3. - ———= Pr=74 __.~

---- Pr=74 __-"

Fig. 13. Effect of Prandtl number on average Nusselt numbérazerage temperature
for the BT configuration whilekAR = 1.0, Re = 100, D = 0.2, L, = L, = 0.5 and

Lx=0.25,Ly=0.5 0.4
6.5F T R0k iy oss - - = - Lx=0.25,Ly=0.5
Lx=0.5,Ly=0.75 Lx=0.5,Ly=0.25 _
- — — - Lx=0.75,Ly=0.5 e A Lx=0.5,Ly=0.75 <
6 ’ 0.35F ———- Lx=0.75,Ly=0.5 2

35§
0

2 4.6 8 10

Fig. 14. Effect of cylinder locations on average Nusselt hanand average temperature
for the BT configuration whileAR=1.0, Re=100, Pr=0.71, D=0.2 and K =5.0.

5.8 Effect of cavity aspect ratio

The results presented in the preceding are for a squarey davitvhich the aspect ratio
AR is 1. In order to investigate the convective heat transfer behat other aspect
ratios, computations have also been done for the BT contigurat three additional
aspect ratios 00.5,1.5 and 2.0, while keepingRe = 100, Ri = 1.0, Pr = 0.71,

K =50,L, =L, =05andD = 0.2. The flow patterns and temperature fields for
AR = 0.5,1.0, 1.5, and2.0 have been compared in Figs. 15, 16.
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(iii)

(iv)

Fig. 16. Isotherms for the BT configuration at @R = 0.5, (i) AR = 1.0,
(i) AR = 1.5 and (iv) AR = 2.0, while Re = 100, K = 5.0, Ri = 1.0, D = 0.2,
L, =Ly, =0.5andPr =0.71.
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From Figs. 15(i)—(iv), it has been seen that foR = 0.5 a small recirculation cell
has developed just above the inlet position. This recitmracell gradually increases
with the increase of the value ofR, due to increasing the available space for the fluid
in the cavity. On the other hand, another recirculation@ithe same size has also been
located near the top surface fdiR = 1.0 and it is reduces in size and the cell near the
let wall become increases in size fdiR = 1.5 and2.0. Isotherms for these cases have
been shown in Figs. 16(i)—(iv). It has been seen from thesgdithat the isothermal
lines are nonlinear and occupy most of the part of the cawityttfe case ofAR = 0.5,
the isothermal lines becomes linear and concentrated hedot wall in the cavity with
the increasing values oA R, because of the distance between the hot wall and the inlet,
through which fresh cold fluid enter in the cavity.

The average Nusselt numbeéY«) at the heat source and the average temperature of
the fluid in the cavity forAR = 0.5,1.0,1.5 and2.0 have been shown in Fig. 17. It has
been seen that for a particular valueftfthe average Nusselt number at the hot wall and
the average temperature of the fluid in the cavity decreaeiméreasing values ol R.

This is because the increasing valueAR increases the available space for the fluid in
the cavity.

=y~ 0.6 -
- —-- AR=05

———— AR=1.0 e -
AR-18 e ——— AR=1.0
=1 - - R AR =15

-
-

———— AR=20

Fig. 17. Effect of cavity aspect ratio on average Nusselt memand average
temperature for the BT configuration at whilee = 100, Pr = 0.71, D = 0.2,
L, =Ly,=0.5andK =5.0.

6 Conclusion

A finite element method for steady-state incompressibl@ugrate effect of mixed convec-
tion and conduction has been presented. The finite elemenatieqs have been derived
from the governing equations that consist of the consemaif mass, momentum and
energy equations. The derived finite element equationsaréear requiring an iterative
technique solver. The Newton-Raphson iteration methodhbas applied to solve these
nonlinear equations for solutions of the nodal velocity poments, temperatures and
pressures. The present study demonstrates the capability finite element formulation
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that can provide insight to steady-state incompressibiugate effect of mixed convec-
tion and conduction problem.

The qualitative and quantitative understanding of the érfees of conjugate con-
duction-convection heat exchange has also been presentbisistudy. Attention is
focused on identifying the optimum placement of inlet antdedyort for the best cooling
effectiveness and on the effects of the Reynolds numbehaRison number, Prandtl
number, cylinder diameter, solid-fluid thermal condudgivatio, location of the cylinder
in the cavity and the aspect ratio of the cavity. The majoultsshave been drawn as
follows:

e Cavity orientation has a great influence on the streamlinésigotherms distribu-
tions. Comparatively large buoyancy induced vortex isteddor BB configuration
and relatively small buoyancy induced vortex is locatedTfdrconfiguration. The
thermal influenced region is comparatively bulky for BB cgofiation and slim for
TT configuration. The average Nusselt number at the hot vesdl heen used to
compare the heat transfer rate among different configuratiBesults show that the
configuration BT has the highest heat transfer rates, wharaafiguration BB has
the lowest effective heat transfer rate.

e Diameter of cylinder affects strongly the streamline dlsition in the cavity. As
a result, buoyancy-induced circulation cell reduces wittréasing cylinder diame-
ter. Comparatively small effect on the isotherms is obstfee different cylinder
diameter. The highest heat transfer is observed for the keytinder diameteb =
0.4 at Ri < 5.0, but after this the cylinder diameters have negligible affen the
heat transfer.

o Material propertiesk’) have insignificant effect on the flow field and have signiftcan
effect on the thermal fields. An unexpected result is foundlie dependence of
thermal transport on the ratid<() of the thermal conductivity of the solid cylinder
to that of the fluid. Negligibly small effect on the thermalgriomenon is observed
for small cylinder size. But for large cylinder size, theiasion of average Nusselt
number at the hot wall is significantly influenced by the rétidcnhancementin the
heat transfer is observed for the lowest thermal condigtiatio.

e The forced convection parametBe has a significant effect on the flow and tem-
perature fields. Buoyancy-induced vortex in the streamlinereased and thermal
layer near the heated surface become thin and concentrateithgreasing values of
Re. The average Nusselt numbers at the heated surface is ahelygghest and the
average temperature of the fluid in the cavity is the lowesttfe large value oRe.

e Mixed convection parameteti affects strongly on the flow and temperature fields.
The recirculation cell due to heat source in the stream|itetsbecome large and the
concentrated thermal layer near the heated surface betdmeith increasingri.

e The influence of Prandtl number on streamlines and isothareneemarkable for the
different values ofPr. Increasing the Prandtl number increase the average Nussel
number at the hot wall and decrease the average temperathesfioid in the cavity.
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e Locations of the cylinder have significant effect on the flawd ghermal fields. The

value of average Nusselt numbéy«) at the hot wall and the average temperature

of the fluid in the cavity vary non-monotonically with the mder location in the
cavity.

e The cavity aspect ratio has significant effect on the flow @noterature fields. The
buoyancy induced recirculation cell increase and the haaster become conduc-
tion dominated with increasing the cavity aspect ratio. aberage Nusselt number
at the hot wall is always the highest fdrR = 0.5 and the average temperature of
the fluid in the cavity is the lowest fot R = 2.0.
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Appendix

Finite element formulation

To derive the finite element equations, the method of wejtgsiduals (Zienkiewicz [14])
is applied to the equations (1)—(5) as

ou oU
/N <6X+6—Y>dAo, (A1)
aU oU
/N’( aY)dA
OP 02U  9*U
/H,\<8—X> dA + —/N (ax2 aYQ)dA (A.2)

v v
/N’( “Vay )
/H dA + /N il il dA+R/N9dA (A3)
A Re ax: " avz ' o
06 1 020 90
/N ( ay) A= 5p /N"‘(ax2 T oy )dA A4)
A

0 0
0—/N (aX2 aYQ)dA (A.5)
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whereA is the element aredy, (o« = 1,2, ..., 6) are the element interpolation functions
for the velocity components and the temperature, ARd\ = 1,2, 3) are the element
interpolation functions for the pressure.

Gauss's theorem is then applied to equations (A.2)—-(A.5)ewerate the bound-
ary integral terms associated with the surface tractiomsharat flux. Then equations
(A.2)—-(A.5) becomes,

ou ou opr
/NO‘<U6 +V6Y)dA+/H>\<—>dA
A

+i/ ON, 6U
Re 0X 8X 8Y 8Y

A

ov ov
J(vix +V6Y)dA+/H,\< v )
A

L [(0Na OV oV
+E/<ax % T —Y dA —Ri[ N,6dA = /NSdSO, (A7)

dA = / NS, dSo, (A.6)

00 00
/ (Ua—X + Vay) dA
A

L ON, 99  ON, 06
* RePr/( oX 90X | oY ay) dd = /Naqlwdsw, (A.8)

/ (aNO‘ 90 4 O 89) dA = / Nogaw dS,. (A.9)
A

0X 0X 0Y 0Y

Here (A.6), (A.7) specifying surface tractionS,( .S,) along outflow boundang, and
(A.8), (A.9) specifying velocity components and fluid termgaerre or heat flux¢,) that
flows into or out from domain along wall boundasy,.

The basic unknowns for the above differential equationreaeelocity components,
U, V, the temperaturé), and the pressurE. The six node triangular element is used in
this work for the development of the finite element equati@ksix nodes are associated
with velocities as well as temperature; only the corner s@te associated with pressure.
This means that a lower order polynomial is chosen for presstihe element assumes
quadratic interpolation for the velocity component andtdraperature distributions and
linear interpolation for the pressure distribution acdogdo their highest derivative or-
ders in the differential equations (A.1) and (A.6)—(A.9) as

U(X,Y) = NyUs, (A.10)
V(X,Y) = NsVs, (A.11)
0(X,Y) = Ngb, (A.12)
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HS(X, Y) = Nﬁesﬁa (A13)
P(X,Y) = HyPy, (A.14)

whereg =1,2,...,6; A =1,2,3.

Substituting the element velocity component distribusiotihe temperature distri-
bution, and the pressure distribution from equations (A=(8.14), the finite element
equations can be written in the form,

KopeUs + Kaps Vs = 0, (A.15)

1
KopyUsUy + Kapyy Vo Uy + Maye Py + ﬁ(saﬁ” +Sapm)Us = Qqu, (A.16)
1
KapyeUsVy + Kapgyw Vo Vy + Mayw Py + ——(Sapee +Sapvy) Vs

Re
— Ri Kogls = Qqv, (A17)
1

K(Xﬁ’yTUﬁe’y + K@B’viﬁe’}/ + W(Saﬁww + Saﬁyy)eﬁ - Qae, (A18)

(Sages + Sapuw)lp = Qae., (A.19)

where the coefficients in element matrices are in the forrhefritegrals over the element
area and along the element edggsandS,, as,

Kaﬁw = /NaNB,:c d.A7 (A20a)
A
Kopy = / N, Ng, dA, (A.20b)
A
Kopye = / NoNgN, . dA, (A.20c)
A
Kapyy = / NoNsN,, dA, (A.20d)
A
Kop = / N.NgdA, (A.20¢)
A
Soer = / NooNg.o dA, (A.20f)
A
Saﬁyy == /Na7yNB,y dA, (AZOQ)
A
Mo = / H.H, ,dA, (A.20h)
A
Mgy = / Ny H,, dA, (A.20i)
A
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Qoo = [ NaS. dso (A20)
So

Qaov = / NoS, dSo, (A.20Kk)
So

Qa9 = /Naqlw dSun (A20|)
S

Qaes = /Nanw dS’w; (A20m)
Sw

These element matrices are evaluated in closed-form remdgumerical simulation.
Details of the derivation for these element matrices ardtedhherein for brevity.

Computational procedure

The derived finite element equations, equations (A.15%¢9A.are nonlinear. These
nonlinear algebraic equations are solved by applying thetble Raphson iteration tech-
nique by first writing the unbalanced values from the set ef finite element equa-
tions (A.15)—(A.19) as,

Fop = KopeUs+ Kag Vs, (A.21a)
Fov=Kapgy=UgUy+KapywVaUy+ Moy P+ é(sagm +Sapw)Us
—Quu, (A.21b)
Fov =Kapy=UgVoyt+ Kagyw Vo Vo + Moyuw P+ é (Sagez +Sapuw) Vs
—Ri Kopbs—Quv, (A.21c)
Froo = KopyzUpby+ Kapyn Ve, + ﬁ(sa,@m + 80 )0p—Qao,  (A21d)
Foo. = (Supee +Sapm )05 —Quo.. (A.21e)

This leads to a set of algebraic equations with the increah@mknowns of the element
nodal velocity components, temperatures, and pressuthks fiorm,

Kpy Kpy O 0 0 AP For
Ky Kyv 0 Kyp 0 AU F.u
Kou Kov Koo 0 0 Al 3 =—< Fo p, (A.22)
Kyvy Kyy Kyvg Kyp 0 AV Fov
0 0 0 0 Kool lae, Foo.
where

1
Kuyy = Kagy=Ug + KapywUy + KopywVa + E(Sagm + Sapuy),
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1
Kyvv = Kagy=Ug + KapyVy + Kapye Vi) + E(Sagm + Sapw ),

Koo = KapyUp + Kapyn V + ﬁ(saﬁ“’ + Sapvy),

Ky.0,= Sapee + Sapgwy,

Kuv = KapywUy, Kvu = Kapy=Vy, Kou = Kagy0sy,

Kov = Kapyvby, Kpu = Kapyr, Kpv = Kapyv,

Kup = Kape, Kyp =Ko, Kvo=—RiKap,

Kyo = Kyg, = Kvy, = Kop = Koo, = Kpp = Kpg = Kpg, =0,
Ko,u = Ko,v = Kg,9 = Ko,p = 0.

The iteration process is terminated if the percentage obttezall change compared to
the previous iteration is less than the specified value.

To solve the sets of the global nonlinear algebraic equatiothe form of matrix,
the Newton-Raphson iteration technique has been adaptaeayth PDE solver with MAT-
LAB interface. The convergence of solutions is assumed whemelative error for each
variable between consecutive iterations is recorded blewonvergence criteriansuch
that|¥™+1 — ™| < 10~*, where n is number of iteration and= U, V, 6.
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