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MHD Effects on Non-Darcy Forced Convection Boundary
Layer Flow past a Permeable Wedge in a Porous Medium

1

Convective heat transfer from surfaces embedded in poreganihas been the topic of
several studies in recent year. This interest in the subfeats from various engineering
applications in geothermal reservoirs, petroleum indessttranspiration cooling, storage
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Abstract. The steady two-dimensional laminar forced flow and heasfarof a viscous
incompressible electrically conducting and heat-geiragdtuid past a permeable wedge
embedded in non-Darcy high-porosity ambient medium witifioum surface heat flux
has been studied. The governing equations are derived th&inggual boundary layer and
Bossinesq approximations and accounting for the appliegheti filed, permeability of
porous medium, variable porosity, inertia and heat geiweraffects. These equations
and boundary conditions are non-dimenstionalized andfoamed using non-similarity
transformation. The resulting non-linear partial difigtial equations are then solved
numerically subject to the transformed boundary condétioya finite difference method.
Comparisons with previously published works are perforraed the results are found
to be in excellent agreement. Numerical and graphical tedal the velocity and
temperature profiles as well as the skin friction and Nussethber are presented and
discussed for various parametric conditions.
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Introduction

of nuclear waste materials, separation processes in chemmdtstries, building thermal

insulation, and solar heating systems. Early work on poredia used the Darcy law

that neglects important effects such as boundary and @neffiects. Vafai and Tien [1]
have reported a pioneering work on the boundary and inefféats of porous media on

convective flow and heat transfer situations. In recentsgjearhanced models of porous
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media have been reported. These models have been applisinidating more gene-
ralized situations such as flow through packed and fluidizssand liquid metal flow
through dendritic structures in alloy casting (Nithiarasal. [2]). Some of these models
deal with variable porosity effects near the boundary inclithe porosity distribution
exhibits a peak value there and then decays asymptotioaylgrial that value. The basis
for these models was the early experimental work of BenamatiBrosilow [3] on void
fraction distribution in packed beds. Examples of such nake reported and employed
by Vafai [4], Vafai et al. [5], Poulikakos and Renken [6], aNdhiarasu et al. [2]. Other
models have dealt with thermal dispersion or secondary fftegtsn porous media which
result from mixing and recalculation of local fluid partistdnrough tortuous paths formed
by the spherical particles in packed beds. Examples of timeskels have been reported
by Cheng and Vortmeyer [7] and Amiri and Vafai [8].

Also, Darcy’s law has been the momentum equation used in ratmjes of fluid
flow in porous media. Because Darcy’s law is of order one lbas the Navier-Stokes
equation, only the impermeable boundary condition at easertan be satisfied; the no-
slip boundary condition cannot. In contrast with rocks|,s@ind, and other media that do
fall within this category, certain porous materials, suslicam metals and fibrous media,
usually have high porosities. In these media, the boundatyreertia effects not included
in Darcy’s model may alter the flow and heat-transfer charéstics. It is therefore
necessary to determine the conditions under which thesetsfare important. When
the Reynolds number based on the pore size is greater thignamai there is a boundary
impermeable wall, the non-Darcy effects (the inertia andnary effects) should be
included in the momentum equation. The inertia effects Gaadcommodated through
the so-called Forchheimer’s extension, while the bounééfiscts can be modeled, in a
formalization known as Brinkman’s extension, through theusion of a viscous shear-
stress term.

On other hand, hydromagnetic flows and heat transfer in goneedia have been
considered extensively in recent years due to their ocooerén several engineering
processes such as compact heat exchangers, metalluttgygcidration of liquid metals,
cooling of nuclear reactors and fusion control. Ram [9] ad&®d hydromagnetic heat
and mass transfer through a porous medium in a rotating fliid .steady free convection
flow over a vertical plate in highly porous media taking intzaunt the convective and
viscous terms in the momentum equation has been invedliggt®aptis and Kofousias
[10]. Takhar and Beg [11] have reported on the effects ofsvarse magnetic field on
mixed convection flow over a vertical plate embedded in psrowedium. Rees and
Pop [12] examined the effect of the variable permeabilitytlom free convection flow
on a vertical surface in a porous medium. The natural correfibw over a thin vertical
cylinder, which is moving with a constant velocity in a no®y high-porosity ambient
medium, has been studied by [13]. Takhar et al. [14] has tigeted the natural convec-
tion boundary-layer flow of an absorbing and electricalyrducting fluid over a semi-
infinite, ideally transparent, inclined flat plate embediheiporous medium with variable
porosity. Effects of non-uniform wall temperature or massfer in finite sections of
an inclined plate on the MHD natural convection flow in a terapere stratified high-
porosity medium have considered by Takhar et al. [15]. Therahconvection flow over
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a vertical heated surface in a porous medium has been sthylifittal [16]. The non-
Darcy effects on the natural convection boundary layer flavaw isothermal vertical flat
plate embedded in a high-porosity medium was consideredien @t al. [17]. Minto et
al. [18], Yin [19], and Rees and Pop [20] carried out some miepent studies on this
topic.

Finally, steady two-dimensional laminar forced flow andthesmnsfer from a wedge
was considered in great detail by Lin et al. [21]. They pregaba similarity solution
for an isothermal surface as well as for a uniform heat flufasr for a wide range of
Prandtl numbers. Koh and Hartnett [22] studied the incosgibte laminar flow over a
porous wedge with suction and a variable wall temperaturataabe [23] investigated
thermal boundary layer flow over a uniform surface tempeeatvedge with a transpi-
ration velocity in forced flow. Yih [24] extended the aboveblem by considering the
heat transfer characteristics in the forced flow over weddgested to a uniform wall
heat flux. Hossain et al. [25] investigated also the samel@moby having temperature
dependent viscosity as well as thermal conductivity on tnedd flow past a wedge and
heat transfer of a viscous incompressible fluid with unifeurface heat flux.

The aim of the present theoretical study is to investigatedfiects of porosity,
permeability of the porous medium, inertia and magnetidfigh the flow and heat
transfer of a viscous incompressible electrically conithgcand heat-generating fluid past
a permeable wedge embedded in fluid-saturated high-ppesaibient medium, using the
extension of the Darcy-Forchheimer-Brinkman model, inghesence the magnetic field
and internal heat generation effects. The surface of thgeedmaintained uniform sur-
face heat flux and is permeable to allow for possible fluid wadition. The resulting non-
linear partial differential equations are solved numelyday a finite difference method.
The results with uniform porosity and in the absence of palility, inertia, magnetic
field and heat generation effects are compared with thosg2¥rand Hossain et al. [25]
with uniform both of the dynamical viscosity and thermal daativity. Comparisons
with previously published works were performed and resu#ise found to be in a good
agreement for different values &fr and pressure gradient parameter Numerical and
graphical results for the velocity and temperature profiesvell as the skin friction and
Nusselt number are presented and discussed for variounipti@aconditions. Note that,
numerical and graphical results for a fluid having the vafuBo= 0.7 that is appropriate
for helium @00 °F), hydrogen (near aboid70 °F) and oxygen (near abou® °F) and
m =1/3.

2 Problem formulation

The physical model of the problem and the coordinates syatergiven in Fig. 1. Con-
sider the steady two-dimensional laminar forced flow of amompressible viscous elec-
trically conducting and heat-generating fluid past a pebieeaedge with uniform heat
flux. The wedge is embedded in a non-Darcy high-porosity oradiA uniform mag-
netic field is applied in the transverse direction y normathte wedge. According to
assumption that Bossinesq approximation is valid and usiagxtension of the Darcy-

251



A. M. Rashad, A.Y. Bakier

o))

M

Fig. 1. The flow configuration and the coordinate system.

Forchheimer-Brinkman model, the equation of continuitpmentum and energy of the
two dimensional under boundary layer form of the forced fldwhe fluid past a wedge
in a non-Darcy high-porosity medium modified to account fer presence magnetic filed
and heat generation effects can be expressed as [23-25]:

ou Ov

e T 1
9% + By 0, 1)
ou ou du, v 0%u v
-2 = 7)) = Bl S) e - _
© <u8m+vay) Uso dz JrzsayQJrK*(Uoo u)
ocB?
+C* (UL —u®) + - (Uso — 1), 2)

aT 5‘T 82T Q()(Z)
— — =a—+—— (T —Tw). 3
uaervay aay2+ pCp( ) (3)
The boundary conditions are the no-slip at the surface andrtbient condition far away
from the surface and these are expressed as:

oT

u=0, v="V,, —k(a—y

) =q, at Y= 0,
b0 (@

U — Us = Upgz™, T — T as y — oo.

Herew, v are fluid velocity components in the andy-direction, respectively] is the
temperature of the fluid in the boundary layer regidp, is the transpiration velocity,
which is positive for injection or blowing and negative farcsion or withdrawal of fluid
through the wedge surfacé/.(x) being the free stream velocity, is the constant
velocity of the potential flow out side the boundary layer,= 5/(2 — 3) is the pres-
sure gradient parametet,is the Hartee pressure gradient parameter which is related t
the total angle of the wedgé), by Q@ = =n5. v,p,o,C, are the kinematic viscosity,
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the density of the fluid and electrical conductivity and sfiedeat, respectivelyz is
the porosity; K is the permeability of porous mediund;* is the inertia coefficient;
B, T, Qo(z) are the magnetic induction, ambient temperature and vdhicrmate of
heat generation/absorption coefficient, respectivelys thermal diffusivity; ¢, is the
surface heat fluxg the thermal conductivity; and subscriptsandoco denote conditions
at the wall and in the ambient fluid, respectively. It shouddrbentioned here that the
wedge and porous medium are both in local equilrim. In addjtpositive values of),
indicate heat generation (source) and negative valu€s abrrespond to heat absorption
(sink).

It is convenient to reduce the number of equations form thoe®vo as well as
to transform them to dimensionless form. This can be doneppyyang the following
transformations

77Vz 2 71/2 - 1+m 1/2 78_11) 778_11)
&= v \/1+mRex 1TV T Reg™, “*ay’ YT T

]2 1/2 — &
’(/)(l‘,?/) =V ‘1 T mRex f(fﬂl)a 9(5;”) - (qw/k>Rel/2’

Re, = Usx/v, M = Ha?/Re,, Ha>=oB%2?/yu,
K=K*Re,/z?, C=(C*v/Usx)Re,, Pr=v/a, Q=Qo(xz)x/RezpCyp, (5)

to equations (1)—(3) and we find that (1) is identically $&tésand (2) and (3) reduce to,

Eflfm+ 2m +€2<ff”2—mf’2)+ f (M+K71)(1*f/>

1+m 1+m 1+m
2m 22\ _ 7217m /af/ //af
T C- 1) =e —ng( 5 a—g) ©
1, .2 l-m, 1-m_[,00 ,0f
Pl +f9+—1+mQ9_—1+mf9_—1+m€(fa_§_98_§>' 0

The boundary conditions as (4) can be expressed as
f(€0)=f'(&0)=0, 0'(£0)=-1, f'({o0)=1, 0(o0)=0. (8)

In addition, the velocity components are

B , _ v 2 12| 1+m l—m/. of
u=Unf, o=ty o[ 5 ()| @

Here ¢, n are the transformed coordinates, whérés the suction parameter andis

the pseudo-similarity variable) and f are the dimensional and dimensionless stream
functions, respectivelyf’ is the dimensionless velocity in the axial directighis the
dimensionless temperatutBr, Re, are the Prandtl number and local Reynolds number,
respectively.K is the dimensionless permeability paramefers the dimensionless iner-
tia coefficient expressing the relative importance of thetia effect;M is the magnetic
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parameter. In the foregoing equations, the primes denetdifferentiation with respect
to . For surface blowing},, > 0 and henc& < 0. On the other hand, for surface
suction,V,, < 0 and hencé > 0.

It may be remarked that equations governing the forced flogr ttve wedge can
be reduced to those of Watanbe [23], Yih [24] and Hossain.428] for M = Q = 0
(without magnetic and heat generation effects), 1 (uniform medium)K ' =C =0
(in the absence of the permeability and inertia parameters)

The quantities of physical interest are the local Nussefhlmer and the local skin
friction coefficientC, and these are expressed as

Tw® Gqu®

= —=2" _ and Nuy = —2—, 10
Cre = Q)02 Yo T H(T — T) (10)
wherer,, is the shear stress at the surface
o = N(@) . (12)
0 ) =0

Now incorporating the transformations given in (5) in thesfpoing relations for the local
Nusselt numbeNu,, and the local skin friction coefficiertt, hold:
1
V2(1 +m)

and

Cf:nRe}L/Q = f//(ga 0)7 (12)

2 Nu, 1
o m e 0(,0) 13)

3 Numerical scheme

The numerical scheme to solve equations (6) and (7) adopted$fibased on a combina-
tion of the following concepts:

(a) The boundary conditions fgr= oo are replaced by’ (¢, nmaz) =1, 0(&, Nmaz) =0,
wheren,,q. IS a sufficiently large value of at which the boundary conditions (8) for
velocity is satisfied. We have sgf,., = 6.0 in the present work.

(b) The two-dimensional domain of interést n) is discretized with an equispaced mesh
in the¢-direction and another equispaced mesh invitirection.

(c) The partial derivatives with respectf{candn are all evaluated by the central diffe-
rence approximations.

(d) Two iteration loops based on the successive substitigie used because of the
nonlinearity of the equations.
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(e) Ineach inner iteration loop, the valuefis fixed while each of equations (6) and (7)
is solved as a linear second order boundary value problenbéf @n then domain.
The inner iteration is continued until the nonlinear sauntconverges for the fixed
value of¢.

(f) Inthe outer iteration loop, the value ¢fis advanced. The derivatives with respect to
¢ are updated after every outer iteration step.

In the inner iteration step, the finite difference approxiorafor equations (6) and (7) is
solved as a boundary value problem. The numerical resdtaféected by the number of
mesh points in both directions. To obtain accurate resaltagsh sensitivity study was
performed. After some trials, in thedirection190 mesh points were chosen whereas
in the ¢-direction41 mesh points were used. The tolerance for convergence Wes
Increasing the mesh points to a larger value led to identé=allts.

4 Resaults and discussion

Numerical solutions for the governing equations (6) anduf¥jer conditions (8) were
solved numerically by a finite difference method. In ordevatidate our results, we have
compared the local Nusselt numbt, / Res/* for M = @ = 0 (without magnetic and
heat generation effects), = 1 (uniform medium),K—! = C = 0 (in the absence of
the permeability and inertia parameters) &né 0 (an impermeable wedge flow), with
various values ofn, Pr with theoretical results of Yih [24] and Hossain et al. [25he
results are found to be in good agreement and the compasipoasented in Table 1. Here
we have found that the value of local Nusselt number inceagenever the value of the
pressure gradient parameterincreases at a given value gf-. We also observe that if
Pr decreases, then there is a corresponding decrease in tigeofddcal Nusselt number
for fixed value ofm means the boundary layer thickness increasing with theeaser
of Pr.

The effects of porosity parameterinertia parametet’, dimensionless permeability
K, magnetic parametéy/ and heat source/sink parametgion the skin friction coeffi-
cient and Nusselt numbe@gwRei/Q/(\/i(lwn)), Nuw/Regl/Q) are shown in Tables 2, 3,
respectively, wherPr = 0.72 andm = 1/3. From these tables, we can observe that
both skin friction coefficient and Nusselt number increaseh the increase the values
of M,Q,C, e, but decreases with the increasef This in turn, produces increases
in this due in fact that the velocity gradient increases wiith increase\l, Q, C, e, or
decreases with the increase if but the opposite to temperature gradient. However,
Nusselt number is found to be weakly dependenf\donk’, while the permeability and
magnetic parameters strongly affect the skin friction. Qineo hand, the inertia’,
porosity e, heat source/sink) parameters are found to have significant effect on both
skin friction coefficient and Nusselt number. Also, as mamgid before() has no effect
on the fluid flow field, therefore, it has no effect on the skiietfon coefficient, that is
because equations (6) and (7) are uncoupled equations.
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Table 1. Comparison olVu../Res’? to previously published data at= 1, ¢ = 0,

K~'=C =0andM = Q = 0 for different valuesPr andm

Pr m Yih [24] Hossain et al. [25] Present
0.1 0.0 0.20063 0.2006 0.20064
1/3 0.21947 0.2193 0.21949
1.0 0.21950 0.2195 0.21953
1.0 0.0 0.45896 0.4589 0.45897
1/3 0.54197 0.5419 0.54198
1.0 0.57046 0.5704 0.57047
10.0 0.0 0.99786 0.9978 0.99789
1/3 1.23177 1.2317 1.23178
1.0 1.33879 1.3387 1.33880

Table 2. Values of the skin friction coefficient and Nussetm)erCfoei/Q/(\/E(Hm)),
Nu./Rex/* for differente, £ andQ at K = 0.75, C = 1.0 andM = 1.0

CroRer'? /(V2(1 +m)) Nu,/Res”
€ Q e=04 e=0.9 e=04 =09
00 —05 1.50266 2.38056 0.91553  0.96649
0.0 1.50266 2.38056 0.62247 0.69348
0.5 1.50266 2.38056 0.21067 0.32726
1.0 —0.5 3.12586 3.32738 1.54677 1.51279
0.0 3.12586 3.32738 1.2615  1.21184
0.5 3.12586 3.32738 0.86483  0.77993
20 —05 4.58968 4.37812 2.45339 2.33035
0.0 4.58968 4.37812 2.25723 2.09899
0.5 4.58968 4.37812 2.02976 1.81347

Table 3. Values of the skin friction coefficient and NusseltiberC s, Res’ %/ (v/2(14+m)),
1/2

Nuy/Re;’” for different K, C and M ate = 0.4, ¢ = 0.5 andQ = 0.4
CrzRex?/(V2(1 +m)) Nu../Rey/?
C K M=1.0 M =20 M=10 M=20
1.0 0.25 2.84385 3.00901 0.39465  0.40208
0.5 2.46079 2.66253 0.37827 0.38666
1.0 2.23278 2.46079 0.36991 0.37827
5.0 0.25 3.64036 3.75365 0.43610  0.44023
0.5 3.39622 3.52152 0.42680 0.43164
1.0 3.26331 3.39622 0.42155  0.4268
10 0.25 4.34705 4.43495 0.46441 0.46676
0.5 4.16374 4.25672 0.4593 0.46193
1.0 4.06786 4.16374 0.45653 0.4593
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Figs. 2(a), 2(b) represents the effect of magnetic paraniéten the skin friction
coefficient and Nusselt numbef'{, Rex’?/(v/2(1 + m)), Nu,/Res'?), respectively, for
Pr=07,m=1/3,C =1.0,Q = 0.5, K = 0.75,¢ = 0.5, in the range) < & < 1.
Both the skin friction coefficient and Nusselt number ineesawith increasing/ and¢.
Consequently the momentum and thermal boundary layersdreed. This results in
higher the skin friction coefficient and Nusselt number farreasingl/, whereas there
is strongly affect on both the skin friction and Nusselt nemtor increasing.

The effect of the dimensionless permeabilifyon velocity and temperature profiles
(u/Us, 0(&,m)) at Pr = 0.7, m = 1/3 is shown in Figs. 3(a), 3(b), respectively. It can
be observed that the velocity reducesfasncreases, while temperature enhance&’as
increases which imply that the resistance of the mediumedesers. This is due to the
increased restriction resulting from decreasing the pgro§porous medium.

C,Re,”"/2"(1+m)

M=0.0,1.02.0

0.0 0.2 04 5 06 0.8 1.

@) (b)

Fig. 2. Effect of M on (a) the skin friction coefficient and (b) Nusselt number,
respectively.

K=0.25,05,0.75,1.0
35 Q=05 |1
30 c0s
1 05 |
25 Cc=10|J
M=1.0
= o = 204
E 2
1.54
1.04
05 K=0.25,0.5,0.75,1.0
00 T T T T T T T T 0.0
00 05 10 15 20 p 25 30 35 40 45 00 05 10 1.5 20y 25 30 35 4.0
(@) (b)

Fig. 3. Effect of K on the on (a) velocity and (b) temperature profiles, respelgti
The effect of inertia parametel”’ on velocity and temperature profiles

(u/Us, 6(&,m)) at Pr = 0.7, m = 1/3 is shown in Figs. 4(a), 4(b). The decrease
in inertia parameter implies more resistance to the flow twhigsults in decrease in
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the momentum boundary layer and hence in thermal boundgey. l&€onsequently the
velocity increases and temperature decreasésiasreases.

The effect of porosity parameteron velocity and temperature profiles /Uw,
0(¢,n)) at Pr = 0.7, m = 1/3 is shown in Figs. 5(a), 5(b), respectively. Since- 1
corresponds to uniform medium, decreasingnplies less resistance is offered by the
medium. Consequently the velocity increases as increageemperature reduces.

The effect of magnetic paramet#&f on velocity and temperature profiles/(U -,
6(&,n)) at Pr = 0.7, m = 1/3 is shown in Figs. 6(a), 6(b), respectively. It is clear
that due to an increase in values &f there is an increasing in the velocity because
the unretarding effect on the magnetic force. Thereforenlomentum boundary layer
thickness becomes smaller, and separation of the bouradaywill occur later. Also, we
observe that the temperature profile decreases when thestimgarametei/ increases.
This means that the magnetic filed works to decrease thes/afuemperature in the flow
filed and then increases the gradient at the wall and de¢hieiness of the thermal
boundary layer.

The effects of heat source/sink paramefeiand the suction parametéron the
temperature profile/U.., 6(¢,n)) at Pr = 0.7, m = 1/3 is shown in Fig. 7. Itis

C=135,10

ull,
&En

C=13,510

e=0.5
02 K=0.75| |
M=1.0

0.0 0.5 10 15 20;, 25 3.0 35 40 0.0 0?5 1.'0 1'5 2.'0” 275 3',0 375 4.0
@) (b)
Fig. 4. Effect ofC on (a) the velocity and (b) temperature profiles, respegtive

] 40 Q=05
10 . £=05,0.6,07,09 £=05
c=10
08+ 30 K=0.75
25 M=1.0
~° 06 g
E £=0.50.60.7,09 E
04+ E=O.5 1 15
c=10 10
024 K=0.75 | {
M=1.0 05

00 0.5 1.0 15 20 n 25 30 35 4.C 00 0'5 1'0 1'5 2'0 n 2'5 3'0 3‘5 40
@) (b)
Fig. 5. Effect of¢ on (a) the velocity and (b) temperature profiles, respegtive
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found that the temperature profile increases as heat seincparametef) increases, but
the opposite with the suction paramefetherefore, the thermal boundary layer thickness
becomes small for the increase of the suction parametele whbecomes large for the
decrease of heat source/sink parameter. This is expecteel lseat generatiod)( > 0)
causes the thermal boundary layer to become thicker anetheerature of the fluid to
increase, whereas the opposite effect with heat absorgfion 0), reducing temperature

of the fluid and the thermal buoyancy effect. In addition, thg@neration/absorption
coefficient unaffected on the velocity flow, for the same eanmentioned above. Also,
imposition of fluid suctior¢ = 0 at a surface reduces the region of viscous domination
close to the wall, which causes decreasing in the fluid’s eratpre profile.

104 4 Q0.5
=05
M=0,1,5,10 =05
084 K=0.75
! c=1.0
=~ 06 =
2 NPy
M=0,1,5,10 Q05 T
04+ ri:[)_s -
05
024 K=0.75| 4
Cc1.0

T T T T T T T T T T T T
00 0.5 1.0 15 20 n 25 30 35 4.c 00 05 1.0 15 2.0 n 25 30 35 40

@) (b)
Fig. 6. Effect of M on (a) the velocity and (b) temperature profiles, respegtive

&EN

T — =3 v m—
00 05 1.0 15 20y 25 30 35 40

Fig. 7. Effect of@ on the temperature profiles.

5 Conclusions

The steady two-dimensional laminar forced flow of an incoespible viscous electrically
conducting and heat-generating fluid past an impermeabtigevat uniform heat flux
embedded in a non-Darcy high-porosity medium has beenestudiimerically. The
governing equations are derived using the usual boundger @nd Bossinesq appro-
ximations and accounting for the applied magnetic filedppability of porous medium,
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variable porosity, inertia and heat generation effectsesehequations are transformed
using non-similarity transformation and then solved nuoadly by a finite difference
method. Numerical and graphical results for the velocitg samperature profiles as
well as the skin friction and Nusselt number are presentetdiscussed for various
parametric conditions. It was found that the Nusselt nuntdeeweakly dependent on
the permeability, magnetic parameters, whereas thereraregty affect the skin friction.
On other hand, the Nusselt number and the skin friction geifsiantly affected by the
inertia, porosity, suction and heat generation/absongiarameters.
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