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Abstract. This work studies an initial boundary value problem for nonlinear degg¢ae
parabolic equation issued from a lubrication slip model. Existence of sofui®n
established through a semi discrete scheme approximation combinedwighaspriori
estimates.
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1 Introduction

Small scale gaseous lubrication theory is used widely ireeiectromechanical systems
(MEMS) such as microbearings, micropumps and microtushiBecause of microsize or
even nanosize geometries flow can no longer be consideredaginuum. This failure
of the Navier-Stokes description as the characteristitegyscale approaches the mean
free path makes this problem both challenging and intergd$tom a scientific point of
view.

The deviation from Navier-Stokes is quantified by the Knudsemberk,, [1, 2]
typically defined as the ratio of the molecular mean free pathe characteristic system
scale. It is well known that flow can be classified into threegaries [3]: K, < 1073
the flow can be considered as a continuuffy, > 10 the flow is considered to be a
free molecular flow;10™3 < K,, < 10 the flow can neither be a continuum flow nor
a free molecular one. The conventional Navier-Stokes systebased on a continuum
assumption and it is no longer valid if the Knudsen numbeeigid a certain limit [4].
This involves the selection of an appropriate model and dapnconditions.

The well-known Reynolds equation in the continuum regim&,is]:
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whereh is the local gas bearing thicknegsthe local pressure, the local gas density,
the viscosity,l; is the moving plate velocity and = (z1,z2) € Q C R? (with smooth
boundaryo(?).

In the slip regime the above equation needs modificationgngahe Hsia’s second
order model, the boundary condition are given as follows [7]

Us, (5 = 0) = Up + 2 ; TA%L;? T A;a;ggl gt
Uy, (25 = h) = 2 - T)\%szl T 228;;];1 T
Us, (w3 = 0) = - ; T)\%L;; 23=0 B /\228(29(;‘]22 £3=0

Uy, (5 = h) = —2 - TA%UJU? T fa;gg T

U.,, U,, are the velocity distributions; is the surface accommodation coefficient and
is the mean free path.

For these boundary conditions, the velocity distributiaresobtained by solving the
momentum equation [7]:

1 dp, , 9 A+ x3
= — — — — — 1 _
Uan 2p 0z (w3 = hog = hA =A%) + UO( h+ 2/\>7
1 0p, , 9
Uy, = 21 D (x5 — hxs — hA = A7),

The second order modified Reynolds equation can hence hieettay incorporating the
expressions o/, andU,, into the continuity equation and then integrating frogn= 0
toxs =h

2+ 32~ o )]
3
6%2 {;ﬂ%p(% + AR+ A%)]

Normally, the non-dimensional second order slip Reynolgisadon is used which is
given by [6]:

% _v [(iﬁp 6K, h% + 6K2 %)vp} — AV(ph), )
with A is the bearing vector.

In earlier works [8, 9], existence and uniqueness for thiéostary version of (1) was
proved under some hypotheses on the data. In this paper, niawe our investigation
concerning the same problem and we plan to establish ezesthweak solutions to (1)
through a procedure of semi-discrete scheme as in [10] aptesent a priori estimates
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for this scheme. First, in Section 2, we present the problé@meorresponding boundary
and initial data and we introduce a new formulation, Sec8as devoted to some nota-
tions and to semi-discrete scheme. A priori estimates fierdbheme are established in
Section 4 and existence of weak solution is proved in theskedtion.

2 Formulation of the problem

Here, we consider the following problem

% = V| (Wop+ 6KH2 + 6K %)Vp} — AV(ph),
(P) Apla,t) =T, ze0Q, te)o,T],
p(z,0) = po(z),
where¥ > 0 is the ambient pressure afita positive number.
We assume that the functiohs Qx]0, T|— R satisfies the following hypotheses:

h = h(x,t) isa continuous functiort,— h(x,t) is a Lipschitz
function,

(A1) 0<a<h(zx,t)<b, =z, te€l0,T],
|[Vh| < C ae.inQ andt €]0,T7,

h € H'(Q2x]0,T[) and % € L>(Qx]0,T]).

We introduce the new unknown function

2

p p 210g(p)
L £ 2
U 2+6Knh+6kn 2 (2)

and we consider the functian |0, +co[— R such that

2
g(z) = % + 6K,z + 6 K2 log(z).

It is easy to see that is an increasing and bijective function. We have from thevabo
equality

1
p= Eﬁ(x7t7u)7 (3)
with

w(z, t,u) =g * (hQ(;L', t)u + 6 K2 log h(z, t)) 4)
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Our initial problem(P) becomes in

13} t,

M) _ v
—V[(A = 6K, Vh)s(z,t,u) — 12K2 log k(z, t,u) Vh]
+V[12K, loghVh] in Q,

(Pu)
g " v 2 log(V)
U(l‘7t) = \I/u = 7+6Knm+6Knm, x € 39, t E]O,T[,
2
— _ po(x) po(x) »1og (po(2))
u(z,0) = up(x) = 5 +6Knh(x,0) +6K; B2 (2.0)

Definition 1. By the weak solution of proble(f®,, ), we mean a function such that:

(i) weV,+ L? (O,T, H&(Q))7 u(x,0) = ug(x),

A(k(.y.,u))
ot

T a T
(ii) /<w,w>dt:—//ﬁ(az,t,u)a@—qfdxdt
0 Q

0
- /KJ(.’L‘,O,U())’(/J(SU,O) dz Vi € D(Q % [0,T]),
Q

€ L*(0, T, H (),

T

(iii) /<w7v>dt+2!h3VuV1}dwdt

0

T 5)
— //X(x,t,u)Vv dedt =0, Yove L? (O,T, H&(Q)),
0 Q

x(z,t,u) = (A — 6K,Vh)r(z,t,u) — 12K2 log k(x, t,u)Vh — 12K, log AV h.

Remark 1. Due to the definition

p(z,t) = e t)gfl(hz(x,t)quGKg logh(m,t)),

we will prove existence of a positive solutipfor the problem(?) without any knowledge
on the sign of..
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3 A semi-discrete time scheme

We replace in(P,,) the time derivative by the backward difference quotientt Nebe a
positive integer andg = % denote by{Uj}j:mMN the solution of the elliptic system:

i, U7 — )7, Uit |
(H(m,ﬁ, ) H(f, (-1 )) (k) V)
+V (x(z,j7,U%)) =0 inQ,
Py o
Ul(z) =V = — / U, (z,t)dt, =€,
T
(-1
U%(z) = ug(x

The variational formulation associated to probléf,)™ is given by:

Find U7 € W), + H}(Q) (j =1,2,...,N) such that
/ (H(l’,jT, Uiy — Iﬂ?(l‘, (j— D, Uj’l)

T

)vdm
Q
+ / W () VU Vo dar— / X(@, j7,U7) Vo dz=0, Ve Hy(Q).
Q Q

This stationary problem is very close to the one studied Jn48 we can use the same
arguments as in [8] to prove existence and uniqueness, soder hypotheses on the data
(6), of solution for the probler®, )}, at each time step.

Theorem 1. For j = 1,2,..., N and under the hypothesis
aB

A
Cob? (L5le + 31951 2 )

>1, (6)

(whereC,, is the constant of Poincarfl 1] and ||A||. is the Euclidean norm af), there
exists a weak solutioti’ € H'(Q2) to the problen{P,,)7..

In addition, We have uniqueness among all weak solutionsotolgm (7,,)7,. Fur-
ther, suppose thal’/ is a weak solution t4P, )7, corresponding to the boundary data
(W);, i =1,2,if (B1); > (V)), a.e. ondQ, thenUi > U] a.e. onQ.

Remark 2. For smallC,, and particular values ok, assumptior(6) is satisfied. However
itis not always the case and existence result in hypothessséstrictive tha(6) remains
an interesting and open problem.
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4 A priori estimates

From the sequenc€U’},_o 1. n, we define the following global functions a@ =
Q2 x [0, T] such that:

MZ

U ( ) UJ( ) (G— 1)T,j7'](t)a

Il
-

N
> w(@, J 1, U 1yr,5m (1),

N
> X(@, 57, U —1)r ] (1),

U () —1)r,7) (E),

Kr(z,t,U;)

BN
—

Xr(z, t,Ur)

[
—_

=

Il
_

Ur(x,t) =
J

wherel(;_1- ;- is the characteristic function ¢fj — 1)7, j7].

For the following,C' denotes a generic constant which can take different vatues i
different occurrences and we consider that (6) is verifiedjfo= 1,2,.., N and that
U°(x) = uo(z) > 0.

Proposition 1. For a big enough value ok, there exists a constant which don't rely
onr such that

[UrllL2(@) < C.

Proof. By choosingy = (U7 — ¥J)7 in (P,)], and summing onj, we get

Z/ (k(z,j7,U7) — K(z, (j — V)7, UI ")) (U7 — W) dz
Q

Jj=1

N
+72/h§-(x)VUj(VUj — V) da

—TZ/ z, j7,U°) (VU — VW) dz = 0,
=1

which leads, according t@4, ), to

IVU:72(q) < Clixellze@) (IVU- 122 (@) + IVl 22(@)
+ ClIVU 2@ IV L2

(7)

fz/ a,j7,U9) = k(z, (j — 1)r, U1 (U7 — W) da.

Jlg
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However, from the definition of- and the fact that

dg™! 9 ' (s) 1
< = < 8
0% =0 ) = () T 6Kng 1(s) + 6K2 = 6K, ®
d 1 1
< —log(g7'(s)) = <
0= 3 le 0" 0) = i T ok,g () 7 0K2 = K2 ©)
we obtain

c c
Irlliz < (g + gz )1Vl + €

Using the Cauchy-Schwarz inequality, we get

JjT

N N
V7220 Z/v\p] %Z/ / V\Iludt>(/ V\I!udt)dx
=19 =1a Glr
T

(G-Dr

J—

N it

< Z/ / Vv, V¥, dtde = //V\IJUV\IIU dtdr = ||V\I/u||L2(Q)
=19 iy, Q 0

The last term on the right hand side of (7) can be estimated as:

Mz

(x,jT, UJ — k(x,(j — D, Uj_l))(Uj — \I/ZL)dx

Il
—

J

Mz

1

J

+

] =

(z,j7,U7) = k(z, (j — )7, U~ 1)) ¥ da

/e
Q/ (2, i, U7) — K(z, (j — V)r, U/"1)) U da
J

<.
I
—

N
=2 [ 5@, G- )r U (U7 = U7 de

Jj=1

e~

2

+ [ K(2,0,UNU° da — /n N7, UMUN dx
Q

—

Kz, (j — V)7, U (W — W) dx
Q
w(x,0,U%)0Y der//i(x,NT, UMY dg
Q

+
[]="

1

D\ﬁ
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1M

/n (j—Dr,UHYU - U da
Q

+ [ Kz, NT, UM (N —UN) de

—

_|_
[]="

[ st = 0r U@ = v do
j:1Q
/n x,0,U°)w0 d:z:—l—/l-i(a:,O, U"U"° de,
Q Q

which can be written/ = J; + J, such that

Ji = Z//@(x, (G = 1)r, U1 (U7 — UF1) da
J:lg
—i—/fi(m,NT, UMY (N —UN) de,
Jo= 3 [ Rla, G- O U (@~ W) da
J:1Q

—/n(w,O, UO)ngx+/H(m,O,UO)UOdm.
Q Q

Due to the monotonicity of the function— x(., ., s), we have that

UJ
/m(x, (G-1r,UY (U -0 da < / / k(z, (j — 1)7, 8) dsdz,
Q Q Uit
therefore,
N Ui
Jp < Z / k(z,(j — 1)1, 8) dsdx — /n(mNT, UMY UN — V) dx
=10 yi—a Q
unN U°
Z//li(l‘,(N—1)T,S)d8dl‘—///€($,0,8) dsdx
Q 0 ) Q0
N1 U

/ (k(z, (j — 1)1, 8) — K(z, j7, 5)) dsdz
0
N

T, UNYUN - UN) dz,

10
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0
since the terny, fOU k(z,0, s) dsdx is nonnegative, we have

N-1 U
Z// (G = D)7, 8) — K(x, j7, 8)) dsdx
=lg o
—//@(x,NT,UN)( — o) dx—i—// )7, 8) dsdx
Q
N1, U
)7, 8) — K(z, jT, 8)) dsdx

<.
Il
—

IA
o D\

0
N
u

+

SO

k(z, (N — 1)1, s) dsdx — /m(m, N7, UMUYN — ¥ de
Q

—

N

k(x, (N —1)7,5) dsdx

+
o

N4

g2

<.

gl
/ (n(x, (j— D7, s8) — k(z, g, s)) dsdzx
0

=

-1

S

j=1

<)

—|—/ k(z, (N — 1)1, s) dsdx — /F&(.’L’,NT, UMY UN — o) dx

o/

Qv

(e}

uN U
/ (2, N7, 5) dsda — / / (k(a, N7, 8) — w(a, (N — 1)7, 5)) dsda,

Q oy

u

however, there exis&c] Y, UV [ such that

// K(z, NT,s) dsdx—/ w(x, N7, UN)Y(UN — 0N da

Q Wy
:/(H(I,NT,a—H(I,NT,UN))(UN—\I/uN)dI,
Q

which is nonnegative, due to the monotonicityxof
Now, using the fact that is Lipschitz with respect to the second term and estimate

11
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(8), we get
No1 U
/ (k(z, (j — 1)1, 8) — K(z, j7,5)) dsdx
=19 0
C C
oK T2t @HUTHL?(Q)
UN
’/ / (k(x,NT,5) — K(x, (N — 1)1, 5)) dsdx
Q oy
C C C’
Q)+6K 1@ 1720+ ||U HL2(Q)+ ||‘I’u L2
on the other hand
vy
[ [ v = Drdsdo < O e + Y 200,
Q 0

it follows that

C
J1 < 6K 1U- 22y + 75— oK U2 (@) + CII 1720y + CINY [l 20

The term.Js is treated as follows

HMZ

/ LG =D U (W - ) de
Q

—//-@(x,O,UO)\IJg dl‘—F/li(I,O, UNUO da
Q Q

T (J = ) dz + ||k(x,0, L2() L2(Q)
<c 1), U= da + [[a(w, 0, U°)]| 2oy [ U]
Jj= 1Q

7 @ T ClUlIz2q) + k(. 0, UO)||L2(Q)HUO||L2(Q)-
Finally, by substituting the above estimates into (7) andgiembedding inequalities, we

12
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obtain
IVU122(q) < Clixsllz2@) (IVUr 2@ IV ¥ull22(0))
+CIVU @l V¥allsio) + 5 IVU 110
+ CIVU: | L2(q) + ClIE Y 720

+ CI U 120 + [15(2,0,U%) | L2 IU° | £2(0)
C

2
< WHVUTHH(Q) + CHVUTHLZ(Q) + C.

Hence, ifl1 — 616(2 > 0 (which is verified for a big enouglk,,), it follows that
IVU[[72gy < C which achieves the proof of the proposition. O

Proposition 2. There exists a constant independent om such that
|l&(,nm, U2 <C, n=1,2,...,N.

Proof. By choosingv = (k(z, j7,U’) — k(z,j7,¥4))7 in (P,)] and summing ory
from 1 to n, we get

S~ [ (stangr,U7) = . (G = 1. 07 ) s j7,U7) = (o, . 83) da
j=1 Q
+ TZ/h?(x)VUj (Vi(z, j7,U7) — Vi(z, j7, V) dx
j=1 Q
1Y [ XU (Ve g7, U7) - V(. 7. ¥0) do = .
j=1 Q

. . . 2 2 .
using inequality-%4- — % < —yz, yields

%/(FL(J’J,TLT7 U"))2—%/(fi(w,0, UO))de
Q Q
=53 [ (eaam ) = ot = 0707 o
J=1Q

3

INA
oI
MS {O\

+
\}
=
P O

(k(z, jT, U = k(z, (j — D, Uj_l))ﬁ(x,jT, W) dx (10)

<.
Il

h?(x)VUj (Vli(:zr,jT, U?) — Vk(z, jT, Wi)) dx

<.
Il
Ja

x(z, j7,U7) (VE(z, j7,U7) = Vi(z, jr, ¥)) da.

<.
Il
—

13
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Now, we estimate successively the last three terms of (10).
With the help of the Cauchy-Schwarz inequality we get

Z/ (2,7, U7) — k(z, (j — V)7, U7 Y))K(2, j7, V) d

J= 1Q
= /n(:c nt, UMk(x,n7, Uy) do — /K(LE,O,UO)I{(LE,T, Ul)de
Q
n—1 . ) )
- Z/ .] =+ 1 \Il‘zt+1) - H(I,jT, \I’i))H(I,jT, Uj)daj
J= 1Q
< [lw(sn, ")||L2 @K, )| L2 (@)

T

X (T/; (k(z, j, Uj))da;>%

From the definition of;, we havex(., jr, ¥J) € H*(Q) and

U
( Z z,(j+ 1)1 ‘I’?fl)—ﬁ(wajT,\If%))d)%
X

/Z( x,(j + D, ‘P{il) —’f(xvﬁ’%))d:cg HW

L2(Q)’

it follows that

Z/ (2,7, U7) — (2, (j — 1)1, U7 1)) w(z, j7, Ud) da

J= 1Q
t, ol
= H% LegFrllzz@ + k6T, Uz ll6( nr W)z o),
hence

lkrll2(@) < ClUF|L2(0) + C,
and from the previous proposition, we gain

llkrllz2 Q) < C.

14
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On the other hand, using the Cauchy-Schwarz inequalitydretliptic term of (10) gives

-7y / b (@) VU (Vi(w, jr, U7) = V(e jr, W) d
i=lg

< C(T;Q/(vm)mx) (TZ/(W(WT’ Uj))2das)

j=1 Q

n

+ C’<TZ/(VUj)2 dar) <TZ/ (Vi(z, jT, \II{L))de>
jZIQ j:lﬂ
< CIVU- 2y (IVEr L2 (@) + IVEC, - )l L2(@))-

The same calculation for the convective term of (10) leads to

TZ/X(x,jT, UJA).(V,kc(ac,jT7 Uj) — Ve&l(x, jr, @i)) dx

=14
< Clixellz2 @) (IVEllz2 @) + IVE(, - W)l 2())-

However, from (8), (9) and Proposition 1, it is easy to se¢ tha
Ixrllz2@) < C, (11)

by substituting the above estimates into (10), we obtaingiie previous proposition
I6(., nT, U122y < Clis(,n7, UM)llz20) + C,

which give the desired estimate. O
Here, we give a strong convergencextf:, ¢, U, ) in L'(Q).

Proposition 3. There existau € L2(0,T, H'(2)) such thatx(x,t,U,) strongly con-
verges tas(z, t,u) in L*(Q) for 7 tends ta).

Proof. From Proposition 1 there existse L2(0,T, H'(£2)) such thatU, weakly con-
verges tou in L2(0, T, H(£2)). Sincex is Lipschitz with respect to the second variable
and according to [12, Lemma 1.9], it suffices to show thateletists a constarit such
that, for anys > 0

S

-8

/(H(;c, t48,Ur (2.t +8)) — r(z, t, Uy (2, 1))
Q

12

SR
o\

X (Ur(z,t 4 0) — Ur(z,t)) dedt < C.

15
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Let/ befixed(1 <! < N)andm € {1,..., N — [}, summing orj fromm + 1tom +1
in (P,)7 leads to

/ (k(z, (m+ 1), Unthy — w(x, mr, Um™))vdx

Q
m-+1 m-+l
=7 Z r)VU/Vudr + 1 Z / (z,j7,U7)Vodr,
j=m+1g J=m+1g
Vv € Hy ().

Takingv = (U™*! — ¥m+l) — (U™ — ¥™) and summing fromn = 1 to N — [, yields

i

{O\

(k(z, (m+ D), U™t — k(x, mr, Um))(UmH -U™)dz

3
Il
-

(n(az, (m+ D), UmH) —k(z, mT, Um)) (\IIZLH —UM) dx

3
I

I
i
H\N

|2::>
3
t

3 j m-+1 m
12 () VU (VU™ — TU™) de

~
-

m=1 J_erlQ/

N—l m+l (13)
+7 > /hj( YVUI (VI™H O™ de

m=1 j=m+1 Q

N—-I m+l
+7 > / x(z, i, U (VU™ —VU™) da

m=1 j=m+1 Q

N—l m+l
-7 /X(:c,jr, UH)(VImH — v dg.

m=1 j=m+1 Q

The left-hand side of the above equation is equal to

N-I
/ (m+ )7, U™ — k(z,mr,U™)) (U™ = U™) da

m=1g¢ T—I1

= / / sz, t 4+ 1m,Ur (2, + 17)) — K(z,t, U (2,1)))
0 5 (Ur(z,t +17) — Ur(,1)) dadt.

16
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On the other hand,

N—I
’ Z / (KZ((L‘, (m + Z)Tv Um+l) - H(mv mT, Um))(\:[jum+l - \Iﬂun) dx
=la

N—1
<Clr Z / (/4:(1:, (m+ DT, Um+l)| + |k(z, mT, Um)|) dx

m 19
< Clr w(z,jr, U7 d:z:<C’l7' U\ dx < CU|U,| 2
(Q)-
Q

j=1 J=19

Similarly we prove that all the other terms in the right-haide of (13) are bounded

by i7. Then we obtain the estimate (12) foe= 7. Consequently, the estimation (12) is
valid and the strong convergence can be deduced. O

5 Existence of a weak solution

According to propositions of the previous section, we ar& neady to prove the main
theorem.

Theorem 2. Under assumptiongA4, ), (6) and for a big enough value df,,, the problem
(P..) admits a weak solution in the sense of Definitlon

Proof. We have, fromP,)7,, that

Q

LG—1)rjn(t)vdz
+ [ (B (@) VU )1y ) () Vo da

X (@, 57, U 1)rjr) (1) Vodz = 0, Vv € H}(Q).

z:\ b\

Summing the above equation, gifrom 1 to NV leads to

N . .

k(x, jT,U7) — k(x, (j — )7, U71)
E,/( @ )H](j—l)njr](t)” dz
—1

- T
J

+

Mz

2)VU? )y -1y7, ) (£) V0 da (14)

J

Mz

X(@, 57, U1y jr) (Vv da = 0, Vv € Hy(Q).
1

J

=
x/

17



K. Ait Hadi

T

N . ; i— . i—
Puttings, (z,t, U, )= Zl(n(z,JT,UJ)—nJ N, (=7, U7 1))]1](3'71)7,3’7] (t), we obtain
j=

T T
///i.r(x,h U vd:vdt—i—//h YWU,Vvdxdt
0 0 O

T
//XT (z,t,U;)Vodrdt =0, Yuve L*(0,T, Hg()).
0 Q

Using (11) and Proposition 1, yields

’//E-,—(I,t,UT)U dxdt‘ S CH’U”LQ(O,T,H&(Q)M Yo € L2(07717 Hé(Q))

Then there iss € L?(0, T, H~1(Q2)) such thati, — & weakly in L2(0, T, H~1(Q)) for
T— 0.

On the other hand, due to Proposition 1, there existsL? (0,7, H'(2)) such that
U, weakly converges ta in L?(0, T, H(Q)).

Next, we will prove thak = ‘9“( = ’“) in D'(Q x [0, T]), indeed, we have

T T—1
// Fr(z,t, U )Y dzdt = —// Kr (T, t, UT)w(x’t + TT) —¥(@?) dxdt
0O 0 Q

T
1 N
2 / (N7, UNY da / (x, t) dedt (15)

Q T—1

— l//ﬁ(.ﬂ?,O,UO) da:/w(x,t) dxdt, Vi€ D(Q x[0,T]),

T

T
//HT(x,t,Uf)w(x’t+T7)_ da:dt //n(:c,t,u)%f dxdt
0 0 Q

~
3

D\ D\ D\

) T)— ) a
(d}(x t+ T) Vi) %)/{T(x t,U,) dadt

N

+

_|_
S Tl —

(/{T(x, t,U;) — k(z,t, u)) dzxdt,
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it is easy to see thz;ﬁTT_T Jq Kz, t, u)%—f dzdt converges t® whenr tends ta), and due
to the boundedness ef, [, ", (U&HET=v @l _ 9%y, (4 ¢ U,) drdt tends also to
0.
However,
T—1
/ / (kr(z,t,U) — k(z,t, u)) dedt
0 .
N T . o
SZ / ‘H(l‘,jT,UJ)—H(J},LU]”‘E’dxdt

=19 iy,

N
+) \ (m,t,Uﬂ)_m(g;tu\‘ | dadt
=1 Goyr
N .
SCT/;UJ< / ’at ’dt) dz + C||lw(. -, Ur) = 8 s ]| 1 )
2 =

(G-17

which converges t0 whenr tends ta), and it follows that

T—1

//HT(I7t;UT)w(x,t+T) ¥zt d dt%// xtu d:EdthTTHO
T

0Q

On the other hand

T

T
%//@(JC,NT, UN) dx /w(x,t) dxdt — %/Ii(l‘,o, U dx/w(x,t) dxdt
Q T—71

Q 0

— —/K(x,O, UNah(x,0) da.

While passing to the limitin (15), we g&t= a“( =) jn D'(2 x [0,T]).
In the same way, we can prove that

N T
Z/ (z,j7,U7 M G—1)r,7( Vvdxe//xx,t,u )WVo dzdt.
=19 0 Q
Finally, we can pass to the limit in (14) and we find thagatisfy (5). O

Remark 3. Particular domain€2 (for which C,, is small enough) is necessary to get
assumptions of TheoreBwhile keepingk,, < 10.
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