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Abstract. In this work, we present a complete theoretical analysis of
a new concept of electrochemical detector for application in proteomics
upon considering two band microelectrodes performing in generator-collector
mode. This concept of an original electrochemical detectoris aimed at the
detection of proteins following their separation in microfluidic biochips. The
theoretical analysis is based on the use of the time-dependent coordinate
transformation which allows performing precise modeling for a wide range
of the key parameters governing the electrochemical detector performance.
This allows defining a precise optimization procedure for its best efficiency
upon considering the qualitative and quantitative effectsof each of the main
operational parameters.
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chip, microchannel, microfluidics.

1 Introduction

The principle of miniaturized separation and detection of biological samples and

fluids is nowadays extended to a broad variety of situations, especially forap-
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plication in proteomics. Then discrete samples of cell extracts may be treated,

separated and then analyzed through microfluidic systems. When considering

proteomics,stricto sensu, the aim is to elaborate a proteic cartography of specific

cells and tissues. Henceforth, this requires high throughput rates coupled with

coupling to protein structural analysis. For these reasons, proteomic biochips

are generally used in association with electrospray ionization mass spectrometry,

which solves the problem of detection and characterization of separated proteins

[1].

Another desirable application of microfluidic systems with respect to applica-

tions deriving from proteomics consists in developing portable devices which will

be specialized in monitoring a few specific proteins and their relative population in

a fluid extract for medical diagnostic or food quality control. If the size of the over-

all device, including the detection component, may be sufficiently miniaturized

and produced with disposable materials to avoid inter-sample contamination, such

devices may indeed perform out of sophisticated laboratories and therefore may

be used in future on routine basis for medical checking and prevention purposes in

hospitals, doctors’ offices, or for quality control, e.g. in food processing units [2].

Evidently, the integration of the sample treatment and separation units on

microchips will not differ basically from what is now used in proteomics, except

that they will be focused onto the separation of only a few target proteins.These

are standard technologies today [3]. The problem of designing a cheap, easy-to-

operate and portable/disposable device thus relies only onto the ability to produce

precise but technologically simple detection units which may be connected to the

end of the separation channel on the chip.

In this context it seems that electrochemistry is a method of choice if it can

be adapted to protein detection within microfluidic assemblies. Indeed, this is

a particularly adapted method since electrochemical currents are proportional to

concentrations, and concentrations are always maintained high in microfluidic

systems even when quantities are extremely small. Furthermore, electrochemical

devices may be driven and operated with cheap and portable instrumentations

(e.g., PDAs). However, two main issues prevent a direct application of electro-

chemical methods for protein detection in microfluidic chips. The first one is that

proteins give often sluggish electrochemical signals and frequently this occurs
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though adsorption onto electrodes [4]. The second is that proteins are generally

large molecules whose diffusivities are extremely low. This implies that a direct

electrochemical sensor in a microfluidic channel will produce weak and hardly

reliable electrochemical signals, and moreover will probe only the fraction of

proteins transiting near the channel wall in which the electrode is embedded,i.e.,

in the very region where the separation is not representative since it may be altered

by any interaction between the wall and the flow or the protein sample.

We wish to examine here an electrochemical concept which overcomes both

limitations without introducing significant difficulties in the microfabrication pro-

cesses of the electrodes-channel assembly or in the detection. This is based on an

adequate use of the extreme intrinsic sensitivity of generator-collector devices to

kinetics.

The operation of simple electrochemical generator-collector assemblies op-

erating in microfluidic channels (see Fig. 1(a)) have been recently investigated

in our laboratories and by others [5–8]. Basically, this consists in electrogen-

erating a mediator, viz. an activated species, M, by reduction or oxidation of

its inert precursor, A, at the upstream generator electrode. Species Mtravels

by diffusion across over the whole channel height while being carried by the

hydrodynamic convection along the channel flow. It may then be detected by a

collector electrode placed downstream. Whenever, M is stable chemically, viz. in

absence of protein its resting steady state current at the collector measured relative

to the steady state current at the generator is a constant which depends on the

geometric configuration, diffusion coefficients and the local flow hydrodynamics.

Let us positφ0

coll = (icoll/igen)0 be this constant, the superscript “0” indicating

that M experiences no kinetic decay during its time-of-flight in between the two

electrodes.

Let us now suppose that M is a species prone to react with proteins, while

its precursor A is nonreacting. When a wave of protein (i.e., as resulting from

the operation of the upstream separation component of the chip), paves infront of

detector, a significant fraction of M will react as a function of the protein transit

time in between the generator and collector and of its reactivity. Thusφcoll decays.

As soon as what remains of the protein wave has passed beyond the collector, the

concentration of M is restored to its value in the absence of protein. Then, one
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has againφcoll = φ0

coll. Therefore, one sees thatφcoll variation with time tracks

the passage of a protein wave in front of the detection assembly.

Implementation of this principle requires nevertheless the resolution of sev-

eral constraints. One is the chemical duality of A/M vs. their reaction towardspro-

teins. Many redox couples maybe thought of, for example, A being a catechol and

M its associated quinone (viz., involving a classical “−2e− 2H+” oxidative pro-

cess at the generator) since this has been already reported to be an efficient method

for protein tagging in microfluidic channels to facilitate their mass spectroscopic

detection [9, 10]. The only serious difficulty related to our concept validation is

then associated with controlling the kinetic and electrochemical properties of the

detection assembly. Indeed, to offer some experimental interest for the detection

and quantification of a few protein populations, the time variation of the collection

efficiencyφcoll(t) must track as accurately as possible the shape and magnitude

of the protein wave as it is produced by the upstream separation compartment.

Besides introducing the above original concept, it is the purpose of this work

to investigate and solve theoretically the problem of its optimization.

2 Theory

A double band flow channel generator-collector system is described bymany

parameters which all formally contribute to determine its general behavior andits

efficiency, yet not to the same extent. This is the primary reason for elaborating

a simplified model, which preserves all of the main kinetic and electrochemical

features of the system at hand and provides therefore a general means of analysis

of such systems.

2.1 Delineation and formulation of the problem

First of all, we note that due to the structure of proteins, which usually prevents the

reactants from easy access to the reaction sites, the rate constants of the chemical

step of chemical modification of proteins are generally small [10]. This fact

implies that “the time of flight” of the electrogenerated reactant should generally

be sufficiently long to allow its significant decay due to homogeneous reaction

with the protein. In turn this implies a long reaction chamber into the channel,
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where “long” refers to the channel height and generator/collector band electrode

widths. In the case of a sufficiently long channel we have previously shown that at

steady state the reactant concentration distribution downstream from the generator

is homogeneous across the channel above some distance,Ldown, (Fig. 1(a), (b))

which may be estimated as [11]:

Ldown = Pe − W + 4, (1)

whereW = w/h is the dimensionless width of the band,Pe = vh/D is the

Péclet number,w is the width of the microband electrode,v is the characteristic

linear flow velocity,h is the height of the channel,D is the common diffusion

coefficient of the mediator electroactive couple (viz., the electrogenerated reactant

and its precursor).

When the precursor flux before the generator is constant, this homogeneous

zone extends unaffected downstream along the channel until it meets the diffusion

field zone created by the collector electrode. By reciprocity of what occurs at the

generator, the latter extends up to a distanceLup in the upstream direction from

the upstream collector edge.

Thus the microfluidic detector can be divided into three compartments

(Fig. 1(a)). The first one is the compartment including the space located upstream

of the generator and the space downstream of it where concentration distributions

are not homogenous, i.e. over the distanceLdown from the downstream generator

edge (Fig. 1(b)). The second compartment, of lengthL, is the compartment

located in between the two electrodes where no concentration gradient exists

along the height of the channel when the system performs under steady-state.

The third one is the collector compartment where concentration distributions are

again non-uniform; this begins at the distanceLup from to the collector electrode

upstream edge.

As was said above, owing to the low reactivity of proteins, the length of the

second compartment, viz. the reaction kinetic chamber, needs to be much larger

thanLup + Ldown, possibly by two or three orders of magnitude. This implies

that computing the overall behavior of the whole system using finite differences

on a uniform grid would be prohibitive in terms of computational time and storage

memory whenever sufficient precision is required. For the effective treatment of

the problem at hand we thus propose to consider separately each of the three
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(a)

(b)

Fig. 1. Schematic representation of the microfluidic generator-collector
assembly for protein (P) detection. (a) Device overview indicating the three
compartments and its working principle. (b) Expanded view of the generator
compartment showing the concentration distribution of themediator (M) and

its precursor (A).

zones delineated above and recombine them sequentially afterwards in order to

reconstruct the whole behavior of the system. The behavior of the generator

and collector compartments are easily simulated using the conformal mapping

approach previously described [12] or any other appropriate simulationapproach,

for example [13–16].

In this work, we will therefore focus onto the reaction kinetic chamber (ho-

mogeneous compartment, see Fig. 1(a)) and model the corresponding mediator-

protein kinetics in this zone, since this is the key to the detector performance.

One expects the optimal performing conditions of the system to involve not

very high Péclet numbers (see below) since low kinetics requires a sufficiently

long time of flight of the species between the generator and collector electrodes.

This means that in the kinetic chamber the concentration profiles may tend to

homogenize laterally by diffusion (i.e., along the axis of the flow). This fact

obviously creates a difficult situation for precise detection, since this amounts

to broadening progressively the spatial perturbation which provokesφcoll to be

different fromφ0

coll. Overcoming this difficulty requires a detailed analysis and

optimization of the device parameters which we present in this work.
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Four non-detrimental assumptions have been made for simplification of our

model presentation.

First, we assume that the solution velocity profile is constant along the height

of the channel. It is known that in pressure-driven channel systems the velocity

profile should be parabolic [17, 18] or at least parabolic-like [19, 20]. However,

for electroosmotic-driven flows this assumption is realistic. Furthermore, even if

computed characteristics of the response will depend on the exact flow shape, the

main trends of the system which are crucial to understand its behavior will remain

unaffected.

Second, we consider that the wave of protein approaches the homogeneous

compartment of the channel unaffected by its reaction with the mediator species,

which is tantamount to considering thatL >> Ldown.

Third, we consider here an initial staircase protein sample since this enables

to evaluate the result for any other sample shape by virtue of the Fourier transform.

The final assumption concerns the mediator-protein kinetics. Proteins may

offer several (n) reaction sites vulnerable to a given mediator [10], so that the

overall reaction for a single protein molecule may be viewed as the general fol-

lowing sequence:

P + M
k∗
1−→ P1; P1 + M

k∗
2−→ P2; . . . ; Pn−1 + M

k∗
n−→ Pn, (2)

whereP denotes the protein molecule;Pi is the protein molecule withi of its

n possible reaction sites occupied, andk∗

i are the second order rate constants of

the corresponding reaction steps (these may have different values). Applying the

kinetic steady-state approximation shows that the reaction sequence (2) can be

approximated by a single reaction (Fig. 1):

P + nM
k2−→ Pn, (3)

wherek2 is an effective second order rate constant andn an effective stoichio-

metric number. We term both kinetic parameters as “effective” since they arenot

absolute features of the reaction at hand but depend also on the residence time of

the protein and mediator within the kinetic chamber of the channel. The rate of

change of the mediator concentration is then
(

∂cm

∂t

)

kin

= −nk2cmcp, (4)
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while that of the protein concentration is

(

∂cp

∂t

)

kin

= −k2cmcp, (5)

wherecm andcp are the concentrations of the mediator and protein respectively.

2.2 Mathematical model

Taking into account all of the above assumptions we consider now the mathemat-

ical model of the homogeneous compartment (see Fig. 1(a)) of the microfluidic

system in one dimension,x, along the flow in the channel:

∂cm

∂t
= Dm

∂2cm

∂x2
− vx

∂cm

∂x
− nk2cmcp;

∂cp

∂t
= Dp

∂2cp

∂x2
− vx

∂cp

∂x
− k2cmcp,

(6)

where Dm and Dp are the diffusion coefficients of the mediator and protein

respectively,vx is the linear velocity of the solution along the flow axisx and

t is the time coordinate.

The initial and boundary conditions over the vertically homogeneous section

of the channel are:

t = 0: ∀x, cm = c0

m;

x /∈
[

− d

2
;

d

2

]

, cp = 0;

− d

2
≤ x ≤ d

2
, cp = c0

p;

t > 0: x → −∞, cm → c0

m; cp → 0;

x → ∞, cm → c0

m; cp → 0,

(7)

whered is the width of the protein sample injection (see Fig. 1(a)), the origin of

the spacex being located at the centre of the protein sample att = 0; c0
m is the

entrance concentration of the mediator within the channel,c0
p is that of the protein

sample.
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Using the following dimensionless parameters and variables:

X =
x

L
; τ =

vxt

L
; Cm =

cm

c0
m

; Cp =
cp

c0
m

; γ =
c0
p

c0
m

;

Pem =
Lvx

Dm

; Pep =
Lvx

Dp

; K2 =
k2c

0
mL

vx

; ∆ =
d

L
,

(8)

wherePem andPep are the Péclet numbers associated with the mediator and

protein respectively, one can write the normalized mathematical model of the

problem as:

∂Cm

∂τ
=

1

Pem

∂2Cm

∂X2
− ∂Cm

∂X
− nK2CmCp;

∂Cp

∂τ
=

1

Pep

∂2Cp

∂X2
− ∂Cp

∂X
− K2CmCp,

(9)

with the corresponding dimensionless initial and boundary conditions:

τ = 0: ∀X, Cm = 1;

X /∈
[

−∆

2
;

∆

2

]

, Cp = 0;

− ∆

2
≤ X ≤ ∆

2
, Cp = γ;

τ > 0: X → −∞, Cm → 1; Cp → 0;

X → ∞, Cm → 1; Cp → 0.

(10)

2.3 Time-dependent coordinate transformation

In current practice the channel length of interest needs to be of the order of several

millimeters due to slow reactant/protein kinetics [9, 10], while protein samples

widths are of the order of several tens of microns [1, 3, 9, 10]. Therefore, the

utilization of a uniform grid along the whole kinetic chamber would be prohibitive

for treating the problem. Indeed, this would lead to extremely slow converging

and exceedingly time-consuming numerical results. In order to overcome this

difficulty we introduce the following time-dependent change of variable:

Y =
1

2
+

1

π
arctan

[

b (X − τ)
]

, (11)
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whereb is a compression coefficient, the choice of which will be discussed below.

Since the dimensionless flow rate is equal to unity by definition (see (7)) it is clear

from (9) that the origin of theY space always coincides with the center of the

protein sample so that the local grid compression moves along with the protein

sample, i.e. is displayed only where it is necessary at any given time (Fig. 2).

Fig. 2. Schematic displacement of the protein wave (shaded areas) and of
the mediator depletion area (solid curves) along the channel with time.
The corresponding displacement and modification of space compression is

indicated by the dashed lines.

The value of the parameterb is chosen as follows. One would like the grid

resolution to be better at the location of the protein sample. This implies that

at any time, the transition zone of the arctangent function (viz., the zone around

X − τ = 0) covers the whole region where the mediator concentration differs

from its steady state value in the absence of a protein wave. Since the proteinhas

a very small diffusivity as compared to the mediator, the half-width of the zoneof

interest at a given timete is at maximum equal toddif = d/2 + 2
√

Dmte.

The space transformation is time-dependent and always centered at the pro-

tein sample maximum, so that one may substitute(X − τ) by ddif/L and derive

b from (9) as:

b =
L

ddif

tan
(

π[Yc − 0.5]
)

, (12)

whereYc is the value taken to define the edge of the zone of interest. In our

computations we used the valueYc = 3/4 which, upon remarking that2 ×
(3/4− 1/2) = 1/2, shows that in the transformed space the zone of main interest

occupies half of the overall computational space whose dimensionless length is

equal to unity by construction.
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Substitution of variables leads to the time-dependent coordinate formulation

of the problem:

∂Cm

∂τ
= Sm(Y )

∂2Cm

∂Y 2
+ Fm(Y )

∂Cm

∂Y
− nK2CmCp;

∂Cp

∂τ
= Sp(Y )

∂2Cp

∂Y 2
+ Fp(Y )

∂Cp

∂Y
− K2CmCp,

(13)

with

Sj(Y ) =
b2

π2 Pej

sin4(πY ); Fj(Y ) =
b2

πPej

sin(2πY ) sin2(πY ), (14)

wherej = m or p. The detailed derivation of (13) is given in the Appendix.

The initial and boundary conditions become:

τ = 0: 0 ≤ Y ≤ 1, Cm = 1;

Y /∈
[

1 − ∆Y

2
;

1 + ∆Y

2

]

, Cp = 0;

1 − ∆Y

2
≤ Y ≤ 1 + ∆Y

2
, Cp = γ;

τ > 0: Y = 0, Cm = 1; Cp = 0;

Y = 1, Cm = 1; Cp = 0,

(15)

where∆Y = 1/2 + (1/π) arctan(b ∆/2).

2.4 Response characteristics and dimension analysis

The kinetics occurring within the homogeneous reaction chamber affects thecon-

centration profiles of the species, resulting in an inverted Gaussian-like shaped

concentration profile for the reactant species (Fig. 3). This time-moving Gaussian-

shaped profile centered onto the moving protein distribution causes ultimately a

time-dependent change inφcoll when it passes in front of the collector. In order to

obtain a detectable current deviation at the collector electrode we need to optimize

some of the parameters of the experiment. Two main (dimensionless) parameters

describing the mediator concentration profile indent at the end of the kinetic

chamber are its maximum relative amplitude,∆Cm = ∆cm/c0
m, and its half-

width, δ/∆, relative to that of the protein,∆ (see Fig. 3). It is clear that in order
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to extract reliable data∆Cm should be not too small compared to the background

noise. On the other hand,∆Cm should not reach its maximum value of unity,

since this would correspond to a complete titration of the mediator before reaching

the end of the kinetic chamber. Would it be the case only a lower bound of the

protein quantity may be determined. The closeness of the parameterδ/∆ to unity

reflects the fact that the electrochemical detection tracks adequately the shape of

the protein sample at the issue of the separating device, viz., at the entranceof the

detection system.

Fig. 3. Definition of the relative time-moving perturbationof the mediator
concentration profile (∆Cm) due to the reaction with the moving protein wave.

The described above analysis of the problem allows us to express these main

response characteristics as functions of the dimensionless parameters:

∆Cm = f(Pem, K2, Pem/Pep, γ,∆, n); (16)

δ/∆ = g(Pem, K2, Pem/Pep, γ,∆, n), (17)

wherePem/Pep = Dp/Dm.

It is evident that even with the assumptions made earlier our system has six

degrees of freedom. In order to analyze the system behavior we thus rely on the

working surface approach. However, since the number of parametersis still too

high to discuss them all here, we will present working surfaces for fixed values of

certain parameters based on usual practice in microfluidic channel devices.
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3 Results and discussions

First, we wish to extract the dependence of the response characteristicson Pem

and K2, since both feature key parameters which can be most easily adjusted

experimentally. To this end we fixed the other parameters at the following realistic

values:Pem/Pep = 5 × 10−3 (which corresponds to typical valuesDp = 5 ×
10−8 cm2 s−1 andDm = 10−5 cm2 s−1), γ = 1, ∆ = 1.2×10−2 (corresponding

to d = 60 µm andL = 5 mm) andn = 1.

Figure 4 shows working surfaces for∆Cm and δ/∆ as functions ofPem

Fig. 4. Working surfaces as functions ofK2 andPe for: (a)∆Cm; (b) δ/∆ for
parameters:Pem/Pep = 5×10−3, γ = 1, ∆ = 1.2×10−2, n = 1. Figure (c)
shows the superposition of the constraints0.2 ≤ ∆Cm ≤ 0.8 andδ/∆ ≤ 2, to

define the optimal working area (white area) for this set of conditions.
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(hereafter notedPe for simplification) andK2. It can be easily identified from

both Fig. 4(a) and Fig. 4(b) that the area of best experimental conditions(i.e.,

∆Cm → 1, andδ/∆ → 1) lies in the right upper corner, since this corresponds to

a sufficiently high deviation of the mediator concentration along with a sufficiently

small loss of resolution due to the stretching of the mediator concentration per-

turbation profile. However, the top right-most area corresponds to high flow rates

and high rate constants which are expected not to be achievable as was discussed

above. So in order to delineate the optimal working area we proceed as follows. It

was explained why the deviation in mediator concentration should not be too small

(nearly zero) or too high (close to the bulk mediator concentration). Therefore we

select the zone comprised between the lines which represent 20% deflection from

these limiting cases (Fig. 4(a)), and posit the delineated range of parameters as

belonging to theoptimal detection area. However, since any important stretching

of the mediator concentration deflection profile is detrimental (since this would

blur the detection of different proteins), we impose simultaneously thatδ/∆ ≤ 2.

This creates an additional constraint (Fig. 4(b)) resulting in a more restricted

range of parameters for sensitive detection. Superimposition of the two patterns

in Fig. 4(a) and Fig. 4(b) defines the optimal detecting zone sketched in Fig.4(c).

In order to obtain more information about the behavior of the system in

this optimal domain oflog K2 and log Pe, we investigated the dynamics of the

response as a function of the ratio of the protein and mediator concentrations,γ,

but keepingn = 1. For this purpose we fixed the lowest Péclet number available

from the optimal region obtained from Fig. 4(c), viz.Pe = 104, and evaluated

∆Cm andδ/∆ as functions ofK2 andγ (Fig. 5). For the same reasons as before,

we pick out the zone with deviation of the mediator concentration from 20% up to

80% in Fig. 5(a). The intersection of this zone with that defined by the inequality

δ/∆ ≤ 2 in Fig. 5(b) defines now the best zone for the detection in the(K2, γ)-

domain (white area in Fig. 5(c)).

The working surfaces in Fig. 5 are presented as functions of the dimension-

less concentration ratioγ and therefore are virtually valid for any values of the

protein and mediator concentrations. However, to lead to accurate measurements

of ∆Cm, the experimental amplitude of the current measured at the collector in the

absence of protein should exceed that of the background noise at least by an order
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Fig. 5. Working surfaces as functions ofK2 andγ for: (a) ∆Cm; (b) δ/∆
for parameters:Pem/Pep = 5 × 10−3, Pem = 104, ∆ = 1.2 × 10−2,
n = 1. Figure (c) shows the superposition of the constraints0.2 ≤ ∆Cm ≤ 0.8
andδ/∆ ≤ 2, to define the optimal working area (white area) for this set of

conditions.

of magnitude. Hence the mediator should be present in the solution at a sufficient

concentration. On the other hand, the protein peak concentration will followfrom

the case at hand, since it depends on availability, sampling, treatment, separation,

etc. This implies that for any given set of experimental conditions one would

have an additional constraint (which can be computed with the aid of numerical

simulation within the generator compartment) which limits the area of optimal

conditions, e.g.γ > γmin.
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It should be noted that the working surfaces depicted in Fig. 5 were evalu-

ated upon considering the lowest possible Péclet number based on the analysis

presented in Fig. 4(c). Identical analyses may be performed for any higher Pé-

clet number to define similar working surfaces indicating similar behavior of the

system, yet with different optimal detection zones.

The analyses shown in Fig. 4 and Fig. 5 have been performed forn = 1. The

same reasoning may be extended to any othern value. For example, the working

surfaces forn = 5 are displayed in Fig. 6 and Fig. 7, other parameter values being

Fig. 6. Working surfaces as functions ofK2 andPe for: (a)∆Cm; (b) δ/∆ for
parameters:Pem/Pep = 5×10−3, γ = 1, ∆ = 1.2×10−2, n = 5. Figure (c)
shows the superposition of the constraints0.2 ≤ ∆Cm ≤ 0.8 andδ/∆ ≤ 2, to

define the optimal working area (white area) for this set of conditions.
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as for Figs. 4, 5. The overall system behavior and optimal domain shapesdo not

change, but the optimal zones boundaries shift leading to different conditions for

optimal detection.

Fig. 7. Working surfaces as functions ofK2 andγ for: (a) ∆Cm; (b) δ/∆
for parameters:Pem/Pep = 5 × 10−3, Pem = 104, ∆ = 1.2 × 10−2,
n = 5. Figure (c) shows the superposition of the constraints0.2 ≤ ∆Cm ≤ 0.8
andδ/∆ ≤ 2, to define the optimal working area (white area) for this set of

conditions.

4 Conclusion

The mathematical model of diffusion-convection-reaction processes occurring in

microfluidic channels with two band microelectrodes and its solution by an orig-
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inal numerical approach justify a novel concept of electrochemical protein detec-

tion. To overcome the extremely low diffusivity and generally sluggish electroac-

tivity of proteins, it is proposed to rely on the in-situ electrochemical generation of

a fast diffusing reactant able to span across the whole channel so thatit may react

in extenso with any protein wave transiting into the channel detector. Whenever

this fast diffusing reactant is electrochemically collected downstream, any time-

dependent change of its collection efficiency is a direct quantitative measurement

of the protein wave presence, duration and quantity.

Despite the fact that realistic model simplifications were made to simplify

the presentation of our concept and its theoretical analysis, the system possesses

in truth many degrees of freedom which shows that a proper analysis will be

required for the optimisation of the device. For this purpose the working surface

approach used here for defining the range of the physico-chemical parameters

corresponding to better detection conditions appears extremely appropriate.
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Appendix

Here we present the derivation of the mass-transport equation for the mediator

species (13), since the equation for the protein is the same except for the kinetic

term which is independent of the coordinate system used. The initial equation

in the dimensionless terms is given by (9). Performing the transformation (11),

recall that

Cm = Cm(Y, τ ′) = Cm

(

Y [X, τ ], τ ′
)

, (A1)

so that the partial derivatives with respect toτ andX rewrite in the following way:
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∂Cm

∂τ
=

∂Cm

∂Y

∂Y

∂τ
+

∂Cm

∂τ ′

∂τ ′

∂τ
=

∂Cm

∂τ ′
− b

π
[

1 + b2(X−τ)2
]

∂Cm

∂Y
, (A2)

∂Cm

∂X
=

∂Cm

∂Y

∂Y

∂X
=

b

π
[

1 + b2(X − τ)2
]

∂Cm

∂Y
, (A3)

∂2Cm

∂X2
=

∂2Cm

∂Y 2

(

∂Y

∂X

)2

+
∂Cm

∂Y

∂2Y

∂X2

=
b2

π2[1 + b2(X − τ)2]2
∂2Cm

∂Y 2
− 2b3(X − τ)

π[1 + b2(X − τ)2]2
∂Cm

∂Y
. (A4)

Next, we express all the coefficients in (A2)–(A4) in terms of the new vari-

ables as follows from (11):

b(X − τ) = tan
[

π(Y − 0.5)
]

= − cot(πY ), (A5)

1 + b2(X − τ)2 = 1 + cot2(πY ) = sin−2(πY ). (A6)

Substituting the latter into equation (9) yields:

∂Cm

∂τ ′
=

b2

π2Pem

sin4(πY )
∂2Cm

∂Y 2

+

[

2b2

πPem

cot(πY ) sin4(πY )

]

∂Cm

∂Y
− nK2CmCp.

(A7)

Omitting the stroke for the sake of simplicity and making some simplifications we

arrive at the final equation:

∂Cm

∂τ
=

b2

π2Pem

sin4(πY )
∂2Cm

∂Y 2

+
b2

πPem

sin(2πY ) sin2(πY )
∂Cm

∂Y
− nK2CmCp.

(A8)
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