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On a Nonlinear System of Reaction-Diffusion Equations
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Abstract. The aim of this article is to study the existence of positivealw
solution for a quasilinear reaction-diffusion system widirichlet boundary
conditions,

—div (|Vur [P*2Vuy) = Auf ug? . oud, oz e Q,

—div (|[Vug|P22Vup) = Auf® ug? .. ul, z€Q,

div (|Vup [P»72Vuy,) = Auf™ ug™ .. udm, z€Q,

u; =0, z€9IQ, i=1,2,...,n,
where \ is a positive parametef is a bounded domain iRY (N > 1)
with smooth boundary). In addition, we assume that < p; < N, for
1 =1,2,...,n. For X large by applying the method of sub-super solutions the

existence of a large positive weak solution is establisbethie above nonlinear
elliptic system.
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Introduction

In this paper we consider the existence of positive weak solution to thevsyste

—Apur = Auftug? o ugin, e,

—Ap,ug = Au? ug® . ug, oz e,

1)
—Ap up = Aul™ ug™ L ufrr, € Q,

u; = 0, red), i=1,2,...,n,
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where\ > 0 is a parameter)\, denotes the-Laplacian operator defined by
A,z = div(|Vz[P~2V2), andQ is a bounded domain i®RY(N > 1) with
smooth boundary). In addition, we assume that < p; < N, fori¢ =
1,2,...,n.

Problems involving the-Laplacianarise from many branches of pure math-
ematics as in the theory of quasiregular and quasiconformal mappindl{3es [
well as from various problems in mathematical physics notably the flow of non-
Newtonian fluids.

The structure of positive solutions for quasilinear reaction-diffusictesys
(nonlinear Newtonian filtration systems) and semilinear reaction-diffusisn sy
tems (Newtonian filtration systems) is a front topic in the study of static electric
fields in dielectric media, in which the potential is described by the boundary
value problem of a static non-Newtonian filtration system, called the Poisson-
Boltzmann problem. This kind of problems also appears in the study of the non-
Newtonian or Newtonian turbulent filtration in porous media and so on, which
have extensive engineering background.

In recent years, many authors have investigated the following initial loynd
value problem of a class of quasilinear reaction-diffusion system
up = div (|VulP~2Vu) + u*oP, @

v = div (|V]|?772Vo) + w202, (z,t) € Q x (0,T),

where(2 is as abovep, ¢ > 1 (see e.g. [2]). Fop = ¢ = 2, (2) is the classical
reaction-diffusion system of Fujita type.gf£ 2, g # 2, (2) appears in the theory
of non-Newtonian fluids [3] and in nonlinear filtration theory [4]. In thenpo
Newtonian fluids theory, the palp, q) is a characteristic quantity of the medium.
Media with (p, ¢) > (2, 2) are called dilatant fluids and those wiih ¢) < (2,2)
are called pseudoplastics.(lf, ¢) = (2, 2), they are Newtonian fluids.

Yang and Lu [2] studied the nonexistence of positive solutions to the system
(2). We refer to [5—7] for additional results on elliptic systems. In this pape

shall prove that ifz;bzl a; < pr— 1, Z?:l gy < p2—1,..., Z?:l Qnj <
pn — 1, (1) admits a positive weak solution for eath> 0. Our approach is based

on the method of sub- and supersolutions, see [8].
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2 Existence results

Let Wy* = Wy*(),s > 1, denote the usual Sobolev space. We first give the
definition of weak solution of1).

Definition 1. A pair of nonnegative functiongli, s, ..., %), (21,22,...,2n)
in W, 7' x Wy 72 x ... x WP are called a weak subsolution and supersolution
of (1) if they satisfy);(x) < z;(z) inQfori=1,2,...,n,and

/|v¢i‘pi2vwivwi dr < A/ij-““ w; d,
Q J=1
fori =1,2,...,nand

/\Vzi]pi_zv,zini dx > )\/sza” w; d,
Q Q J=1

fori=1,2,...,nand forallw;(x) € Wol”’i, with w; > 0.

We shall obtain the existence of positive weak solution to system (1) by
constructing a positive weak subsolutide,, ¢, ...,,) and supersolution
(21,22, -+, Zn)-

Our main result is formulated in the following theorem.

Theorem 1. Suppose thady;; > 0, a;; > 0 (i # j), andZ;‘:lalj < p1—1,
djmia2j < p2—1,....37%  an; < p, — 1. Then systen(l) has a positive
weak solution for each > 0.

Proof. Let /\gi) (r = 1,2,...,n) be the first eigenvalue of the problems, respec-
tively,

Am = AP 1260 5 e q,
A} e, i=1,2,...,n,

where (;51 , denote the corresponding eigenfunctions, respectively, satisfying
qsg“ (r) > 0in Q, \ngf)\ > 0 on 9N (this is possible since by the Maximum
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principleaqsgi)/an < 0for x € 092 wheren denotes the outward normal, see [9]),
and|[¢\"||oc = 1fori =1,2,...,n. We shall verify that

(P1, 92, -, ) = <k: (M) @RI,k (M) (qbgn))pfj’il),

b1 DPn

is a subsolution of (1), wherke > 0 is small and specified later. Let; € WOI”’Z'

withw; > 0(i = 1,2,...,n). A calculation shows that
/ (Vi [P~ 2V Vw; da
Q

_ il / 6OV P2 Vw,da
Q
_ kl{ / Vo P2V (6 w;)da - / |v¢gi>|mw,.dx}
Q Q

=t [0 @0 - V6 P

Q
fori =1,2,...,n. Sincegbgi) = 0and|V¢§i)| > 0ono, fori =1,2,...,n,
there isd > 0 such that for = 1,2,...,n, we have

A @ = Ve <o, we s,
with Q5 = {z € Q | d(z,09Q) < §}. Now on{); we have

O @ - Vel ) <0< AT (=1.2,.m).
j=1

Next, we note tha&bgi)(:c) >n > 0inQy = Q\ Qs for somen > 0, and
1=1,2,...,n. Sincefori = 1,2,...,nwe haveZ?:1 a;j < p; — 1, then there
is ko > 0 such that if € (0, ko) we have

Epi—1 A(li) ((Z)gi))pi—aiipi/(ﬂi_l)

n o n (03P,
S )\kZ?ZI (e %7 (H (p] - 1) 1.7) (7723':2 #ﬁ)

n (cvi5)P5

(T ™) (TIen 57, vea
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fori =1,2,...,n. TheninQg

O C O C U IR I KU
1

j=

fori =1,2,...,n. Hence
/ Vi PV Vw; dae
Q

= / | Vs P2V Vs da + / |V P =2V Vaw; da:
o Qo

Qs
=t [0 @0 = 19601) wida
Qs
1t [0 @0 = (96w d
Qo
<A /Hzp;”f w; d + A /H¢§ifwidx
Qa j=1 Qo j=1
=\ /Hz/;f” w; dx,
o J=1

fori =1,2,...,n,i.e.(¢¥1,v9,...,1%y,) is asubsolution of (1).
Next, let¢;(x) (i = 1,2,...,n) be the positive solution of

_AIMCZ = 17 T e Q?
G =0, red, i=1,2,...,n.

For existence results of positive solutions for above boundary vabidems
see [9]. Let

(Zl, 2y e eny Zn) = (Cl C1($>, CQ Cg(l'), ey Cn Cn<1‘)),

where C; > 0 are large numbers to be chosen later. We shall verify that
(21,7, ..., 2,) is a supersolution of (1). To this end, let(z) € W,", with
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w; > 0,fori =1,2,...,n. Then we have
/|Vzi|pi_2Vzini dr = Cg)iil / IVCZV%_QVQV’LHZ dx
Q Q

— Cfi_l/widx,
Q

fori=1,2,...,n. Letl; = ||Gl|loo, © = 1,2, ..., n. Itis easy to prove that there
exist positive large constant, Cs, ..., C,, such that

Y| HC) ( Hz)
ez (TL o) (TT87).

j=1 j=1
Thenfori =1,2,...,n we have
o = A (TT@s™) 2 2 (T 6™ ) =2 (T1%)
j=1 j=1 j=1

and therefore

n
/|Vzi|pi_2Vzini dx > X\ /H z;l” w; dx,

Q o J=1

fori =1,2,...,n,i.e.(z,29,...,2,) IS asupersolution of (1) with; > ; in

Q for largeC;, i = 1,2,...,n. Thus, by the comparison principle, there exists
a solution(uy, ug, . .., uy) of () withp; < w; < z;, fori =1,2,...,n. This
completes the proof of Theorem 1. O
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