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Abstract. In this paper, we develop the existence theory for a new kind of nonlocal three-point
boundary value problems for differential equations and inclusions involving both left Caputo and
right Riemann-Liouville fractional derivatives. The Banach and Krasnoselskii fixed point theorems
and the Leray—Schauder nonlinear alternative are used to obtain the desired results for the single-
valued problem. The existence of solutions for the multivalued problem concerning the upper
semicontinuous and Lipschitz cases is proved by applying nonlinear alternative for Kakutani maps
and Covitz and Nadler fixed point theorem. Examples illustrating the main results are also presented.
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1 Introduction

Fractional differential equations and inclusions involving different kinds of fractional
derivatives (Caputo, Riemann—Liouville, Hadamard to name a few) supplemented with
a variety of boundary conditions have been investigated by many researchers, and one
can find many interesting results on the topic in the related literature. For examples and
details, we refer the reader to a series of articles [1-5,9,13,21,22] and the references cited
therein. However, there are fewer results on boundary value problems of fractional-order
differential equations involving both right and left fractional derivatives. It is imperative to
mention that fractional differential equations containing left and right Riemann-Liouville
fractional derivatives appear as the Euler-Lagrange equations in the study of variational
principles, for details, see [6] and the references cited therein.
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In [23], the existence of an extremal solution to a nonlinear system with the right-
handed Riemann-Liouville fractional derivative was discussed. In [15], the authors stud-
ied the existence of solutions for a nonlinear higher-order fractional boundary value prob-
lem involving both the left Riemann-Liouville and the right Caputo fractional derivatives:

(—1)™CDY_ DY+ f(t,ut) =0, 0<t<1,
w(0) =uD(0) =0, i=1,....m+n—2 Dy tu(l) =0,

where D¢ and Dg . respectively denote the left Caputo fractional derivative of order
a € (m — 1,m) and the right Riemann-Liouville fractional derivative of order 8 €
(n —1,n), m,n > 2, are integers. In [19], the authors proved the existence of solutions
for the following boundary value problem involving both left Caputo and right Riemann—
Liouville fractional derivatives:

—DS_Dy y(t) + f(tut) =0, 0<t<1,
uw(0) = u/(0) = u(1) = 0,

where “D$_ and Dg , denote the left Caputo fractional derivative of order o € (0, 1] and
the right Riemann—Liouville fractional derivative of order 8 € (1, 2|. The existence of so-
lutions for a nonlinear fractional oscillator equation with both left Riemann—Liouville and
right Caputo fractional derivatives was studied in [12]. To the best of our knowledge, the
study of nonlocal boundary value problems involving mixed fractional-order derivatives
is yet to be initiated.

In this paper, we introduce a new class of nonlocal boundary value problems (BVP
for short) of mixed fractional differential equations and inclusions involving both left
Caputo and right Riemann—Liouville fractional derivatives and obtain some existence and
uniqueness results for the problems at hand. In precise terms, we investigate the problems

D¢ Dy y(t) = f(t,y(t), teJ:=][0,1], 0
y(0)=y'(0)=0,  y(1)=dy(n), 0<n<l,

and
Dy_Dgyy(t) € F(t,y(t))

, teJ:=][0,1],
y(0)=y'(0)=0, (1)

(2)
dy(n), 0<n<l,

where D and Dg . denote the left Caputo fractional derivative of order o € (1,2]
and the right Riemann-Liouville fractional derivative of order 5 € (0, 1], respectively,
f:J xR — Ris a given function, F : [0,1] x R — P(R) is a multivalued map, P(R)
is the family of all nonempty subsets of R, and § € R is an appropriate constant.

The rest of the paper is organized as follows. In Section 2, we recall some basic defini-
tions of fractional calculus and prove a basic result that plays a key role in the forthcoming
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analysis. Section 3 contains the existence and uniqueness results for problem (1), which
rely on fixed point theorems due to Banach, Krasnoselskii and Leray—Schauder nonlin-
ear alternative. Section 4 deals with the existence results for the multivalued problem,
concerning the upper semicontinuous and Lipschitz cases, which are based on nonlinear
alternative for Kakutani maps and Covitz and Nadler fixed point theorem for multivalued
maps. Illustrative examples for the obtained results are also presented. Though the tools
of the fixed point theory employed in the present analysis are the standard ones, their
exposition is proved to be of substantial value in achieving the desired results.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts [16] that we need
in the sequel.

Definition 1. We define the left and right Riemann—Liouville fractional integrals of order
a > 0 of a function g : (0,00) — R as

t

— 3 a—1
18, g(t) = / “F(a))gas) ds,

e g(t /S_t g(s) ds, 3)

t

provided the right-hand sides are point-wise defined on (0, c0), where T is the gamma
function.

Definition 2. The left Riemann-Liouville fractional derivative and the right Caputo frac-
tional derivative of order « > 0 of a continuous function g : (0,00) — R such that
g € C™((0,00),R) are respectively given by
d” _
Dgyg(t) = ﬁ(f&r “g)(t),
“DY_g(t) = (—1)"I7= "¢ (1),
wheren — 1 < a <n.

The following lemma, dealing with a linear variant of problem (1), plays an important
role in the forthcoming analysis.

Lemma 1. Let h € C(J,R) and § # 1~ P+, The function y is a solution of the problem

°D¢ DY y(t) = h(t), teJ:=]0,1],
y(0) =¢'(0) =0,  y(1)=0dy(n), 0<n<l,
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if and only if
:i/tfsﬁ 11 h(s)ds
I'(3)
tB+1 7
+(175,75+1 [/77 s)7 T T h(s) ds
0
1
- / (1= )" I h(s) ds], 4)

0

where I _y(s) is defined by (3).

Proof. We first apply the right fractional 1ntegral I to the equation “D$ Dy +y( ) =
h(t) and then the left fractional integral IO . to the resulting equation, and using the
properties of Caputo and Riemann-Liouville fractional derivatives, we get

y(t) = Iy, (I{_h(t) + co + ert) + cat?
tﬁ t6+1
+c
T(G+1)  'T(B+2)

= I I h(t) + co + et (5)

Inserting the conditions y(0) = 0 and 3’(0) = 0 in (5) yields ¢ = 0 and ¢g = 0,
respectively, and consequently, (5) reduces to

tB8+1
L(g+2)

Making use of the condition y(1) = dy(n) in equation (6) yields

r'B+2 .
Cc1 = IE(ST)/B"‘)I [51()5+I1_h(t)|t n I Il (t)|t=1]7

y(t) = Iy TP h(t) + ¢ 6)

which, on substituting in (6), completes the solution (4). The converse follows by direct
computation. The proof is completed. O

3 Existence and uniqueness results for problem (1)
Let X = (C([0,1],R) denote the Banach space of all continuous functions from
[0,1] — R equipped with the norm ||y|| = sup {|y(¢)| : ¢ € [0,1]}.

By Lemma 1, problem (1) can be transformed into a fixed point problem as

y =Gy,

http://www.journals.vu.lt/nonlinear-analysis
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where the operator G : X — X’ is defined by

1 / 1
T/t—sﬁ IT f(s,y(s))ds

0

B+1 1
0

_|_

1
/1—5’6 e f (,y(s))ds] @)
0

Remark 1. The operator (7) can be written as

F s)p-1 / u—g)*!
Gy(t) = / (t=s) / ( 1“(03) f(u,y(u)) duds
0

I'(3)

A N U sy SR G
+ (1= o) lﬂs/ T(3) / o) f(u,y(u)) duds

Note that

t L st
O/ <t;<8ﬂ)f / : mj) duds

S

I e I L S g
‘1/ T'(5) Na+nsd‘i/ T(3) T(atl)

(t_S)ﬂ_l @
</st (1-5)<1,1<a<?2)

tB
T T+ Dr(B+1)

Thus we have the following estimate.

Lemma 2. Let || f|| = sup;cpo 1) | f (¢, y(?))|- Then we have [ly|| < [|f||£21, where

1 [1 |60 +1 }

= T(o+ DI(B+1) 11— onft ]

®)
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3.1 Uniqueness result

Our first result deals with the existence and uniqueness of solutions for problem (1).
Theorem 1. Let f : [0,1] x R — R be a continuous function satisfying the condition
HD |f(t,2) — f(t,y)| < Lz —y| forallt € [0,1], z,y € R, L > 0.

Then problem (1) has a unique solution on [0, 1] if

L <1,
where §21 is defined by (8).
Proof. Letus define sup,¢(o 17 | f(t, )| = M and selectr > M {2, /(1—L{2;) to establish
that GB, C B,, where 5, = {y : |lyll < r} and G is defined by (7). Using

condition (H1), we have

[Fty)] = [f(ty) = F(£,0) + F(£,0)] < [f(t,y) — F(£,0)] +[f(2,0)]
< L)yl + M < Lr + M.

Then, for y € B,., by using Lemma 2, we obtain

‘ — s B—1 I U—Sa71
1Gy|| gt:}é%]{/(t F(ﬁ)) /( F(of) | f (u, y(u))|duds
0

S

B+1 1 _861 u— )1
|1 _t(snﬁ—&-1| [5|/ / ( 1“((3) ‘f(u,y(u)”duds

0

1

+/ /(u ;(2;_1 !f(u,y(U))\d“dSH

( +M)Ql<7"

This shows that Gy € B,., y € B,.. Thus GB,. C B,.. Next, we show that G is a contraction.
For that, let y, z € X. Then, for each ¢ € [0, 1], we have

1(Gy) = (G2)]|
¢ 1
(t= )1 [ (w—s)!

gti}??u{o/ r(5) / oy () = (u,2(w) | duds

th+1 / n—s)f1 : (u—s)*!
+ 11— 6P+ l‘ﬂo/ () / (o) |f (u, y(u) = f(u, 2(w))| duds

http://www.journals.vu.lt/nonlinear-analysis
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1 (1-s)7" / (u—s)*""!
+O/ I'(B) / T(a) |f (. y(w)) — f(u,Z(u))|duds] }

S

< L“Ql”y_ ZH,

which, in view of the given condition L{2; < 1, implies that G is a contraction. In
consequence, it follow by the contraction mapping principle that there exists a unique
solution for problem (1) on [0, 1]. This completes the proof. O

3.2 Existence results

Our next existence result for problem (1) is based on Krasnoselskii fixed point theorem
[18].

Theorem 2. Let f : [0,1] x R — R be a continuous function satisfying condition (H1).
In addition, we assume that:

H2) |f(t,y)| < m(t) forall (t,y) € [0,1] x Rand m € C([0,1],RT).

Then there exists at least one solution for problem (1) on [0, 1] if

L
<1. 9
I(a+1I(B+1) ©
Proof. Setting sup,¢o 1] [m(t)| = [|m||, we fix
0 = [|m||£2, (10)

where (27 is defined by (8), and consider B, = {y € X: |ly|]| < o}. Introduce the
operators G; and Gy on B, as follows:

()P [ (u— )
Giy(t) = O/ T05) / o) f(u,y(u)) duds

S

and

n 1
_ (=) [ (u—s)*"
Gay(t) = (1= 5r7+0) l(SO/ T03) / o) f(u,y(u)) duds

s
1

1 (1—5)3"1 [ (u—s)*""!
_ 0/ ) / T(a) f(u,y(uw)) du ds] .

S

Observe that G = Gy + G». Now we verify the hypotheses of Krasnoselskii fixed point
theorem in the following steps.

Nonlinear Anal. Model. Control, 24(6):937-957
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(i) Fory,z € B,, we have

1G1y + Gaz||
= sup |(G1y)(t) + (G22)(1)|

te[0,1]

/ (t—s)8~1 ; (u—s)t
< ti%%{o/ o/ eyl

S

n 1
A+l — )81 u—g)e1
+ [T = orP ] l|5|/ (n F(ﬁ)) /( F(OB) ’f(u7z(u))|dud8

0 s

1

—5)P-1 / u—g)* !
+0/(1 F(ﬁ)) S/( F(@?) ‘f(u,z(u))\duds]}

< [lmfle <o

where we have used (10). Thus Gy + Go2 € B,,.

(ii) It is easy to show that G is a contraction by using assumption (H1) together
with (9).

(iii) Using the continuity of f, it is easy to show that the operator G- is continuous.
Further, G5 is uniformly bounded on B, as

lml(6]n” +1)
152411 = i @00 < fr—gemir T e+ 1
In order to establish that G is compact, we define sup(, ,)cr0,1)x 5, |f(t,y)] = 1
Thus, for 0 < t; < t3 < 1, we have
[(G2y)(t2) — (Gr2y)(t1)]
BH1 _ B+ 7 a-1
ty =1 —
A -t |5|/ /(“ 7 quds
11— dnftl ['()
0 s
1 1 ,B 1 a—1
/ —9) / (u—s) duds
[(c)

0 s
_ St tﬁ“l 6]n° +1 0
[1—onftt [ T(a+1I(B+1)

as t; — to independently of y. This shows that G is relatively compact on B,. As all the
conditions of the Arzela—Ascoli theorem are satisfied, so G» is compact on B,. In view of
steps (i)—(iii), the conclusion of Krasnoselskii fixed point theorem is applied, and hence,
there exists at least one solution for problem (1) on [0, 1]. The proof is finished. O

http://www.journals.vu.lt/nonlinear-analysis
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Remark 2. Interchanging the role of the operators G; and G- in the foregoing result, we
can obtain a second result by requiring the condition L(|§|7°+1) /(T (a+1)T'(5+1)) < 1
instead of (9).

The following existence result is based on Leray—Schauder nonlinear alternative.
Theorem 3. Let f : [0,1] x R — R be a continuous function. Assume that:

(H3) There exist a function g € C([0,1],R"), and a nondecreasing function 1 :
R* — R such that | f(t,y)] < g(t)v(|y]) for all (t,y) € [0,1] x R;
(H4) There exists a constant K > 0 such that
_ K
gl (K)$2

Then problem (1) has at least one solution on [0, 1].

> 1.

Proof. Consider the operator G : X — & defined by (7). We show that G maps bounded
sets into bounded sets in X = C([0, 1], R). For a positive number r, let B, = {y €
C([0,1],R): ||y|| < 7} be abounded setin X Then, by using the fact that (p—s)*~! < 1
(1 < a < 2), we have

s)8-1 u—s)!
9y(t)| < lgllotr ){L/'( o | e duas

7
A+l —8)8L [ (u—s)>!
|1— 775+1‘ [W/ / Ta) duds

+0/115))ﬁ /1 duds]}

which, on taking the norm for ¢ € [0, 1], yields ||Gy|| < ||g||v(r) 2,

Next, we show that G maps bounded sets into equicontinuous sets of X'. Let t1,t5 €
[0,1] with ¢; < t9 and y € B,., where B, is a bounded set of X. Then, using the fact that
(p—3s)*"1 <1(1 < a<2),weobtain

Gy(t2) — Gy(t1)|

y—t

t1

(=5 = (=9 f (-5t
S ”9”1/’(’"){ 0/ L(B)C(a+1) ds +t/ LBI(a+1) as
A I U 1u—s
*uﬂwﬂdwf ) ! s

Nonlinear Anal. Model. Control, 24(6):937-957
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e

0 s
h F(B + 1)l (a+1) |1 —6onfti| [T(a+1)I(B+1)

which tends to zero independently of y € B, as to — t; — 0. As G satisfies the above
assumptions, therefore it follows by the Arzela—Ascoli theorem that G : X — X is
completely continuous.

The result will follow from the Leray—Schauder nonlinear alternative once it is shown
that the set of all solutions to the equation y = AGy is bounded for A € [0, 1]. For that,
let y be a solution of y = AGy for A € [0, 1]. Then, for ¢ € [0, 1], we have

ly(t)| = [AGy(t)]|

(t=5)" [ (=g
<g<t>w(||y||){0/ () / Ty duds

i P R i AU
*a—MMUF/ rim— | e e

0
; (1- 3)5’1 ; (u—s)*t
+ [ S5 / e m”%}

which implies that
[yl
W
gl (llyll) €2
In view of (H4), there is no solution y such that ||y|| # K. Let us set

U={yeX: |yl <K}

The operator G : U — X is continuous and completely continuous. From the choice
of U, there is no y € AU such that y = AG(y) for some A € (0, 1). Consequently, by
the nonlinear alternative of Leray—Schauder type [11] we deduce that G has a fixed point
u € U, which is a solution of problem (1). This completes the proof. O

3.3 Examples

In this subsection, we construct examples for the illustration of the results obtained in the
last section. For that, we consider the following problem:

DYDYyt = F(ty(t), teJ:=1[0,1],

(11)
y(0) = y'(0) = 0, yﬂ)=2y<i>.

http://www.journals.vu.lt/nonlinear-analysis


http://www.journals.vu.lt/nonlinear-analysis

Existence theory for nonlocal boundary value problems 947

Here a = 3/2, 3 =1/2,m=3/4,6 = 2(§ # 1/n°*1), and

flt,y) = e—ttanfly—k ] + !
’ 51 #E+50)(1+y)  VeE+1
With the given value of the parameters, it is found that
8 V3+1
2= — |1+ —| =884
' B { T ?’fJ ’

|f(t,y1) — f(t,y2)] < Llyr — ya|, L = (e +1)/51, and L ~ 0.643 < 1. Clearly, all
the assumptions of Theorem 1 hold true, and consequently, its conclusion can be applied
to problem (11).

In order to illustrate Theorem 2, we notice that (9) is satisfied as

L 8(e+1)
= ~0.061 <1
Mla+1)I(B+1) 1537
and
met 1 1

ty)| <mt) = — + .
|f(t,y)] <m(t) T RRCETIRE ]
As the hypothesis of Theorem 2 is satisfied, we deduce from the conclusion of Theorem 2
that problem (11) has at least one solution on [0, 1].

Now we demonstrate the application of Theorem 3 by considering the nonlinear
function

fty) = (siny + cosy + 3). (12)

1
8Vt +4
Clearly, | f(t,y)| < g(t)¥([ly), where g(t) = 1/(8vVt*> +4), »(|lyl]) = (4 + [[y[|). By
condition (H4) we find that K > 5.072625. Thus all the conditions of Theorem 3 hold

true, and consequently, problem (11) with f(¢,y) given by (12) has at least one solution
on [0, 1].

4 Existence results for problem (2)

Before presenting the existence results for problem (2), we outline the necessary concepts
on multivalued maps [10, 14].

For a normed space (X, ||-||), let P (X) = {Y € P(X): Yisclosed}, P,(X) =
{Y € P(X): Y is bounded}, Py, (X) = {Y € P(X): Y is compact}, and Py, o(X) =
{Y € P(X): Y iscompact and convex}. A multivalued map G : X — P(X) is
convex (closed) valued if G(z) is convex (closed) for all z € X. The map G is bounded
on bounded sets if G(B) = U,epG(z) is bounded in X for all B € Py(X) (e,
sup,cp{sup{|y|: ¥y € G(x)}} < o0). G is called upper semicontinuous (u.s.c.) on X
if for each ¢y € X, the set G(x¢) is a nonempty closed subset of X, and if for each
open set N of X containing G(zg), there exists an open neighborhood Ny of zy such

Nonlinear Anal. Model. Control, 24(6):937-957
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that G(Ny) C N. G is said to be completely continuous if G(B) is relatively compact for
every B € Pp(X). If the multivalued map G is completely continuous with nonempty
compact values, then G is u.s.c. if and only if G has a closed graph, i.e., x,, — z.,
Yn — Ys» Yn € G(x,) imply that y. € G(z,). G has a fixed point if there is z € X
such that x € G(x). The fixed point set of the multivalued operator G' will be denoted
by FixG. A multivalued map G : [0,1] — Pa(R) is said to be measurable if for every
y € R, the function t — d(y, G(t)) = inf{|y — z|: z € G(t)} is measurable.
For each y € X, define the set of selections of F' by

Spy = {ve L' ([0,1],R): v(t) € F(t,y(t)) forae.t € [0,1]}.

Definition 3. A multivalued map F' : [0, 1] x R — P(R) is said to be Carathéodory if:
(i) t — F(t,y) is measurable for each y € R;
(ii) y — F(t,y) is upper semicontinuous for almost all ¢ € [0, 1].
Further, a Carathéodory function F is called L'-Carathéodory if
(iii) for each p > 0, there exists ¢, € L'([0,1],RT) such that | F'(¢,y)| = sup{|v|:
veF(t,y)} < p,(t) forall y € R with ||y|| < pand forae.t e [0,1].

We define the graph of G to be the set Gr(G) = {(z,y) € X xY: y € G(z)} and
recall two results for closed graphs and upper semicontinuity.

Lemma 3. (See [10, Prop. 1.2]) If G : X — Pa(Y) is u.s.c., then Gr(G) is a closed
subset of X x Y i.e., for every sequence {x, }nen C X and {yn}nen C Y, if when
n — 00, Tp — Tu, Yn — Yx and Y, € G(xy,), then y. € G(x.). Conversely, if G is
completely continuous and has a closed graph, then it is upper semicontinuous.

Lemma 4. (See [20].) Let X be a separable Banach space. Let F:[0,1] x X —
Pep.c(X) be an L'-Carathéodory multivalued map, and let © be a linear continuous
mapping from L*([0,1], X) to C([0,1], X). Then the operator © o Sg., : C([0,1], X) —
Pcp,c(C([O, 1]7 X))’

(© 0 Spy)(y) = O(Sky),
is a closed graph operator in C([0,1], X) x C([0,1], X).

For the forthcoming analysis, we need the following lemma.

Lemma 5 [Nonlinear alternative for Kakutani maps]. (See [11].) Let E be a Banach
space, C a closed convex subset of E, U an open subset of C, and 0 € U. Suppose that
F :U — Pepo(C) is an upper semicontinuous compact map. Then either

() F has a fixed point in U, or

(ii) thereisaw € OU and X € (0,1) withu € A\F(u).

http://www.journals.vu.lt/nonlinear-analysis
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Let (X, d) be a metric space induced from the normed space (X; ||-||). Consider Hy :
P(X) x P(X) = RU {oo} defined by

Hy (A, B) = max{sup d(a,B), supd(A, b)}7
acA beB
where d(A,b) = inf,c 4 d(a;b) and d(a, B) = infyep d(a;b). Then (Pp (X)), Hy) is
a metric space, and (P (X), Hy) is a generalized metric space (see [17]).

Definition 4. A multivalued operator N : X — P (X) is called:

(i) ~-Lipschitz if and only if there exists v > 0 such that Hy(N(z), N(y)) <
~vd(z,y) for each z,y € X;
(i1) a contraction if and only if it is v-Lipschitz with y < 1.

Lemma 6. (See [8].) Let (X,d) be a complete metric space. If N : X — Pq(X) is
a contraction, then FixN # ().

Definition 5. A function y € C([0, 1], R) is said to be a solution of the boundary value
problem (2) if y(0) = 3/(0) = 0, y(1) = dy(n), and there exists a function v € Sg, such
that v(t) € F(t,y(t)) and

t

(/ tfsﬁ {/(uré§24wduds

0 s

A P AU i A U
*u—%%%k! ti | e

s
1

/ 1—56 1/(“;(‘2;1v(u)dudsl.

0 s

4.1 The upper semicontinuous case

In the case when F' has convex values, we prove an existence result based on nonlinear
alternative of Leray—Schauder type.

Theorem 4. Assume that:

(H1) F :[0,1] x R — P(R) is L'-Carathéodory and has nonempty compact and
convex values:;

(H2) there exist a function ¢ € C([0,1],R") and a nondecreasing function (2 :
R* — R such that |F(t,y)|p := sup{lw|: w € F(t,y)} < ¢(t)2(|yl)
foreach (t,y) € [0,1] x R;

(H3) there exists a constant M > 0 such that M/(||¢||£12(M)) > 1, where (2 is
defined by (8).

Then the boundary value problem (2) has at least one solution on [0, 1].
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Proof. Define an operator 2p : X — P(X) by 2p(y) = {h(t): h € X'}, where

[ fweset
M“‘{/ w0 dud

0 s
th+1 I (n— s) (u—s)*t
+ 5757 [60/ g/ (o) v(u)duds
1
_[a=s (u_s)a_lv u) duds
!ﬁ e Z‘ Ty d}}

for v € SF,,. We will show that {2 satisfies the assumptions of the nonlinear alternative
of Leray—Schauder type. The proof consists of several steps. As a first step, we show that
2p is convex for each y € C([0,1],R). This step is obvious since Sp,, is convex (F has
convex values), and therefore we omit the proof.

In the second step, we show that {2r maps bounded sets (balls) into bounded sets
in X. For a positive number p, let B, = {y € X |ly|| < p} be a bounded ball in X
Then, for each h € 2r(y), y € B,, there exists v € S, such that

t

0= [ [,

0

#r [ m-sPt [
*u—MMUF! Pw>t/ Tl W4

S

1

(1—s5)8-1 / (u—s)*t
_ / NG / o) v(u) du ds] .

0 s

Then, by using the fact that (p — s)*~ < 1 (1 < a < 2), we have

: 73571 1’[1,780571
!ww@wmwm{/“mg J U s
0

S

P Fo—s)P~t [ (s
+1-5nﬁ+1|b5|]/ ) e

0 s

1—s g1 g (u—s)*t
+ / Ta) duds}}

1
0
<ll¢ IIQ(HyII)Oh
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which, on taking the norm for ¢ € [0, 1], yields

121l < [loll$2(r)$2

Now we show that £2p maps bounded sets into equicontinuous sets of X. Let t1,1y €
[0,1] with ¢; < t2 and y € B,. For each h € £2F(y), using the fact that (p — s)*~ < 1
(1 < a < 2), we obtain

|h(t2) = h(t1)]

t1

< |g|n<r>{ / ey / FaTaTT
o g e
[t )

< gl >{ eI éjrl)tf e s }

which tends to zero independently of y € B, as to — t; — 0. As {2F satisfies the above
assumptions, therefore it follows by the Arzela—Ascoli theorem that 2 : X — P(X) is
completely continuous.

In our next step, we show that (2 is upper semicontinuous. To this end, it is sufficient
to show that 2r has a closed graph by Lemma 3. Let y, — Yx, by, € Q2p(yn), and
hn, — h,. Then we need to show that h, € Q2p(y.). Associated with h,, € Qp(z,),
there exists v, € Sp 4, such that, for each ¢ € [0, 1],

t 1
—g)8-1 u— g)o1
T () = / (t—s) / ( - (03) vn () du ds

I'(3)

S

n 1
t8+1 n— 5 1 u—s)
+ = onP D) lé/ / v (u) duds
0 s
1

)
/ —8)P7 [ (u—s)
/ u )) (u)duds].
0
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Thus it suffices to show that there exists v, € S, such that, for each ¢ € [0, 1],

h*(t):/t(t_s)ﬁ_lj(u_s)a_lv*(u)duds
0

() INCY

n
B+t n—3s)P"1 [ (u—s)
MR TR léo/ I'(B) / (u) duds
1

Let us consider the linear operator © : L'([0, 1], R) — X given by

v — O(v)(t)

(=8Pt [ (s
_0/ ) / o) v(u) duds

S

7
tB8+1 (u o S)a—l
+ (= o7P"0) [5/ / o) v(u) duds
0
1
(u—s)

1

/ 1_8): : )duds]

0 s

Observe that, as n — oo,

a(®) = B (@]

t

(t*S)Bfl 1 (ufs)afl
/ I'(3) / I'a) (vn — vs)(u) duds
0

Thus it follows by Lemma 4 that © o Sy is a closed graph operator. Further, we have
hy, (t) € Q(SF,yn )
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Since y,, — ¥4, therefore we have

()P [ (u— )
ha(t) 7/ T03) / (o) vy (u) duds
0

for some v, € Sp,y, .

Finally, we show there exists an open set U C C([0,1],R) with y ¢ 02p(y) for
any € (0,1) and all y € OU. Let§ € (0,1) and y € 6£2p(y). Then there exists
v € L*([0,1],R) with v € Sp,, such that, for ¢ € [0, 1], we obtain

ly(t)| = [02r(y)(t)|

[ (t— )P0 [ (u—s)o!
go/ w ) e wlauds

S

t U A
+ 11— 0P+ [W/ T(8) / (o) |v(u)|duds

0

1
1 _ ,8 1 _ o a—1
+/ °) / (u F(Z)) ‘v(u)| duds
0 s

< lloll£2 (Ilyll)fh,
which implies that [|y[|/([|¢][£2([ly[){21) < 1. In view of (H3), there exists M such that
lyll # M. Letus set U = {y € X: |ly|| < M}. Note that the operator 2 : U — P(X)
is upper semicontinuous and completely continuous. From the choice of U there isno y €
OU such thaty € 0025 (y) for some 6 € (0, 1). Consequently, by the nonlinear alternative

of Leray—Schauder type (Lemma 5) we deduce that {2 has a fixed point y € U, which is
a solution of problem (2). This completes the proof. O

4.2 The Lipschitz case

We prove in this subsection the existence of solutions for problem (2) with a nonconvex
valued right-hand side by applying a fixed point theorem for multivalued maps due to
Covitz and Nadler [8].
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Theorem 5. Assume that:

(A1) F:[0,1]xR — Pep(R) is such that F(-,y(t)) : [0, 1] = Pep(R) is measurable
foreachy € R;

(A2) Hy(F(t,y), F(t,3) < q(t)ly — g| for almost all t € [0,1] and y, 7 € R with
q € C([0,1],R") and d(0, F(t,0)) < q(t) for almost all t € [0, 1].

Then problem (2) has at least one solution on [0, 1] if
lallf1 < 1, (13)

where (21 is defined by (8).

Proof. Consider the operator 2F : X — P(X) defined in the beginning of the proof of
Theorem 4. Observe that the set Sg,, is nonempty for each y € X’ by assumption (A1).
So F has a measurable selection (see [7, Thm. I11.6]). Now we show that the operator {2
satisfies the assumptions of Lemma 6. To show that 2 (y) € P (X) foreach y € X, let
{tun}n>0 € 2r(y) be such that u,, - wasn — oo in X. Then u € X, and there exists
Up, € SE such that, for each ¢ € [0, 1],

[T [t
un<t>0/ o [ dud

S

A P R Gl A U o
= l(s/ I) / Moy (et

0

/1 (1—s)P~ I/I(U;(‘;);_lvn(u)dudsl.
0

S

As F' has compact values, we pass onto a subsequence (if necessary) to obtain that v,,
converges to v in L' ([0, 1], R). Thus v € Sp,,, and for each ¢ € [0, 1], we have

un () = u(t)

(=8P [ (u— sy
0/ ) / Ta) v(u) duds

S

tB"rl 1 (u _ S)a—l
+(1_ 5P [5/ / Ta) v(u) duds
0
1

1

/ 1_8))6 : )duds]

0 s

Hence, u € 2r(y).
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Next, we show that there exists 6 := ||¢[|£2; < 1 such that

Hd(QF(y)agF(g)) <é\\y—ﬂll, y,gjeX

Lety,§y € X and hy € 2r(y). Then there exists vy (t) € F(¢,y(t)) such that, for each
t € 0,1],

t 1
—5)P-1 u—g)* !
hl(t):/(t ) /( F((j) v1(u)duds
0

I'(3)

By (A2) we have
Hy(F(t,y), F(t,7)) < q(t)ly — 7l.

So, there exists w € F(t,) such that
o1 () —w| < (O)]y(t) —5t)|, te[0,1].
Define U : [0,1] — P(R) by
={weR: |vi(t) —w| < q(t)|y(t) — 5(t)|}-

Since the multivalued operator U (t) N F(¢,§) is measurable [7, Prop. II1.4], there exists
a function vz (t), which is a measurable selection for U (t) N F'(t,g). So v2(t) € F(t,7),
and for each ¢ € [0, 1], we have |v1(t) — v2(t)| < q(t)|y(t) — §(t)|. Foreach ¢t € [0, 1],
let us define

i — )1 i u—g)* 1
hg(t):/(t ) /( F(of) va(u) duds
0

()

s
1

n
t8+1 n— /3 1 u—s)
+ A= onP D) lé/ ) / vo(u) duds
0
1

1

/1_5); 15/ u=s) (u)duds].

0
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Thus

|P1(t) — ha(t)]

t(t_s)ﬁil 1(U_S)a71v — vo|(u) duds
<0/ / o1 — wa](u) dud

I'(3) I'(a)

S

B+1 7 _g)B-1 1u75a71
ot [(ﬂ/(" ) /( S s — val(u) duds

o) e T
/ (1—s)8-1 / (u—s)ot B
_|_0/ ) / o) |vy — va|(u) du ds]
< llglle2lly = 7ll,

which yields [ — hal| < [lg[[1[ly — g]-

Analogously, interchanging the roles of y and 3, we can obtain

Ha(2r(y), 2 (@) < llall21lly — 7l

By condition (13) it follows that {2 is a contraction, and hence, it has a fixed point y by
Lemma 6, which is a solution of problem (2). This completes the proof. O
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