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Abstract. A new model onkR LC'G transmissions lines is presented in the paper.
The model suits to be taken to directly simulating a circygtem in time-
domain. Mathematically, a circuit system with distributeléments may be
described by a special kind of nonlinear integral-difféi@ralgebraic equations
with multiple constant delays.
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1 Introduction

It is known that the conductors of a circuit system should be regarsléchas-
mission lines for theoretical analysis and practical design in the recenshiggd
integrated circuit technology [1]. At relatively higher signal-speedggmission
line models based on quasi-transverse electro-magnetic mode (TEM) dsswsmp
are severely useful for circuit simulation [2]. The TEM approximationreep
sents the ideal case. Often, from the system design point of view the solatio
Maxwell’'s equations may be given by the so-called quasi-TEM modes, aad it
be characterized by distributed parameterd., C, andG [3].

The simulation task is to compute the transient response of a circuit system
consisting of nonlinear devices interconnected by transmission lines. &hdre
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paper we establish a new model Bd.C'G transmission lines in time-domain. A
circuit system with distributed elements may be described by nonlinear integral-
differential-algebraic equations (IDAEs) with multiple constant delays shiah

the general-purpose circuit simulators can be then used to solve the naticeg

in theory.

2 Distributed modelsof RLCG transmission lines

In general, a transmission line is presented by Telegrapher’'s equati@nsan
RLCG transmission line system shown in Fig. 1, at tim) < t < T) let
v(z,t) andi(z, t) respectively be voltage and current at pairfd < = < d). The
basic equations are

Ov(x,t) s Oi(x,1t) — _Ri(,1),
di(x,t) ov(z,t)
5 +C e —Gv(x,t),

whereR is resistancel. is inductance(' is capacitance, and is conductance for
unit length. The constant®, L, C', andG are distributed parameters f&LCG
transmission line. IR = 0 andG = 0, the transmission line is lossless, see [4].

3 i(x, 1)

—0 —
— =
x=0 | =d

v (x, 1)
Fig. 1. An RLCG transmission line.
Let LC = 1/v? wherev is velocity of signal propagation; = g which is

the delay of a signal going from = 0 to =z = d, andzy = /L/C which is the
characteristic impedance. We now write (1) in matrix form as follows

oU(z,t)  ~oU(x,t)
S+ AT = BU(a,), @)
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whereU (z,t) = [v(z,1),i(z,t)]", and

i=le ] ol

Obviously, we have

"’,1_/\ 0
TAT _{0 e

wherel = v/ LC and

_]. 1 20 -1 1 1
T—zL —zo]’ g —[% —] )

We letU (z,t) = TU (z,t) whereU (z,t) = [U,(z,t),Ui(z,t)]’, from (2)
we have

oU(z,t)  ~ 0U(z,t)
or P

= EU(x,1),

whereD = TAT! andE = TBT~!. Namely,

U, (z,1) ) U, (z,1t)

“ox o (EU( )y, 4)
aUZ‘(CC,t) an(JZ,t) T
D NEEED (B (1),

where (EU (z,t)), and (EU(x,t)), are the two elements obU(z,t). The
above partial differential equations (PDEs) can be further expiessea form
of integral equations with constant delay by the method of characteristic3, (M

see [5].

First, we construct two characteristic lines as follows
dt

lL:— =\

+ dr )
dt

I — =-\
dzx

In other words, the lineg, and/_ are defined by — Az = c andt + Ax = ¢,
wherec is some constant. For any poift, ¢), we integrate the first equation and
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the second equation of (4) along the lirgsandi_ respectively from(0,¢ — Az)
and(0,t+ Ax). Thus,

Uy(z,t) = Upy(0,t — \z) + / (EU(2,t)),d!

Ly
x

= f(t —\z) + / (Eﬁ(z,t — Xz — 5)))1dz,

" (5)
Us(x,t) = U; (0,1 + A\z) +/(Eﬁ(x,t))2dz
I
= g(t+ M) + / (Eﬁ(z,t + Az — l)))le,
0
wheref andg are two continuously differentially initial functions
Based on (5), by = TBT ! andU = TU we have
_ r(TBU(I,t — Mz —1
TU(z,) = [f(t Ax)] +/ (TBU( (=D ©6)
git+Ara)] S (TBU (Lt + Az — 1)),
Since
Srr 1[—2G —R| |v . 1| 20Gv+ Ri
B =3 |26 TRl ) =3 | e ) ™
from (6) we have
1 .
ft=Xz) = 3 [v(z,t) + 20i(, 1)]
%{ZOG/ (Lt—Me—D)dl+R [i(1,t— Az l))dl]
. " 8)
g(t+Ax) = 3 [v(z,t) — 20i(z,1)]
—%|:ZQG/ l t+A(x—1) dl—R z l t+ Az dl].
0
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Letx = d in the second equation of (8), it follows
1 1 ’
g(t+ A\d) = 3 [v(d, t) — z0i(d, t)] — 5 l:Z()G/'U(l,t + A(d —1))dl
04
— R/z‘(l,t + A(d —1))dl|.
0

Letxz = 0 in the first equation of (8) and set= ¢ — \d in the above expression,
by Ad = 7 we can arrive at

1
1 1 g )
g(t) = §WA(t —7T)— 3 |:20G/U(l,t — A)dl — R/z’(l,t — )\l)dl],
0
where the new functiond’, andW g are defined as
WA(t) = U(d7 t) - ZOi(da t)) WB(t) = U(Ov t) + ZOi(Oa t)' (10)

Now, by (6), (7), and the form &f ~! in (5) we know

v(x,t) = f(t — Ax) + g(t + A\z)

_ % [0t =A@ = D) = vl t+ Mz = 1) |
0

- g/m (Lt = A =) +i(l,t+ Az = 1) |a,
0

i(e.t) = = [£(t — \e) — g(t + \o)]

20

— %/z [U(l,tf Mz — l)) +v(l,t+ Mz — l))}dl
0

xT

_ %/ i1t = A= 0) = (Lt + A = 1) | i
0
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Then, by (9) it further deduces

1 1
v(x,t) = §WA(t — T+ Az)+ §W3(t — A\x)

x
ZQG

5 [/v(l,t—)\(w—l))dl+/dv(l,t—|—)\(m_l))dl}

0
d

_g[/mi(l,t—)\(a:—l))dl—/i(l,t—k)\(x—l))dl},
0

1 1
(1) = =5 —Walt =7+ Aa) + 5= Wi(t = \) (11)

T

—%[/v(l,t—)\(x—l))dl—/dv(l,t—i—)\(x—l))dl}
0 T

T

[/i(l,t @ —)di+ /dz'(l,t—i— Ao — l))dl},

T

R
220

0<x<d, 0<t<T.
Based on the second equation of (11) Nay= 7 we also have

i(0,1) = —2—;WA<t O

220
G 7 R T
+ 5/v(z,t— )l — %/z(l,t—)\l)dl,
0 0
i(d ) = ———Wa(t) + Wyt —7)
S 22 A 220 B T
d d
G

2

——/v(l,t—7+/\l)dl—i/i(l,t—7+/\l)dl.
220
0 0

By use of the expressions o#4(t) andWg(t) in (10), fort € [0, T.] we obtain
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the currents at the near and far ends of the line as

0(0,8) = S0 (0,8) — Wl — 1)

Z0 20
d d
R I
+G/w¢—mm—;/w¢—m%
0
. 0 ) 0 (12)
i(d,t) = = —-o(d. ) + - Walt =)
d R d
—G/ﬁmt—7+mmp—— i1t — 7+ Al)dl.
20
0 0

This is a basic characteristic f®@LCG transmission lines.
From (12), fort € [0,T.] we also have the voltages at the near and far ends

of the line as

v(0,t) = 209(0,t) + Wyu(t — 1)
d d
— zOG/v(l,t — A)dl + R/z’(l,t — Al)dl,
L " (13)
v(d,t) = —zpi(d,t) + Wg(t — 1)
d d
— zoG/v(l,t — 7+ A)dl — R/i(l,t — 7+ Al)dl.
0 0
To combine (10) and (13), we further arrive at
Wa(t) =2v(d, t) — Wpg(t—T1)
d d
+ zoG/v(l,t — 7+ A)dl + R/z’(l,t — 7+ A)dl,
0 0

Wg(t) = 20(0,¢) — Wa(t — 1)

d d
+%G/Qa¢—Amﬂ—R/}@t—MmL
0 0
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3 A general form of circuit equationswith distributed elements

We first see two simple circuits witlR LC'G transmission lines. For the basic
circuit with distributed elements shown in Fig. 2, its circuit equations are
dUl(t) _ 1

= gi(e —v1)(t) — —vi(t) + —Wa(t —
a—y 1(e —v1)(t) Zovl( )+ zOWA( 7)
d d
R )
—G/v(l,t—Al)dl+—/z(l7t—)\l)dl7
2
0 0 0
dvz(t) _ 1 1
Cy o g2(v2)(t) Zovg(t)+ ZOWB(t )
d R d
—G/v(l,t—r—i—)\l)dl—— i(l,t — 14+ Al)dl,
)
0 0

Wa(t) = 2vs(t) — Wt — 1)
d d
+zoG/v(l,t—T+)\l)dl +R/i(l,t 4 Al
0 0
Wi(t) = 201 (t) — Walt — 1)
d d
+ zoG/v(l,t A — R/i(l,t AL,
0 0

1 1
v(x,t) = §WA(L‘ — T+ Az)+ §WB(t — A1)
x d

— % |:/U(l,t — ANz — l))dl—l—/v(l,t—i— Mz — l))dl}
0 x
x d
R

-3 [/i(l,t — Az — l))dl—/z’(l,H— A — l))dl],
0

1 1
i(x,t) = —%WA(t — T+ Az)+ Z—ZOWB(t — A\x)
d

- % va(z,t — Az — l))dl—/v(l,t+ Aa — l))dl}

0
T d

[/i(l,t — XMz = 0)dl+ [ i(l,t + Mz — l))dl},

T

£l
22’0
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v(0,t) =vi(t), wv(d,t)=wva(t), 0<ax<d, 0<t<T,,

whereg; andgs are nonlinear functions.

R0 ; v X0
+ 1 L i(x, 1) 1
e(?) T cl o T ) g
X = 0 WA , WB , ZO X = d

Fig. 2. A circuit with RLC'G transmission lines.
Another distributed circuit is shown in Fig. 3. Its circuit equations are de-
scribed by IDAEs with multiple constant delays,

dU1 (t)
dt

1 1 1
==+ —)vi(t) + —Wa(t —
C1 (R1+201)U1()+Z Al( 7'1)

d1 dl

— Gw /UW1(l,t — All)dl + R;Wl /iw1(l,t — )xll)dl +
01
0

dva(t) < 1 1 ) 1 1
= —(— 4+ —)oo(t) + —Wg1(t — — Was(t —
dt 201 * 202 va(t) + 201 pi(t—m)+ 202 arlt = 72)

e(t)
R.’

C2

d1 dl

R
_ Gwl/vW1(l,t—7‘1 + Adl)dl — le /iW1(l,t—Tl + Ml)dl
01
0 0

d2 d2
— Gwa / UWQ(Z, t— )\QZ)dl + Bz /iwg(l, t— )\Ql)dl,

202
0 0

duvs(t) _ _( 1

1 1
dt Rf + ZOQ)US( )+ 202 BQ( T2)

C3

da da

_ GWQ/vWQ(z,t — 7o+ Aol)dl — Fw /iwg(l,t — 7o+ Nol)dl,
202
0

WAI (t) = 21)2(75) — WBl(t — 7'1)
dy dy

+ 200Gw1 /’L)Wl(l,t — 711+ All)dl + Ry /in(l,t — 711+ All)dl,
0 0
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WBI (t) = 2U1 (t) — WAl(t — 7'1)
dy dy

+ 201Gw1 /le(l,t — Ail)dl — Ry /in(l,t — A\il)dl,
0 0
Wao(t) = 2vs(t) — Wpa(t — 12)
do d2
+ ZOQGWQ/UWQ(l,t — To + )\Ql>dl + ng/iwg(l,t — T+ )\Ql)dl,
0 0
Wga(t) = 2va(t) — Was(t — 72)
da da
+ 2p2Gwo /vwg(l,t — Xol)dl — ng/iwg(l,t — Aol)dl,
0 0

1 1
UWl($,t) = §WA1(t -7 + )\116) + §W31(t — )\11’)
x dy
_ z201Gw

i Uvm(z,t — (e —1)di+ /“Wl(l”f+ Male = l))dl}
0

T

T d1
_—R;Vl [/imﬂ(l,t—)q(fc—l))dl_/iW1(l’t+)\1(x_l))dl]7
0 x
1 (2,0) = — Wt — 71+ M) + —— W (t — \iz)
iwi(z, t) = 5701 Al T 1z 2201 Bl 1L
G [ !
_ ;Vl[/vwl(l,t—)q(w—l))dl_/le(l’t+)\1(x_l))dl]
0 xX
Rwi[ [ i
— 2:/1 [/lWl(l,t—)\1($—l))dl+/lW1(l7t+)\1($_l))dl:|’
01
0 X

1 1
UW?(ya t) = §WA2(t — Ty + )\23/) + EWBQ(t — )\Qy)

y a2
200G
L vag(l,t—Az(y—l))dl+/UW2(lat+A2(y_l))dl]
0 Yy

Y d2

Ry . .
— ng(l,t—/\l(y—l))dl— ZWQ(l,t—l—/\Q(y—l))dl ,
(] j |
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iwa(y,t) = —$02WA2(75 — 7o+ Aoy) + %OQWBQ(YS — \2y)
y ds
G /UWQ(l,t—)\g(y—l))dl—/vwg(l,tJr)\g(y—l))dl]
L /
Yy da
- ?:;22 /iwz(l,t—>\2(y—l))dl+/iwg(l,t+)\2(y—l))dl],
0

vw1(0,t) = vi1(t), wvwi(d,t) = va(t),
UWQ(O,t) = Ug(t), Uwg(d, t) = ’U3(t),
0<z<d;, 0<y<dy, 0<t<Te,

whereRy ;, Lwj, Cw;j, Gw; (j = 1,2) are respectively the distributed parame-
ters of the first and second lines, akd= /Ly ;Cw; (j = 1,2).

Re Vl(l) Vi (X, 1) Vz(t) Vi, 0, 1) V3(l‘)
— s S A
" J— iw1 (X, t) - lWZ (y, t) —
e(?) c c, R,
e S
x=0 x=d, y=0 y=d
1 2
Wi Wais 2o Wi Wpy 20

Fig. 3. A circuit with multiple RLC'G transmission lines.

Thus, the general form of equations on a circuit system Wil G transmis-

sion lines should be a system of nonlinear IDAEs with multiple constant delays
as follows

C(t) d‘z(tt) + G(z(t),t) + DW(t — )
d d

+ E [y(l,t = X)dl + F [y(I,t — 7 + A\)dl = b(t), (14)
/ /
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Ax()+W()+BW(t—7)
d
FH [yt — N)dl+ L [yl — 7+ N)dl =0, (15)
Jros-asef
y(l,t) + PW(t — M)+ QW (t =T+ \)
-l-M/y(r,t—/\(l—r))dr—i—N/y(r,t—i—/\(l—r))dr:O, (16)

y(0,t) = Slx() y(d,t) = Saz(t), y(l,0) =(1,0), for —7 <6 <0,
x(0) = xo, W(0) = p(d), for —7 <60 <0,
0<i<d, 0<r<l, tel0,T.,

whereC(-) € R™™ is a matrix-valued function4, S, So € R*™*", D, E. F €
R"™?™ B, H,L,P,Q,M,N € R*>?m G(...) ¢ R" is a nonlinear function,
and for anyt and! the functionsz(t) € R", y(I,t — 1), W (t — 7) € R*™ are to
be computed in which

y(l,t —7) = [vi(li,t — 71),i1 (b, t — 1),
O (b t = T )y i (b £ = Tm) ]
W(t—7)=[War(t — 1), Wei(t — 1),
Woam(t = 7o), Wam(t — )],

wherel = [l1,- -, 1]t andT = [r1,- -, 7]t Further A = [\, -+, Ap]t > 0,
d = [di, - ,dn)t >0, 7 =X = [r1,---, 7]t > 0, wherer; = )\;d;
G=1,---,m), r=[r1, - ,rplt, andXl = [M\ily, -, Amlm]t.

For the above circuit systerbi;-) € R™ is a known input vector function;y
is an initial value, ang(6) andy(Z, ) are initial states of th& LC'G transmission
line system such that

0(0) = [War(61), Wr1(61), -+, Wam(Om), Wem(0m)]',
$(1,0) = [v1(11,61),i1(11,01), - -, V(Lo O s (b O]

inwhich—7; < 6; <0 (1 <j < m). In practical application the initial values
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xo, W(0) are consistent, that is,

d d
Ao+ W(0) + BW (=) + H / ol —\)dl + L/y(l, e+ M)l = 0.
0 0

Moreover, by invoking the property of transmission lines we should also
assume that the form @ in (15) is a block diagonal matrix such that

1, 0
B = .. c R2m><2m
0 1,

(1) (1) . For the lossless cas& (= G = 0), the mathematical model
and its relaxation solutions in function space are provided in [4].

wherel; =

4 Summary

We have presented a new time-domain modeRdrC'G transmission lines. The
circuit system with distributed elements is described by nonlinear integral-dif-
ferential-algebraic equations with multiple constant delays. In theory, tve ne
approach directly leads to solution of the circuit system in time-domain and the
general-purpose circuit simulators can be then used to solve the system.
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