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Abstract. In this paper the model of a elastic composite medium whicisists
of a matrix containing a set of orthotropic crystals with theadom orientation
of the anisotropy axes is presented. The axes orientatidessribed by the
Gauss distribution. The numerical investigation is praub$or rectangular
plate, when the normal strains are given in the one side.rQtites are free of
strain. The finite - difference technique is used for modstuditization.
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1 Introduction

Modeling of short wave propagation process is of key importance flotisn

of very different problems [1, 2]. The measurement methods basedave w
phenomena present an important and challenging field of wave modelitigeapp
tions. ldentification and recognition of defects in continuous structuegection

of impurity particles or coagulation centers in liquids, recognition of geometric
shapes of objects by measuring reflections of waves, etc., can be mentéisne
examples. The term “short wave” is actually the matter of a scale, howitiger,
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usually understood that the length of the short wave is hundreds o=thdsiEmes

less than the dimensions of the structure in which the propagation of the wave is
analyzed. The inherent distortions of propagating short wave in désoreshes
usually are avoided by using very dense meshes that requires hugatetional
resources. The main difficulties arising in ultrasonic measurement preioess-

tion are caused by: a) computational models of very large dimensionalitgrp) v
large number of time integration steps, ¢) adequacy of continua-basedsiode
reality. We consider the ultrasonic wave propagation problem taking intouatc

the structure of composites. More precisely, we examine a linearly elastic com-
posite medium which consists of a matrix containing a set of orthotropic crystals
with random by orientated anisotropy axes. To determine the effectivBcelas
moduli we replace the composite medium by the homogeneous elastic structure.
Results of the numerical investigation of the ultrasonic waves propagatibn an
their interaction with a free boundary in 2-D case will be discussed.

2 Mathematical model

There were analyzed materials with granular structure. Materials grarirgydu
their technological processing are approximately oriented by special law.
say that there is known distribution density of the crystal main directions. Let
investigate plane case, which means that crystals are oriented in the ganB (F
The crystal orientation in the plane case is described by the vektors s,

[y =cosf -1y +sinf-lg, Iy = —sinf -1y + cosB - Iy, wherely, Iz, I3 being the
orthonormed vectors.

In the case of the small deformation, the rheological equation of a single
crystal is described by the double scalar product of elasticity and rdafan
moduli tensorsPY = ¢ : ¢ (see [3]), herePV, c, ¢ are strain, elasticity and
deformation moduli tensors, and symbol: means double scalar producisofse
c ande. In the general case the rheological equation is nonlinear [3].

Suppose that elasticity moduli tensors of all the crystals are the same. Then
the rheological equation i®Y = PYIYIY, ¢ = ejjlilj, ¢ = cijrsl] 11,

Eij = % (g;j] + %), hereu = wu;l; is the point displacement vector during defor-
mation. The equality?” = c : ¢ can be changed by" = c;ji.sl) 1 aspiigepg-
Define tenso® = fflgl f(0)PY(6)do, fflel f(0)dd = 1; here f(0) is direction
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Fig. 1. The crystal orientation in the plane case.

density of the vectoly .

ThenP = Il [ f(0)0in0tmuspatiqd0-ijisepg = Prmlnlm- Inthe case

1 — 6u1 _ 8u2 _ _ 8U1 8’!1,2

of plane deformation we havg; = 571, e20 = 572, 2612 = 712 = g1 + 5.2,
€13 = €31 = €23 = €32 = €33 = 0, uz = 0 and

P = At1inme1 + A2onmeos + 2A19nme12,

01

Atinm = F(0)vinajmasi o d - cijps,
—6,
01

Agonm = F(O)aimajmasaoadd - s,
—0,
01

2A12nm - f(e)ainajm(aslald + a82ak1)d9 * Cijks-

—0,

Components of tensd? can be written as follows:

Pi1 = Aqjinienn + Asoii€92,

Pay = Aj190611 + A22226€99,

Py1 = P13 = 2A1212612 = A1212712,

Pi3 = P31 = Py3 = P3o = P33 =0, A = Aj120.
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Equations of the linear elasticity theory read:

2 2 2 2
({251 U1 0“uq 0“uy
——=pF1+A1111—=+A1010—5+(A A
Pz —PEit+Ann a2 +A1212 922 +(Ag211+ 1212)63518:62’ "
821142 82U1 82u2 82u2
=pFkh+(A A ————+ Ao —— + Ao ——.
Pap =P 5+ (Ar212+ 1122)8x18x2+ 12127 2 +A2920 923

Here F1, F» are the components of earth accelerationtime andzy, o — point
coordinates.

Let us investigate plane case, when the stab is to part of side right qr shar
angle (Fig. 2).

®)
be
/
—a 0 a
é —be

Fig. 2. Rectangular plate.

We do not take into account earth acceleration, id Bst= 5, = 0. Hence,
equation (1) can be written in the dimensionless form:

0%u 0%u 0%u 0%u
— = £ <z41111—1 + A1212—21 + (A2211 + A1212) 2 ) )

8t2 3$% 6172 61’181‘2
82U2 82u1 82u2 82u2
gU _¢.((a Ap1o9) =2 4 41910 T2 4 Ay T2
BTe § (( 1212 + 1122)8:1:18x2 + A1212 o2 + A2292 022 ) ;

here¢ = ;% 10,

We investigated the ultrasonic waves propagation in rectangular plate and
their interaction with a free boundary. Waves were generated by detegminin
the normal strain, which was given in the small area of one side. We used the
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following boundary and initial conditions:

8u1 8u2
A — 4+ A
< 1111a + 221181:2)

6u1 8UQ
A — 4+ A —
< 11118 + Ag211 (%2)

= —sinwt - f(x2) - sina,

T1=—a

=0,

r1=a

xo € [—be, bel,
wheref(z2) = 103((b-€)* — 23),
8u 8UQ

Ajjji—+ A — =0
( 1111a + A2211 (%2) e )
6 8UQ
A A =0
< 11118 + 2115~ 2) . )

xg € [—b, —be], x2 € [be, b],
8u1 aUQ
(52 50)
8u1 6u2
(G5l
x9 € [—b, —bg], xo € [be, ],

Ou , Ju
8:752 axl

=0,

= —sinwt - f(z2) - cosa,
T1=—a

8u1 au2 .
<8—x2 - a—xl) Y

x2 € [—be, be],
ouq 0

A2211— + Ago11 55— 12 =0,
o0x1 0xo ea—b
Oouy 5]

Ago11 = + Ao — 2 =0,
8 8372 zo=ab

r1 € [—CL, CL],
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0 0
(ﬂ n ﬂ) o,
8952 3:E1 z1=—b
0 0
(ﬂ N ﬂ) 0
8:162 al‘l z1=b
x] € [—a,al,
wheret > 0,
811,1 _
’U,l(O,fEl,fL'Q) - 07 E(Oaxlva) 07 (.’L'l,xg) S Da
0 _
UQ(O,(El,xQ) :07 %(0,%1,@2) _07 (xlva) GD

3 Numerical solution

Analytical solutions of most problems exist only in the simplest cases. Mbst sc
entific and engineering problems comprised the complex geometrical anddoadin
configurations that make the analytical solution impossible. In order to obtain a
solution, a numerical technique must be employed. We used the finite-differe

technique [4]. Let us introduce the following uniform grid:

w1 (tn, 14, v25) = w1 (n, i, j) = Uy,

OS/LSNh 0§]§N27 OSHSMJ
ry; = x10 +ih;, 0<i< Ny, z10=—a, N, =a,
€25 = T20 +jh2, 0 < 7 < NQ, Tog = —b, ToNy = b,

t,=n1, 0<n<M.

We used an explicit scheme to obtain difference equations:

Ay = A, Ax = Ao, Az = E(An + Ai2i2), As = A,

—-n+1l __ o=-n —n—1
Ui 2uij + Uy

7—2
T N N T N 1
_og ity 255 + U o, g1 2u; + Uy
— 1 2 + 2 D)
hl h’2
=N =N =N =n
bog i T e T + Uiy
3
4h1hy ’
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ua(tn, T1i, x2j) = u2(n, 1, j) = uj;
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=n-+1 =n =n—1
Ui — 2%‘3‘ + Uy

7—2
=1 =n =n =N
A Ui i1 — U141 — Wigrj—1 T U151
= A3
4hyho
=n =n =n =n =n =n
i+1, % i—1, 7,7+1 %, 1,0 —
_|_A2 J J J +A4 J J J

n h3 ’

here1§i§N1—1,1<j<N2—1 1<n<M-1.
Ay

Set:7 =2, h h hiy = 5724, hy = 22, hy = 4.
T2 1= h27 2 = h27 12 — 4h1h27 2 h27 4 = 2

Then the system of difference equations reads:

1 gy n ho
Uy = 7—__(ui+1,j +ui71,j) += = (a u g g 1)
12 =n ~n =1 =n
= (@yjyr = Wy g — Wy A )
+2( hl—hQ)ul —ﬁ? 1,
; = J j
=n+1 12 (—n N N n
U - (“i+1,j+1 — Ui q g1~ Uigq 1t upl,j&)
hy ,_ _ hy ,_ _
T —~Nn T N
+ = (“z’+1,j + uifl,j) + = (ui,jJrl + ui,jfl)
2(7—' — ?L4 — ;LQ)
= =n—1
+ u% u;

herel <i<N;—1,1<j<Ny—1,1<n<M-—1.
In the similar way we got approximation of the boundary and initial condi-
tions. As the result we got:

—n—+1 —n—+1 =n-+1 =n+1
Uy — Uy Upj+1 — Up; . )
A ———— + A1 —————— = —sinwnr - f; -sinaq,
ha ho
an+1 —n+1 7n+1 7n+1
Nij Ni—1,4 UNy j+1 7 UNyj
Ay ———— + Aggy ———= =0,
hi ha
,an—l—l _ un-l—l un+1 ﬂn+1
0,7+1 05 1j 07 .
+ = —sinwnT - fj - cos v,
ho h1
—n+1 _ =n+l =n+1 =n+1
UNy g+l ~ YNy YNy T YN -1
+ =0,
ho hy
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whenl <j < No—1,1<n<M-—1.

—-n+1 _ -n+l =n+1 =n+1
A Uit1,0 — Yo A U — Uy
211 ——5—— + Aggeo————"— =0,
hi ha
—n+1 _ =n+l1 ’L:Ln+1 _ =n+l
i+1,No iNo iNo i,No—1
Agpy—————— + Agppg———"—— =0,
hi ha
_n+1 _n+1 =n+1 _ =n+l
gy — Uy n Yir1o — Mo _
ha h1 ’
—n—+1 —n—+1 =n—+1 =n—+1
UiNy, — Uy Ny—1 " Uip1 Ny — Uy N, —0
ho h1 ’
whenl <j<N;—-1,1<n<M-1,
0 _ =0 _
U” = 0, 'LL,U = 0,
EZ‘H — U5 _1 -0
——— =0, when n=0, weget u;; = u;;,
-
ﬁgﬂrl _ ﬁ?j 3 i
——— =0, when n=0, weget u;; = u;;,
-

whenl < j < N, 0<j < Na.

4 Results of calculations and discussion

We examined isotropy and anisotropy cases. In the first case, herfs =2.3
we got the following wave movement (Fig. 3).

By stab into the rectangular plate left side the wave dynamics is similar to that
of experiments. The wave spread with cylindrical wave elements waswvelser
When the wave reached the free right side of the plate and began corckgiba
noticed the wave fissure.

The same analysis was made for the anisotropy case (there were chosen
different values of the elasticity moduli) with stab §f In this case the wave

dynamics changes, that is the wave fissure is observed before theeeies
the right side of the plate (Fig. 4).
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Fig. 3. Wave movement to the free right side of the pate andiroprback:
(a) wave reached the middle of the plate; (b) wave reachedgheside of the
plate; (c) the wave coming back; (d) wave reached left sidbeplate.

Fig. 4. Dynamics of the wave in the anisotropy case with syathé sharp angle.
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5 Conclusions

1. In the isotropy and anisotropy cases when the stab is right the resuotisnef
puter modeling are similar to those of the real experiments.

2. The mathematical model with the stab by a sharp angle needs more detalil
investigation.
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