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1 Introduction

Let £ be an elliptic curve over the field of rational numbers given by the Weier-
strass equation

y? =23 + ax +b,

wherea andb are rational integers. Suppose that the discriminanE ok =
—16(4a® + 27b) # 0. It is known that therE is non-singular.
For each primey, denote by (p) the number of solutions of the congruence

y? = 23 + az + b(mod p),
and denote\(p) = p — v(p). By the classical result of H. Hasse

IA(®)| < 2/p- (1)
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To study the number&(p), H. Hasse and H. Weil introduced and studied fhe
function attached tdZ. Lets = o + it be a complex variable. Then the later
L-function is defined by

=T i) T 2)

PlA 7

in view of (1) the product being absolutely convergentsfas % By the Shimura-
Taniyama theorem proved in [1] the functidn; (s) is analytically continuable to
an entire function and satisfies the functional equation

(g) [(s)Le(s) =7 (g)ufﬂ —s)Lp(2—s),

whereq is a positive integer composed of prime factors of the discrimidant
n = £1is the root number, and(s) denotes the Euler gamma-function.

In [2] the universality in the Voronin sense of the functidg (s) has been
obtained. Denote by mefpd} the Lebesque measure of the getand let, for
T >0,

vp(...) = % meas{7 € [0,T]: ...},

where in place of dots a conditinion satisfiedbys to be written. LetC be the
complex plane, and = {s € C: 1 < o < 3}.

Theorem A. Suppose tha¥ is a non-singular elliptic curve over the field of
rational numbers. LetK be a compact subset of the strip with connected
complement, and lef(s) be a continuous non-vanishing di function which
is analytic in the interior of. Then, for every > 0,

limianT(sup |Le(s+it) — f(s)] < E) > 0.
T—o0 seK
In [2] also the universality of.% (s), k = 2,3,..., and, under the analogue
of the Riemann hypothesis fdrz(s), of Lg’f(s), k=1,2,...,was considered.
The aim of this paper is to obtain the joint universality forfunctions of
elliptic curves.
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Letn > 1 be an positive integer. Consideelliptic curvesEn, ..., E, given
by the Weierstrass equations

y2 =3 + ajx + bj,

with Aj = —16(4a? 4 270%) #0, j = 1,...,n. Let, as above,
Aj(p) =p —v;(p),

wherev;(p) is the number of solutions of the congruence
y? =2® +ajz +bj(modp), j=1,...,n.

Define

L@@):II(IA%Q»F231>AII<1é%?>:1j:1,”,n

PA; P plA;

To state a joint universality theorem for the functidbs, (s) we need some
additional conditions. Lef be the set of all prime numbers and Bt [ =
1,...,r, r > n, be sets of prime numbers such tiat( P, = @ for [; # o,
and

T
p=|]Jnr.
I=1
Moreover, we suppose that, for— oo,

1
> = =qloglogz + by + pi(x), (2)
. P
pPsT
PER,

wheres + ...+ 3. = 1, 5 > 0, pj(z) = O(log™% z) with 6, > 1, andb; is
some real numbet,= 1,...,r. Denote

Aj(p)
Bj(p) = ==,
i () /b
and suppose thag;(p) is constant fop € P, i. e., forp € P,
Bi(p) = B,
Bn(p) = B,
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Let

Bi1 ... B,
Brpn=1|... ... ...
By ... B
Theorem 1. Suppose thatank(B,,) = n. Let K; be a compact subset of the
strip D with connected complement, and fets) be a continuous non-vanishing
on K function which is analytic in the interior ok;, 7 = 1,...,n. Then, for
everye > 0,

limianT( sup sup |Lg, (s +it) — f;(s)| < 6) > 0.

T—o0 1<j<nscK;

Joint universality theorems for Dirichlét-functions independently were pro-
ved by S.M. Voronin [3], S.M. Gonek [4] and B.Bagchi [5], [6]. FoiriBhlet se-
ries with multiplicative coefficients they were obtained in [7]. The joint urseer
lity for Lerch zeta-functions, for Matsumoto zeta-functions, and for-bet&tions
attached to certain cusp forms were proved in [8], [9] and [10], iesdy. Joint
universality theorems for twists of Dirichlet series with Dirichlet charachesse
investigated in [11] and [12]. Finally, theorems of a such type for someetasf
general Dirichlet series were obtained in [13] and [14]. A surveyrmivarsality is
givenin [15] and [16]. A large part of the work [17] is also devoted ovarsality
of Dirichlet series.

2 Alimit theorem
LetV > 0, and
3
DV_{seC.1<a<§, \t\<V}.

In this section we state a joint limit theorem for functiobg,, ..., Lg, on the
space of analytic oDy functions. Denote by (G) the space of analytic on
the regionG functions equipped with the topology of uniform convergence on
compacta, and let
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Moreover, byB(S) we denote the class of Borel sets of the spaceWe will
consider the weak convergence of the probability measure

Pr(A) =vr ((Lg,(s +i7),...,Lg,(s+ir)) € A), Ae B(H"(Dy)),

asT — oo.
Lety = {s € C: |s| = 1} be the unit circle on the complex plane, and

Q= HVpa
p

wherevy, = v for any primep. With the product topology and operation of point-
wise multiplication the sef2 is a compact topological Abelian group, therefore
the probability Haar measure; on (Q, B(Q)) exists. This gives a probability
space(Q2, B(2), my ). Denote byw(p) the projection ofv € 2 to the coordinate
spacey,, and define on the probability spa@, B(Q2), my ) the H"(Dy )-valued
random elemenk (s, w) by

L(s,w) = (LEl(s,u;),...,LEn(S,W))7 3)
where
Aj(p)w w? _ (D) w(D) <
LE]-(S,W) — H (1 _ ](pgs (p) + p2s(£)l)) 1 H (1 _ j(pgs (p)) 1’
prA; plA;

j=1,...,n. Let Py, be the distribution of the random elemdn(ts, w), i. e.,
Pr(A) =mp(w e Q: L(s,w) € A), AeB(H"(Dv)).

Lemma 1. The probability measur&; converges weakly t&;, asT — oo.

Proof. The functionLEj(s), foro > % can be written in the form

- T ) (22 (2

plA; ptA;

where
a;(p) + B(p) = Aj(p),
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and by (2)

i)l <2vp, 1B;(P) <2vP G=1,...,n.

Therefore,L g, (s) is the Matsumoto zeta-function with = 0 and3 = % for
definitions, see [18] and [19]. Since by the Shimura-Taniyama thedrgnfs)
coincides withL-function attached to a newform of level 2, we have that, for
o > 1, the estimates

Lg, (o +it) = O(|t|*), [|t| >to, o5 >0,

and
T
/‘LEj(U—i-it)‘th:O(T), T — oo,
0

are satisfied. Therefore, by Theorem 2 of [9] we have that the pilityaneasure
ve (L, (s+i7),...,Lg, (s +i7)) € A), A B(H"(D)),

weakly converges to the distribution of t&"(D)-valued random element de-
fined by (3) asI’ — oo. The functionh: H"(D) — H™(Dy) defined by the
coordinatewise restriction is continuous, therefore by Theorem 5.10phnhce
we obtain the lemma. O

3 A denseness lemma

To prove Theorem 1 we need the support of the meaByia Lemma 1. For this
we will consider the random elemehts, w) and its support.
Leta, € v. Forj =1,...,n, we define
) 2
_1Og <1 _ /\J<p)ap 4 ap )7 if pJfAj,

fs p25—1
s
—log <1 B p)ap>,

ps

fjp(S, ap) =
If p‘Aj,

and

ip(s,ap) = (flp(s,ap), . fnp(s,a,p)).
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Lemma 2. Suppose thatank(B,,) = n. Then the set of all convergent series
> f(s,ap,) is dense inld"(Dy).
p

For the proof of the lemma we will use the following statements.

Lemma 3. Letyu, be a complex Borel measure ()@, B((C)) with compact support
contained in{s € C: ¢ > o¢}, and let

f(z) = /esws), ec
C
If f(Z) %0, then limsup M

r—00

> 0g.
The lemmais Lemma 5.2.2 of [5]. Its proof is also given [21], Lemma 6.4.10.

Lemma 4. Let f(s) be a function of exponential type such that

lim sup > —1.

r—00

log | f ()|
T

Then,forl =1,...,r,
> | f(logp)| = oc.
pER,

The proof is based on the property (2) of the g&tas well as on the following
lemma.

Lemma 5. Let f(s) be an entire function of exponential type, and{l&t,} be a
sequence of complex numbers. ket and§ be positive real numbers such that

() limsup %ﬂ <a

r—00

(i) A — An| = 6lm —nl;

(i) tim > =

0o m
(iv) af <.
1 1
Then limsup M = limsup M_
m—00 |Am‘ r—00 r
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The lemma is a special version of the Bernstein theorem. The proof is given
in [21].

Proof of Lemmat. Since f(s) is a function of exponential type, there exists an
« > 0 such that

1 +1
limsup B ED]
T—00 X

We fix a postitive numbeg such thatv5 < 7. Suppose, on the contrary, that for
somel, 1 <[ < r, the series

> | f(logp)| @)
pER

converges.
Define the subset of the seiN of positive integers by

A= {m eN:3re ((m- %)ﬂ, (m + i)ﬁ} and |[f(r)| < e_r}.
Then we have that

ETIED S WITTIED 39 9t (5)

PER mg¢A m mgA m

where}"’ denotes a sum over prime numbgrs P, such that
(m — )8 <logp < (m+ )6,
In view of (2) we find
11 1
PV

m pEP peR
pgexp{(m—i-i)ﬁ} pSeXp{(m_%)ﬁ}
1

:}qlogm%_lll +O((m—1)91) —ﬁ—i—O(i).

m— g 4 2m mo

[N

This, the convergence of the series (4) and (5) yield

mzez:A (;_”ZJFO(%)) =2 Z% <> |fllogp)| < oe.

mgA m peER

338
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Hence, clearly, since; > 0,

Zi<oo. (6)

m
m¢A

Suppose thatl = {a,, € N: a1 < a2 < ...}. Then (6) shows that

lim &7 =1, @)

m—oo M

Moreover, by the definition of the set, there exists a sequen¢g,,, } such that

(am - i)ﬂ < )\m < (am + i)ﬂv (8)
and
|FAm)| < e . 9)

Therefore, by (7) and (8)
A

. m
lim — = [,
m—oo M

and
1
|>\m - )\n| > ﬂ‘am - an‘ - 55 > 5|m - n‘
with somed > 0, and in view of (9)

I log ‘f()\m)‘
imsup ————

< —1. (20)

So, all hypotheses of Lemma 5 are satisfied, and we have by (10) that

log |F(r)] _ _,
—I <

lim sup
r—00

Howewer, this contradicts the hypothesis of the lemma. Hence, the serieagl)
be divergent, and the lemma is proved. O

Lemma 6. Let {f } = {(fim,---,[am)} D& & sequence it "(Dy) which
satisfies:
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(i) If p1,. .., pun are complex Borel measures 68, B(C)) with compact sup-
ports contained inDy, such that

mi.::l Zn:/fjmduj

j:l C
then

< 00,

/srd,uj(s):o for j=1,...,n and r=0,1,2,...;
C

(i) The series§ f, convergesit{"(Dy);

m=1

(i) Forany compactdsy,..., K, C Dy,

> sup [ fim(s)]" < o0,

m=1 j=1 <"

o0
Thenthe set of all convergent serigs a,,f Wwitha,, € visdensein"(Dy ).

m=1

The lemma is a special case of Lemma 5 from [10], where its proof is given.
Now we are ready to prove Lemma 2.

Proof of Lemma&. Let p, be a fixed positive number. We define

f(s) =

=p

LG 1), it p>po,
0, if  p < po.

First we observe that there exists a sequdage a, € v} such that the series
> ay f, (11)
p

converges il{"(Dy ). Really, in view of (1)

A.
fin(s,1) = pr + 1jp(s),
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wherer;,(s) = O (p'~%7), j = 1,...,n. Hence we have that for compact
subsets(, ..., K, of Dy,

n
ZZ sup |rjp(s)| < oc.
SGKj

j=1 p

In the proof thatL g, (s,w), j = 1,...,n, isanH (Dy)-valued random element it
is proved that the series

converges uniformly on compact subsetsiaf for almost allw € €, see, for
example, [19], where the Matsumoto zeta-functions were consideratteHke
series

5 (Al(p)w(p) An(p)w(p)>

e ey >

p

converges ir{™(Dy ) for almost all € Q. Consequently, there exists a sequence
{ay: a, € v} such that the series (11) convergegfi( Dy ).
Now we will prove that the set all convergent series

Zapip, ap €7, (12)
p

is dense ilH™( Dy ). To prove this, it suffices to show that the set of all convergent
series

prgp, b, € v, (13)
p

whereg, = dpip, is dense inH"(Dy ). For this we will apply Lemma 6 for the

sequence{gp}.
By the definition ofgp we have that the seriés’ g, converges i (Dy).

p
Moreover, in virtue of (1), for any compacits, ..., K, C Dy,

n
ZZ seuig) |gjp(8)|* < o0.

p j=1°%"

341



V. Garbaliauskiea, R.Ka&inskait, A. Laurirtikas

Therefore, the hypotheses ii) and iii) of Lemma 6 are satisfied, and it renmains
verify the hypothesis i).

Let uq, ..., u, be complex Borel measures ¢8, B(C)) with compact sup-
ports contained iy, such that

Z/ pg]pdluj (14)
p j=lg
Let Doy = {s € C: § <o <1, [t| <V}, andleth(s) = s — 1. Define

pwih =Y (A) = pj(h~tA), A € B(C), j = 1,...,n. Then, clearly,u]h lis a
complex measure ofiC, B(C)) with compact support contained iByy, j =
1,...,n. This and (14) show that, for evety=1,...,r,

S| [ amite)
C

peEPR ' j=1

< 00. (15)

We put

8) =D bijuih ™ (s).
j=1
Then (15) yields, forevery=1,...,r,

> |p(logp)| < o0,
peEP,

where

p1(2) :/e_szdul(s), z e C.

C

Clearly, we have that, far > 0,

e <oV [Jam(s)
C

Hence
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uniformly in ¢, 0 < ¢ < 7. This shows thap;(z),l = 1,...,r, is a function of
exponential type.
In view of Lemmas 3 and 4 we find thatz) = 0 for everyl = 1,...,r

Hence it follows by differentiation that

/sk dy(s) =0 (16)

C

forallli=1,...,randk =0,1,2,.... Now let

vy = ay(k) = [ S amh)

C

Then the definition of;(s) and (16) give the following system of equations

n
Zblja:jzo, lzl,...,T.
j=1

Since rankB,,,) = n, the later system has only a solution=0,j =1,...,n
Thus we have that

/skdujh_l(s) =0

C

forallj =1,...,nandk =0,1,2,.... From this it follows that

[ s anits) =0

C

foral j = 1,...,nandk = 0,1,2,.... This shows that all hypotheses of
Lemma 6 hold, therefore the set of all convergent series (13) is dets&(iDy, ),
hence the same is true for the set of all convergent series (12).

Now let z(s) = (z1(s),...,zn(s)) be an arbitrary element o™ (Dy),
K, ..., K, be compact subsets f;,, and lets be an arbitrary positive number.
We fix pg such that

ZseK oy > ol a7)

J p>po k=2
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The denseness of all convergent series implies the existence of tremsefji,, :
am € 7} such that

- g
sup sup )g(s) — Z ip(S) — Z apip(s)‘ < 3 (18)
1<j<n s€K; p<po P>po
We take
1, if p<po,
ap = § _ .
ap, it p>po.
Then (17) and (18) yield
sup sup )&8 - [ (s,a ’
1<j<n sek; ) ;_p( g
= sup sup ‘&(S)— [ (s,ap) — f (570’1’)‘
1<j<n s€Kj p;po - ’ p;po -
< sup sup [x(s) = 37 £~ 3 s ()
1<j<n seK; p<po P=po
+ sup sup‘ apf (s) — f(s.a )’<€'
1<j<n seK; p;m o pgpzo R
Sincez(s), K1, ..., K, ande are arbitrary, the lemma is proved. O

4 The support of P,
Let

S={f€HDv): f(s)#0 or f(s)=0}.
Lemma 7. The support of the measurg, is the setS™.

The proof of Lemma 7 relies on Lemma 2, the Hurwitz theorem and the
following statement. We denote I8 the support of the random elemexit

Lemma 8. Let {X,,} be a sequence of independdtt'(Dy )-valued random

elements such that the seriés X,,, converges almost surely. Then the support

m=1
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of the sum of the later series is the closure of the set of all " (Dy ) which
may be written as a convergent series

The lemma is a special case of Lemma 4 from [10], where its proof can be
find.

Proof of Lemm&. Since{w(p)} is a sequence of independent random variables,
{f,(s.w(p))} is a sequence of independefit' (Dy )-valued random elements
defined on the probability spa¢€, B(C), my). The support of each(p) is the

unit circle~. Therefore, the support (ﬁp(s,w(p)) is the set

{f € HDv): f(s) = f(s,a),a € v}.

Hence by Lemma 8 the support of the" ( Dy )-valued random element
(logLEl(s,w),...,logLEn(s,w)) (29)

is the closure of the set of all convergent se@g_"p(s, ap). However, by Lem-
p
ma 2, the latter set is denselfi*(Dy ). Hence the support of the random element

(19) isH™(Dy). The maph: H"(Dy) — H™(Dy) given by the formula

h(f1<$),. 7fn(3>) = (efl(S)w"?efn(S))a fla'-' >fn € Hn(DV)7

is a continuous function which sends the element (19)(tow), andH™(Dy ) to
(S\{0})". Therefore, the suppo#t, of the random elemer(s, w) contains the
set(S\ {0})". However, the support of a random element is a closed set. In view
of the Hurwitz theorem, see, for example, [22], Section 3.4.5, the clo§uie{6 }

isS. Thus,S;, © S™. On the other the factors of the product definihgj(s, w),

j = 1,...,n, do not vanish fors € Dy. HenceLg;(s,w), j = 1,...,n, is

an almost surely convergent product of non-vanishing factorstterdfore, the
Hurwitz theorem shows thdtg, (s,w) € S, j = 1,...,s, almost surely. Hence
the relationS;, ¢ S™ holds, and we have that, = S™. O
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5 Proof of Theorem 1

Proof of Theorem 1 is based on Lemmas 1 and 7 as well as on the Mergelyan
theorem which is the following lemma.

Lemma 9. Let K C C be a compact subset with connected complement, and let
f(s) be a continuous oi function which is analytic in the interior oK. Then
f(s) can be approximated uniformly di by polynomials irs.

Proof of the lemma can be found in [23].

Proof of Theoreni. Clearly, there exist¥” > 0 such that the set&},..., K,
are contained iy . First we suppose that the functiofis(s), . .., f.(s) are
non-zero analytically continuable ©0y. LetG = {(g1,...,9n): (91,---,9n) €
H™(Dy)}, and

sup sup }gj(s) — fj(s)‘ < €.
1<j<n scK;
The setG is open. Therefore, the properties of the weak convergence oébpiob
lity measures [20] and Lemma 1 show that
liminf vy ((Lg, (s +47),...,Lg,(s+i1)) € 0) > PL(G).

T—o0

However, the properties of the support and Lemma 7 show Fha&') > 0.
Therefore, in this case
lim inf VT( sup sup |Lg, (s +i7) — fi(s)| < 5) > 0. (20)
T—o0 1<j<n seK;
Now we suppose that the functiorfg(s), .. ., f,(s) satisfy the hypotheses

of Theorem 1. By Lemma 9 there exist polynomigl$s), .. ., p,(s) which are
non-vanishing o4, . . ., K, respectively, such that

9
sup sup p;(s) = f(s)| < - (21)
1<j<n s€K;
Each polynomiap;(s), j = 1,...,n, has finitely many zeros. Therefore, there
exitsts a regiorty; with connected complement suéhy C G; andp;(s) # 0 for

s € Gj,j =1,...,n. Thus we can consider a continuouns brancltogf;(s)
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on G;, andlog p;(s) is analytic function in the interior of7;, j = 1,...,n. By
Lemma 9 again there exist polynomiglgs), . . ., g»(s) such that

sup sup }pj(s) — eqﬂ'(s)| < £
1<j<n s€K; 4

This and (21) show that

sup sup }fj(s) — eqi(s)‘ < = (22)
1<j<n s€K;
However,e% (%) j =1....,s. Therefore, in view of (20),
limianT( sup sup ‘LEj(S +iT) — eqj(s)‘ < i) > 0.
T—o0 1<j<n s€K; 2
This together with (22) proves the theorem. O
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