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Abstract. In the paper a joint limit theorem in the sense of the weak
convergence in the space of meromorphic functions for géririchlet
series is proved under weaker conditions as in [1].
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1 Introduction

Let s = o + it denote a complex variable, and let tor> o,

o
f](s) = Zamje_)\m,js’ ] — 1,...,”,
m=1

be a collection of general Dirichlet series. Herg; are complex numbers,
and{\,,;} is an increasing sequence of positive numb%ig;oo Amj = +00,

j =1,...,n. In[1] ajoint limit theorem for the functiongi (s), ..., fn(s)

has been considered. To state it we need some notation and assumptions. We
assume that the function§(s), ..., f,(s) are meromorphically continuable

to the half-planes > o011, 011 < 041,---, 0 > O1n, O1n < Oan, FESpPeEctively,
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and all poles in the regions are included in a compact set. We also suppose
that, foro > o4, the estimates

fj(S) = B’t’6j7 |t| > to, 5j > O? (l)
and
T
/ ’fj(0‘+it)‘2dt:BT, T — o0, (2)
-T
j=1,...,n,are satisfied, wherB denotes a quantity bounded by a constant.

Moreover, we assume that
Amj > cj(logm)i 3)

with some positive constantg andf;, j = 1,...,n.
Denote byy = {s € C: |s| = 1} the unit circle on the complex plari&
and let

0o
Q= H Tm
m=1

where~,, = ~ for all m > 1, be the infinite-dimensional torus. With product
topology and pointwise multiplication the tortlsbecomes a compact topolo-
gical Abelian group. Therefore, off2, B(12)), whereB(S) denotes the class
of Borel sets of the spacg, the probability Haar measure; exists, and this
leads to a probability spa((éz, B(£2), mH) Denote byw(m) the projection
of w € Q to the coordinate spacg,.

Let G be a region onC. Denote byH (G) the space of analytic ot¥
functions equipped with the topology of uniform convergence on compacta
LetD; = {s € C: 0 > 0y;}, and put

H, = Hy(Dy,...,Dy,) = H(Dy) x ... x H(Dy).

Now on the probability spac?, B(Q2), m ) we define arf,,-valued random
elementF'(sy, ..., sy;w) by the formula

F(si,...,8pw) = (fl(sl,w),...,fn(sn,w)),
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where
(85, w Zamjw ~Amisy seD;, j=1,...,n

Now we define the space of meromorphic functions. Cet = C|J{oo}
be the Riemann sphere with the spherical metric given by the formulas

2|81—82‘
d(s1,52) =
VI+]s123/1 + [s22
2
d(s,0) = ——, d(0c0,00) =0,
V1+]s|?
s1, 89,8 € C.

Let M (G) stand for the space of meromorphic functiansG — (C,d)
equipped with the topology of uniform convergence on compacta. In this
topology, a sequengg,(s) € M (G) converges to a functiog(s) € M (G), if

d(gn(s), 9(s)) — 0
asn — oo uniformly on compact subsets 6f. We put
M, = M,(Dy,...,D,) = M(D;) x ... x M(D,),
and let, forT > 0,
vp(...) = %meaS{T €0,T]: ...},

where the dots denote some condition satisfied.bjhen in [1] the following
statement was given.

Theorem 1. For j = 1,...,n, suppose that the seftog 2} U U {)\m]} are

linearly independent over the field of rational numbers, and thay‘fj()g) the
conditions(1)~3) are satisfied. Then the probability measure

VT((fl(s Fir), .. fals +iT)) € A), A€ B(M,),

converges weakly to the distribution of the random eleni&nt, . . ., s,;w)
asT — oo.
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However, the proof of Theorem 1 has a gap. For its validity the hypothesis
on the linear independence of the sélsg2} U U {)\m]} j=1...,n,
must be replaced by that on the linear mdependence of thélseR} U

U U {Am;}. However, the main shortcoming of Theorem 1 is the presence
j=1m=1

of the numbetog 2 in its hypotheses. This is not natural and not convenient.
The aim of this note is to consider a collection of general Dirichlet series
with the same exponents and to remove the nuriipe2 from the hypothesis
on the linear independence.
Let, foro > oy,

o
—A S .
:E amje” "™, J=1,...,n,
m=1

and let in the definition of'(sy, ..., sp;w)
o0
i(s5,w Zamjw e AmSi seD;, j=1,...,n.
m=1

Theorem 2. Suppose that the system of exponéntg} is linearly indepen-
dent over the field of rational numbers, and that f5¢s), j = 1,...,n, the
conditions(1)~3) are satisfied. Then the assertion of Theorem 1 is valid.

The proof of the theorem is similar to that of Theorem 1 but simpler and
shorter than in [1].

2 Alimittheoremin H,,,
We begin with a limit theorem in the space
Hy, = Hyn(Dy,...,D,) = H*(Dy) x ... x H*(D,).

Denote the poles of the functiof)(s) in the regiono > o; by s15,.. .,
SripJ=1,...,m, and define

Ty

fii(s) = H (1 - eAl(Slj*S))_

=1
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Then, clearly,fy;(s;;) = 0fori =1,...,7;, j = 1,...,n. This shows that
the function

J25(8) = f15(s) fi(s)

is regular onD;, j = 1,...,n. We write
fij(sjw) = ﬁ (1= eMbum9u(1))
=1
and
fa(s5,w) = TZJ i ag?lwl(l)w(m)e_()‘"'ﬁm)s,
=0 m=1

SjEDj, j=1...,n,

where the coefficientsfi?l are defined by

’V’j [e’s)
J2j(s) = Z Z agi?le_()‘mul)s, o>045, j=1,...,n.
=0 m=1

Moreover, we set
Qj(suw):(flj(87w)7f2j(5)w))u SJED]7 j:]-u"'vn)
and define a probability measure
Qr,j(A) = vr((fij(s +i7), foj(s +iT)) € A),
AeB(H*Dj), j=1,...,n

Lemma 1. For j = 1,...,n, the probability measur€)r ; converges weakly
to the distribution of the random elemeft as7T" — oc.

The lemmais Lemma 10 from [2].
Now let

Q=Q(s1,...,sn;w) = (Qi(s1,w), ..., Qn(sn,w)),
sjeDj, j=1,...,n,
and
Qr(A) =vr((fii(s1 +i7), far(s1 +i7),. .-,
fin(sn +147), fon(sn +1i7)) € A), A€ B(H™).

31



J. Genys, A. Laurigikas

Lemma 2. The probability measuré); converges weakly to the distribution
of the random elemeid asT — cc.

Proof. First we prove that the family of probability measurfggr} is rela-
tively compact, i.e. every sequence @} contains a weakly convergent
subsequence. By Lemma 1, for every 1, ..., n, the probability measure

vr((fij(s +i7), f2j(s +i1)) € A), A€ B(H*(Dy)),
converges weakly to the distribution of the random elem@nts,w) as
T — oo. Therefore, the family of probability measurgQr ;} is relatively
compact;j = 1,...,n. SinceH?(D;) is a complete separable space, by the
Prokhorov theorem [3], hence we have that the far{ilyr ; } is tight, i.e. for
an arbitrarye > 0 there exists a compact subgé€f C H?(D;) such that

e

Qr;(H*(D)) \ K;) < — i=L.m (4)
for all T > 0. Let a random variable; be defined on a probability space
(ﬁ, F,P) and have the distribution

meas{ A N[0, 7]}
T 7
Consider thef7?(D;)-valued random elemerft ;(s) defined by
fT,](S):((fl](s+Z77T)7f2j(3+“7T))7 .j:lv"'an
Taking into account (4), we have
€ .
]P)(fTJ(S)EHQ(Dj)\KJ') <57 J:L"'?n' (5)
Now let
fT(Sla‘-'usn): (fT,l(Sl)v"‘7fT,n(sn)>v SJED]) jzlv"‘7n7

and letK = K; x ... x K,. ThenK is a compact subset of the spade,.
Moreover, (5) yields

Qr(Hon \ K) =P (fr(s1,...,5n) € Hop \ K)

=P (U Ury() € Ha(D))\K)))

P(nr € A) =

A € B(R).

3
<.
Il
—

< P (fr,;(s) € Ha(Dj)\K;) <€
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for all T > 0. This means that the family of probability measuf&r} is
tight. Hence, by the Prokhorov theorem, it is relatively compact.
Now we take arbitrary pointsg"), ceey 31(57) in the regionD;, and put

O'Ej) = min Re(sl(j))

=1,...,n.
1<i<k ) J ) )

Clearly,
oD o~ <0, j=1,...n
Define a regiorD by

D= () .
{s cC:o0> 1rélja<xn02 }

Letuj,j=1,...,n,1=1,...,k, bearbitrary complex numbers. Define
afunctionh: Hs,, — H(D) by the formula

2 n k
h(g11, 921, - 9ins Gon} 8) = Zzzuﬂgm(sgj) +5),

r=1j=1 I=1

wheres € D, andg,; € H(D;), r =1,2, j =1,...,n. Moreover, let

en(s) = h(fir(s1); fa1(s1)s- -+, Fin(sn)s fan(sn); 5).-

We will prove that
en(s +inr) —’ h(Q; s),

D . . . . i
where oo, means the convergence in distribution. Clearly, foy=ll, .. . ,n,
—00

flj Z b —)\1 ms

is a Dirichlet polynomial. In the region of absolute convergence o,; we
have that

—(Am+IA I
fa;(s ZZaWJL)le +1), o>04, j=1,...,n

=0 m=1
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We putr = max rj,
1<j<n

3 ‘ {bmj, m S Tj,
0, m > rj,
k .
Um = wjibmje et
=1

()
~0) _ Jang 0=,
m,0 0, 0 > Tj,
and
0y = 2o

Now suppose that

() s
o> 1mja<xn (05" + (04 — 01))-

From the definition of the functioh we find

n k Ty )
=D D un ), bz 1m(s”+9)

j=11=1  m=0

3 a3 5 e

Jj=11=1 0=0 m=1

_ Z Uy e~ NS 4 ZZ“JZ Z Z b y? e (Am+0A1)s

j=11=1 0=0 m=1

difD (s) + Di(s),

D?"(S) = Z vmei)\lms

m=0

is a Dirichlet polynomial, anaﬁr(s) is a linear combination of Dirichlet series
satisfying conditions (1)—(3). Clearly, the functidfn(s) is regular onD.
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Since the sef )\, } is linearly independent over the field of rational num-
bers it can be obtained by using standard arguments, see, for exadiple, [
Chapter 5, that the probability measure

vr((Dy(s +i7) + Dy(s +i7)) € A), Ae B(H(D)),
converges weakly to the distribution of th& D)-valued random element

r
(,Oh(S,w) déf Z Umwm(l)e—)qms

m=0

(6)

n

k
* Z Z uji Z Z bm 0 lwe(l)w (m)e —(Am+0A1)s.
j=11=1

=0 m=1

Thus, we have proved that the probability measure
vr (pn(s +it) € A), AeB(H(D)),

converges to the distribution of the random element (6) as oc. However,
by the definition ofh

k
7)
S 3 b @)

m=0

n

Jj=11=1

n k |

T Z Zu]l Z Z a, 9(1)&) ) —(Am+9>\1)(sl(a)+s)
=

j=11=1 6=0 m=1

2 n k

Zzujlfrf ] +8 w)—h(Q, )7
1j=11=1

r—=

and therefore

on(s +inr) —> h@Q;s). ()

Now we are ready to prove Lemma 2. We have seen that the family
of probability measure$Qr} is relatively compact. Hence we can find a
sequencel; — oo such that the measur@7, converge weakly to some
probability measur€) on (Ha,,, B(Hsy,)) asTi — co. This shows that there
exists anHs,,-valued random element

~

F=Fs1,-080) = (Fia(s1), Far(51)s - - s Fin(sn)s Fon(sn))
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with distribution@ defined, say, on a certain probability spatk, Fo, Po).
Write the random elemerft-(sq, . . ., s,) in the form

Jr = fr(s1,...,8n) = (fra1(51), fr21(51), .- o, frin(Sn)s fr2n(50)),
where

fr1;(s5) = fi;(sj +inr),
fr2i(s5) = faj(sj +inr),

ands; € D;, j =1,...,n. By the choise ofl; we have thaffr, Tloo f and
1—)
therefore

hfn) j h(Fs).

Hence, in view of the definition af(s),

~

on(s +inn)  — h(f;s). ®)

Th—o0

On the other hand, (7) shows that

. D
(s +inr) = hQ;s).

This and (8) yield

hQ:s) Zh(F:s). ©)
Let the functionu: H(D) — C be given by the formula
u(f) = f(0), feH(D). (10)

The topology of the spacH (D) shows that the function is measurable, and
therefore by (9)

u(h(Q;s)) Zu(h(f;9)),

and
h(Q;0) 2h(f;0)
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by (10). From this it follows that

2 n k 2 k
Zzzuﬂfﬁ(sz(] » W EZ Zujlfr] 3[ (11)

r=1 j=1 =1 r=1j=11[=1

n

for arbitrary complex numbers;;. It is well known [3] that all hyperplanes in
R*"* generates a determining class, and therefore they generate a determining
class m(CQ”’“ Consequently, in view of (11) thg*"*-valued random elements
frj( , )andfm(sl )),r—l 2,j=1,...,n,1=1,... k, have the same
distributions.

Let K; be an arbitrary compact subset bf, and letv,;(s) € H(D;),
r = 1,2. Now we suppose that the s{ail(j), 1 <1 < oo} is dense inkj,
j=1,...,n. Consider the sets of functions

G ={(911,921, -, 91n> 92n) € Hon: sup |gr;(s) — vrj(s)| <,
seK;
j=1,...,n,r=1,2} and

Gr = {(911,921, - - -+ Gin, g2n) € Hap: ‘grj(sl(j)) - Urj(sl(j))’ <e,
i=1...,n1l=1,...k r=1,2}.

Since the distributions of the random elemey‘ix§(sl(j),w) and ﬁj(sl(j)),
r=12 j=1,...,n,1=1,...,k, coincide we have

mH(WEQ: Q(s1,--,8n,w) € Gk) :IP’O(f(sl, . ,Sn)EGk). (12)

Clearly,G; D G5 D .... This and the denseness{aﬁj), 1 <1 < oo} show
thatG, — G ask — oo. Hence and from (12) we deduce that

mp(w € Q: Q(s1,...,8n,w) €G) :Po(f(sl,...,sn) €q). (13)

Since Hs, is a separable space, finite intersections of spheres in it form a
determining class [3]. Therefore, (13) yields

D ~
Q=f.
Sincefr, 2, f hence it follows that
Th—o0

D

le T:oo Q
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In other words, the probability measuty, converges weakly to the distribu-
tion @ of the random elemer® asT; — oo. Since the family of probability
measureq Qr} is relatively compact, the measuégis independent on the
choice of the sequena@r,. Since)r converges weakly t@ asT — oo if
and only if every subsequen¢€)r, } of {Qr} contains another subsequence
{Qr,} weakly convergent tdj asTy — oo, hence we obtain the lemma.J

3 Proof of Theorem 2

Define a metric on the spacék,, andM,, as the maximum of the metrics on
the coordinate spaces. Let the functionH,,, — M,, be given by the formula

921 9on
u(91179217 e >gln>92n) = <—7 ceey —> )
g11 Jin
whereg.;, g2; € Hj, j = 1,...,n. Invirtue of the equality
1 1
d(91792) =d <_7 _>
g1 g2

for the spherical metric we have thais a continuous function. Therefore, by
Lemma 2 the probability measure

VT((f1(81 FAT)y ooy fr(Sn + ZT)) € A)
f21($1 + iT) fgn(Sn + ’LT)) )
= ., —= €A, AcB(M,)),
vr <<f11($1 +ZT) fln(Sn +’LT) ( )
converges weakly to the distribution of the random element

(f21(81,w) f2n(5mw))
fii(st,w)” 7 fin(sn,w) )’

where
L )
f2j(s5,w) ZZ%) 21 affz?zwl(1)w(m)e—(km+l/\1)sj
AN _I=0m=
f11(s5,w) y

[T (1 — w(@)et (u=s))

=1
=t @(m)e ™ = fi(s;,w),
m=1

sjeDj, j=1,....,n.
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