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Abstract. The article deals with development of a tumor in the cyliodki
space. A model with two parameters — lymphocytes and tumiis ee
described in [1] is taken as a base of the research. Somealjeagon
of the model is done. The research, results of which are ibestin [2, 3],
was continued. The relationship between the surface anoneitic tumor
cells of classical forms is obtained. It turns out, that evegeneral case the
trivial stationary point is of a saddle type.

The article particularly deals with the development of drmgjdical tumor.
It is considered, that lymphocytes and the medical intdf@ar(chemothe-
rapy or irradiation) keeps down the cell fission of the tunf®ome special
parameter is introduced to indicate the influence of the oaddiure. In
respect of that parameter the bifurcation values of theegystre surveyed
using the theory of [1, 4]. Some results of the survey aretbsith the help
of the software package MAPLE.

Keywords: immune system, tumor cells, cylindrical surrounding, Hopf
bifurcation.

M odd

Let us consider the interaction of two kinds of cells — tumor cells and lympho-
cytes. Assume, that it takes place only on the surface of the tumor. Lympho-
cytes multiply without any delay. Denote:

L — a number of free lymphocytes on the tumor surface

A — a number of tumor cells inside the tumor and on its sutface
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Ag — a number of tumor cells on the tumor surface

Ag —a number of tumor cells on the tumor surface, which are not
connected to the lymphocytes

A —anumber of tumor cells inside the tumor and on its surface,
which are not connected to the lymphocytes

The system of two differential equations is constructed. The varidbles
and A are treated as the main variables. The other variables can be expressed
via the main ones under the following assumptions:

1. Consider functiory as a connection of tumor cells on the tumor surface
Ag and all the tumor cellst:

As = f(A). 1)
The function itself will be analyzed a bit later.

2. Consider the relation between the number of the connected tumor cells
Ag — A (the connection takes place only on the surface of the tumor) and
the number of free tumor surface cells to be defined as:

Ag — Ag = AgF(L). )

The function £’ corresponds here the influence of lymphocytes to the
connection of tumor cells. Let’s say, that

F0)=0 and F'(L)>0.

3. The multiplication speed of the lymphocytes is influenced by two fac-
tors: the decline speed of the lymphocytgs), (9(L) <0, g(L)’' <0,
g(0) = 0) and the growth stimulation speed of the lymphocytes(L).
Then

L= g(L) + As®(L). 3)

4. The multiplication speed of the tumor cells consists of the growth speed
of the tumor cells7(A) in absence of lymphocytgg7(0) = 0, G(A) >
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0) and the influence of lymphocytes on the tumor cells on its surface
aAg®(L). It means, that

A=G(A) — adg®i(L). (4)

The assumptions (1), (2) and the equation of the balance of the cells
A=A+ Ag — Ag result:

- f(4) _ . JAF(L)
As T 1+ F(L)’ A=4 1+ F(L) " ®)
After embedding (5) into the system of equations (3), (4) we obtain:

B f(A)P(L)
L=g(L)+ TR

- fAF(L) f(A)®1(L)
A= G<A 1+—F(L)> _ 1+F1(L) + H(L,1).

(6)

In the model [1] we havg(L) = —\ L, G(A) = M\ A, f(A) = ki A?/3.
(L) =1 L(1 — L/Ly), H(L,t) =0, ®1(L) = aeL, F(L) = koL. Let’s
consider in the future, thaik(L) = ®,(L).

The influence of medical cure is reflected by the term

H(L,t) = —y(L)sin*wt.

Herew — frequency of the medical cure. The tefifi.) defines the efficiency
of the medical cure. Next try to make some analysis of the second equation
from the system (6) after striking an average by the active time

T
1 27
— [ ...dt, T=—.
T/ ’ w
0

It means, that in some sense the influence of the medical cure or irradiation
will be taken into account:
_ f(A)®(L)
L=g(L) 1+ F(L)’
f(A)F(L)> _fer) (@)

1+ F(L) 1+F(L) 2

(7)

A:G(A—

57



A. Kavaliauskas

2 Thetrivial stationary point

The conditiong;(0) = 0, f(0) = 0, G(0) = 0 and~(0) = 0 show, that the
system (7) has a trivial stationary point. Consider, that the type of the igoin
determined by the linear part of the system (7):

g+ Hy
W(LvA): G/_w—aﬂl—l,
(F(L) +1)* b2
where
_fARL) 99
H(L’A)_TF(L)’ (I)L_aL7

H)

o (1 ["AFL) A
(- Trrm)

0P
/—_
@A—aA.

The characteristic equation of it can be writtenlag W —\e] = A2 +o M-A =0.
A(0,0) = ¢’G’ < 0 causes, that the stationary point will be of a saddle type.
The lineL =0 ( if ®(0) = 0) is the solution of the system (7), for which

A > 0, i.e. the axis OA is the separatriss of the saddle, along which the
solutions of the system recede from the pgiht0). In the other words, in the
surrounding of the point the tumor cells multiply most actively.

3 Function f(A) in the case, when the tumor growth speed is

different in variousdirections

Let’'s compare two cases.

Case 1. The shape of the tumor is close to the rectangular parallelepiped
with the sidesag and by (whent = 0) and the heighty. Suppose at the
moment of the growth of the tumar = agt®, b = bot?, h = hot?. If ks —
the number of tumor cells in the area unit and- the number of tumor cells

in the volume unit, then

Ag = ka(aobotaJrﬂ + b()hotﬁJr’y + aohotwra),

A= kvaobohota—i_ﬁ—i_’y.
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After elimination oft we obtain:

Ag = f(A) = A=t + bATFIT 4 cATHit,

0 — 2](33(10()0 b— Qk‘sboho
- atB - B )
(kvaoboho) 545+ (kwaoboho) F5H
2ksaghg
c= oty
(kvaobOhO) a+B+y

If the growth of the tumor is equal in every direction = § = «), then
f(A) = (a+ b+ c)A?/3. If the tumor grows only in the directioh, (o =
B = 0),thenf(A) = a+ (b+ ¢)A. Wheny = 0 anda = C, we have
f(A) =aA+ (b+c)AY2,

Case 2. The shape of the tumor is cylinder. Suppose, its radius varies like
r = rot®, and its height = hot®. Then we have

As = f(A4) = GAZat +5A2§—iﬂ, where

~ 2mksaphg ~ 27rksa(2)

o= — = b=

(wkva%ho) 2a+8 (kaaghg) 2a+8

Whena = g, i.e. the growth of the tumor is equal in the directioRsand
H, thenf(A) = (a + b)A2/3. If the tumor grows in thé direction @ = 0),
thenf(A) = aA + b. When the tumor grows in th& direction (3 = 0), then
f(A) = aAY2 A,

The tumor growth in the cylindrical surroundirfdA) = aA + b basically
corresponds its one direction growth in the case of rectangular pargietep
That's why the wide spectrum of tumor growth cases will be overwhelmed by
the analysis of the liner functiofi.

4 Development of atumor in the cylindrical surrounding

Blood vessels, guts or the interior of a bone have a shape, which is cltbse to
cylinder. This consideration let us give the problem some practical appro
At the same time, whelfi(4) = aA + b, (i.e. f(A) — linear function) we deal
with wider spectrum of surfaces, than cylinders (Section 4).
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Supposey(L) = —l1L, G(A) = A, v(L) = 2¢L. Then we have a
system:

- (aA+b)®(L)
L_—llL+—1+F(L) , o
= —cL+ 1A — (LF (L) + a®(L)).

1+ F(L)

Let’s concretize the connection functiod$L) = L, F(L) = kL. The num-
ber of parameters can be reduced by introducing the following replademen
x = kL, y = A. Denotec/k = e, (I2k + a)/k = c. Then the following
system can be obtained

y=—ex+ly—(ay+b)c

{x' —lhz+ (ay +b) m

14+

The system (9) has either two stationary val(@s)) and (zo, yo) or one of
them(0, 0). Here
l1l2 — le (6 + llC)(ll - b)

ea + lica — lily’ Yo ea + lica — lils (10)

o

They are positive, when

) {l1>b, o b) {l1<b, a1

ea+ lica — l1ly > 0, ea+ lica — 11y < 0.

Let's make the characteristic equation of (9) at the p6igt yo):

N 4+or+A=0, (12)
ayo +b aczo
=[] —ly— 13
g 1 2 (1 +l’0)2 1 +$07 ( )
ayo+ b liacxy + eaxg
A= —lly — ) 14
142 (1+x0)22 1+ 70 (14)

At the point(0,0) the A = l5(b — I1) has a type of a saddle, whén< ;. If
b > l1,theno < 0, this stationary point is an unstable focus or a node. This
result is different from that in the Section 2, because here we fidje# 0.
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At the nontrivial stationary point (14)
Zo
1+ xg

Therefore in the case b) of (11) this point will be of a saddle type. Latdyae

it in a more detailed way in the case a) of (11). In this case the stationary point
(0,0) is of a saddle type (because> b). Let’s observe the system change,
which depends on the parameteiSuppose all the other parameters are fixed.
Physiologically it means, that the influence of medical cure on the tumor will
be observed.

A =

(—lle + liac + ea).

5 Bifurcation value of the parameter e

Let’s apply the theorem about Hopf bifurcation [1] to the system (9).S@tan
e as a variable parameter. The real part of the root of the charactegettien
(12) can be written as

g

Re)\m(e) = —E.

The bifurcation valueg can be found from
l% — bly + bly — abe
- i

It should be kept in mind here, that the roots are complex. In that case
l1 — 2 + ac > 0 should be satisfied. The condition

Re)\m(e) =0 < ey =

d
%Re)\l’g }lzlo > 0.

is satisfied, wheiy > b, because

_ lga(ll — b)(ac + ll)

d
L ReA -
eAva(e) 2(ea + lica — bly)?

de

Let's move the stationary poiritg, yo) into the origin of coordinates by intro-
ducing the replacement= z; + z¢, ¥y = y1 + yo. Then (9) turns into

(ay1 + ayo + b)(z1 + o)

1 +331 +$0 ’ (15)
. c(ay1 + ayo + b)(x1 + x0)

U1 = —ex1 — exqg + layr + layo — .
1421+ xo

1 = —lix — iz +
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In order to satisfy the last condition of the theorem that the stationary point
(0,0) of the system (15) is asymptotically stable wher- ¢, the theory of
indices will be applied. Denote the linear part of the system (15) at the point
(0,0) asA and turn the system into canonic form:

M~YAM = B, (16)

lo(—1 l
B:[ 0 wo}, wolm)\l,2|660:(11—b)\/ o(=lo +ac+1y)

—w 0 (ll — b)(lQ + ac) .
From the system of equations (16) the matfvixcan be found:

_ |~wo a1
=il

wherea;; andas; — the coefficients of the matriA:

b+ ayo (b+ ayo)c
5 Q21 = —€)— 5.
(1+ 20) (1+ 20)

After the change of variables in the system (15)

()= ()
Y1 Y2
we can result:

. ajie 1 aiic l
1:2:( 0 —l1>$2+ <__ﬁ+_2>any2

an = —li +

a21 wo a21wWo wo
I eoroa11l . aiilayo

+ —x9 — +
wo a21Wo a21Wo

_ (aag1ys + ayo + b)(—wor2 + aniy2 + o) <i L ouc > (17)
1 —woxp + a11y2 + 2o wo  aziwo )’
g =00y 4 <l2 - eoa11>y2 LI 240
a az1 a1 az
_ cl(aaz1yz + ayo + b)(—woz2 + an1y2 + o)
(1 — wor2 + a11y2 + xo)ag1 '

The stationary point0, 0) is stable for those parameter values, for which the
index
I =wo(Yihy + Yihe + Yiio + Yaz)

(18)
+ (VLY — YAYS + YAYD + YR YH — YouVih — YohVih)
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is negative. The upper index in the formula (18) indicates, from which of
the two equations (17) the left side is taken. The lower indices indicate the
exponent and quantity of partial derivatives (1 means the derivayive, p2
— the derivative byy,). All the partial derivatives are calculated at the point
(0,0). Those quite long calculations are done by using the software package
MAPLE. With help of this package the general expression (18) was @atain
and also some particular cases were analyzed. One of them is given below
The value of the indeX is negative for the parametdiis=3, l,=1, a=2,
b = 2, ¢ = 0.1. It can be also calculated, that in this case the parameter
eo = 2.3 is Hopf bifurcation value.
With help of MAPLE was also checked, that the stationary p@ind) is a
stable focus, whea < ¢ (for examplege = 2.28). Whene > ¢, (for example
e = 2.31), it turns into unstable focus. Physiologically it means, that the
system (9) has a stable positiory, yo), whene > ¢ey. In this case the growth
of the tumor is stopped by lymphocytes and the medical cure. After extension
of influence of the medical cure (the paramefethe stable equilibrium is lost
and the tumor starts “oscillate”. Because of those “oscillations” the tumor can
disappear or the patient can dye.
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