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Abstract: Chaos and bifurcation control is achieved by nonlinear controller
that is able to mitigate the characteristics of a class of nonlinear systems that
are experiencing such phenomenon. In this paper, a backstepping nonlinear
recursive controller is presented. Comparison has been made between it and a
Pole Placement controller. The study shows the effectiveness of the proposed
control under various operating conditions.
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1 Introduction

Controlling chaos as well as bifurcation has been proposed in the past decade.
Emphasis has been usually placed on design techniques which result in
prescribed nonlinear dynamics for classes controlled processes. In some
applications, chaos can be useful while in others it might be detrimental. For
example, chaos in power systems [1-7] and in mechanical systems is
objectionable. On the other hand, chaos is being proposed to be utilized in
communication systems; in [8] and others investigation the use of chaos in
synchronization, and information transmission is considered communication
systems.

Bifurcation control deals with using a control input to modify the
characteristics of a parameterized nonlinear system. The control can thus be
static or dynamic feedback control, or open loop control. The objective can be
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stabilization and reduction of the amplitude of bifurcation orbital solutions,
optimization of a performance index near bifurcation, reshaping of the
bifurcation diagram or a combination of these [2]. The control u(x) lows derived
and used in [2] e.g. transform an unstable subcritical bifurcation point into a
stable supercritical one. Several applications of these results have been further
conducted. Among these are prevention of voltage collapse in electrical power
system [3], and subsynchronouns resonance in power system [1].

Bifurcation control are used in [9], these controllers are designed to control
the bifurcation route that leads to chaos. Many researchers are proposed other
methods to control chaos, Ott [10] and Ott et. al. [11]. In Hubler [12], Hubler
and Luscher [13], and Jackson [14] the methods are based on classical control.
In this paper, a new recursive backstepping nonlinear controller is proposed. A
comparison is made between it and the pole placement control design.

The paper is organized as follows; in section 2, a mathematical nonlinear
dynamical system and the methodology of design the backstepping nonlinear as
well as the pole placement controllers are discussed. A numerical simulation is
placed in section 3. Finally, section 4, concluded the paper.

2 Mathematical Model and Control Design

As a simple yet practical nonlinear system example, we have chosen the
following third order state representation.

X = —Xg, 1)
X, =X, — X, +U, (2)
Xg =3.0% +X,° +F Xg +U,, ?3)

where F_ =0.5, is a parameter and U, and u, are control signals.

2.1 A recursive backstepping controller. Let x, =0, x,, =cg, and
Xgq4 =C,€ +Cze,, Where subscript d refer to desired values. Define the error
signals as follows:

e =X, — Xy, (4)

€, =X, — Xpq ®)
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€, = Xy — Xgg - (6)

Substituting equations (4)—(6) into equations (1)—(3), one obtain:

€ = —€3 —C,€ —Cq8y, (7
€, =(—C, +C, )6, +(C,Cs —1)e, +Cr8; + Uy, (8)
6,=3.1e, + (e, +C,8;)° + F (85 + &) +C, (85 +C,r0) +U,, 9)
Let:
Y :123:kiei2. (10)
2 1

The time derivative for equation (10) is:
V = kg6 +K,e,6, +Kye.8,. (11)

Substituting equations (7)—(9) into equation (11), and choosing the following
parameters to be: ¢, =1, ¢, =-1-F_, ¢; =0, yields;

u, =—k,e, — C,e,, (12)

Uy = —Kges + (&, +C,8;)° (13)
This control law guarantee the negative definitiveness of V in equation (1)
2.2 Pole placement controller. Consider the system of equations (1)—(3) as:

X =F(X,F)) (14)
Let;
X =AX +X"(F), (15)

where X is function of the control parameter F,_ .

Substituting equation (15) into equation (14) and using Taylor series
expansion and linearized the resulting equation around unstable fixed point,

X = X*(FL*) , and keeping the linear term only. One obtain:

AX = AAX +DbAF_, (16)

where AX =X - X"(F."), AF_ =F_—F,, A:%(X*, F."),and
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OF e _x
b=—(X",F).
aFL( )

Now, let us consider the case of linear state feedback;

AF, =KTAX, (17)
substituting equation (17) into equation (16), yields;

AX =[A+DbKT]AX , (18)
or,

AX = ALAX, (19)
where A. = A+bKT is the closed loop matrix.

So, the objective is to design a linear feedback controller, such that the
system is stable. To do that, a closed loop matrix, which has negative
eigenvalues, is selected. The signal control that to be added to equation (3) is
given by:

u=KT[X]=kX +KyX, +KgXs. (20)
A designed controller is K =[2.5273 1.0976 -6.5854]"

3 Numerical Simulations

For equations (1)—(3), the signals u, andu, are both zero, figs. 1(a) and 1(b)
shows the time history and state-plane, respectively. Figs. 1(a) and 1(b) show
the chaotic behaviour of the system for the critical parameter F, =0.5. Inthe
next two subsections, the above mentioned controllers are presented.

3.1 A recursive backstepping controller. In this case, the signals u, andu,
given in equations (11) and (12) are added to equations (2) and (3), respectively.
Figs. 2(a, b, ¢, and d) show the time history as well as the state-plane for both,
system state and control signals u, and u,. By comparing the simulation results
of figs. 1(a, b) to that of figs. 2 (a-d) it is clear that the system has recovered
from its chaotic behaviour and now exhibits a stable performance. This result
was achieved by designed signals shown effective in controlling the bifurcation
as well as chaos behaviours.
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Fig. 1. Time and state trajectory (without control)
(a) (b)
01 T T T T 0.15 T T T T T
0.08

0 20 40 60 80 100 120 140 16 0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

Time (sec) X
(c) (a)
035 . . 025 . :
03
02}
025
015
02
015 01
:N :‘—1
01 0.05
0.05
0
0
-0.05
-0.05
01 01 . . . . . . .
0 20 40 60 80 100 120 140 16 0 20 40 60 80 100 120 140 160
Time (sec) Time (sec)

Fig. 2. Time and state trajectory (backstepping controller)

3.2 Pole placement controller. For this case, only a single control signal u is
designed in section 2.2. This signal u from equation (20) is added to
equation (3). Figs. 3(a-c) shows the time history and state-plane simulations. A
comparison between figs. 1(a,b) and figs. 3(a-c) shows that the system has also
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recovered from its chaotic behaviour. However, this linearized controller is
effective only about its chosen operation point.
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Fig. 3. Time and state trajectory (pole placement controller)

4 Conclusion

In this paper, we have discussed the application of new nonlinear recursive
controllers on typical chaotic behaviour. As mentioned, controlling bifurcation
as well as chaos has been rapidly advancing in the last decade. Thus, emphasis
has been placed on control design techniques which result in prescribed
nonlinear performance dynamics for practical controlled processes. This study
have shown that a nonlinear recursive controller is effective in controlling an
undesirable chaotic behaviour as well as original bifurcations.
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