Nonlinear Analysis: Modelling and Control, 2001, v. 6, No. 2, 15-28

Quadratic Discriminant Analysis of Spatially
Correlated Data

K. Dutinskas, J. Saltyté

Klaipéda University
H.Manto 84, 5808 Klaipéda, Lithuania
[duce, jsaltyte]@gmf.ku.lt

Received: 13.09.2001
Accepted: 27.09.2001
Abstract

The problem of classification of the realisation of the stationary univariate
Gaussian random field into one of two populations with different means and
different factorised covariance matrices is considered. In such a case optimal
classification rule in the sense of minimum probability of misclassification is
associated with non-linear (quadratic) discriminant function. Unknown means
and the covariance matrices of the feature vector components are estimated
from spatially correlated training samples using the maximum likelihood
approach and assuming spatial correlations to be known. Explicit formula of
Bayes error rate and the first-order asymptotic expansion of the expected error
rate associated with quadratic plug-in discriminant function are presented. A
set of numerical calculations for the spherical spatial correlation function is
performed and two different spatial sampling designs are compared.

Keywords: Bayesian classification rule, quadratic discriminant function,
training samples, expected error rate, asymptotic expansion.

1 Introduction

In application areas like pattern recognition or geostatistics the data
of interest are often spatially correlated. In numerous applications it is
assumed, that data follow a Gaussian random field model. Therefore the
discriminant analysis (DA) of spatially correlated Gaussian data is of
great importance. When classes are completely specified, an optimal
classification rule in the sense of minimum classification error (or error
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rate) is the Bayesian classification rule. The expressions for the error rate
are cumbersome for the DA based on linear discriminant function (LDF).
Of course, they are even more delicate for the DA associated with
quadratic disriminant function (QDF) [1]. Moreover, in practice the
complete description of classes usually is not possible and the training
samples are required for the estimation of probabilistic characteristics of
each class. Therefore asymptotic expansions of the expected error rate
are particularly important while evaluating the performance of certain
discriminant functions and comparing different designs for training
samples.

2 The problem and the model

Let {Z(s): se Dc 9?2} be a univariate Gaussian random field having
different stationary means and factorised covariance matrices in
populations Q, and Q,. Then the model of Z(s) in population Q, is

Zs)=n, +2,(s),

where p, is a mean and f,(s):se D c 9?2}, is a zero-mean stationary
Gaussian random field with covariance defined by a parametric model
covig, (t)g,(s)}=c(h;0,), where h=t—s, t,se D,and 0, € © isagxl
parameter vector, ® being an open subset of R?, /=1,2. The spatial
covariance function in Q, is covig, (t)g,(s)}=c(h;0, )5/, where c(h;0,)
is the spatial correlation function and o =c(0;0,), I=1,2. It is assumed
that the function c(h;B,) is positive definite [2]. Assume that, for all
t,seD,t#s,

covig, (t).e,(s)}=0.
Consider the problem of supervised classification [3] of the

observation Z(r)e Z c R with re D, c D into one of two populations

specified above. In effect, classification rule divides the feature space Z
into two mutually exclusive and exhaustive assignment regions U, and
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U,, where if Z(r) falls in U,, then the object is allocated to Q,, I=1,2.

Under the assumption, that the populations are completely specified and
for known prior probabilities of populations ,(r) and ,(r)

(m,(r)+m,(r)=1), the Bayesian classification rule (BCR) d,()
minimising the probability of misclassification (PMC) is

d,ele) = arga ., (0, (). m

where 7,(r) and p,(z(r)) are a prior probability and probability density
function of Q,, respectively, /=1,2. Then the corresponding QDF is

1. o2 1
W(Z(r),¢)=51n—22+5

1

\ (_ 1)1 (Z(r)— K, )2

2
=1 (o

T, (r)

where ¢ = (ul,uz,af,azz)T and y(r)=In| =2 |.
7,(r)

+7(r), )

The PMC of BCR, associated with QDF W(Z(r),¢), usually called
the Bayesian error rate, is

Py =m PW(Z(r).$)<0/Q,)+m, P (Z(r).9)>0/Q,), (3)

where €, under the sign of probability means that an object with

observation Z(r) belongs to the population Q,, I=1,2.

As it was already mentioned, in practical applications the parameters
of density function are usually not known and must be estimated. Then
the estimators of unknown parameters are found from the training
samples T, and T, taken separately from €, and €2,, respectively.

When estimators of unknown parameters are used, the plug-in version of
BCR is obtained. The performance of the plug-in version of the BCR
when parameters are estimated from training samples with independent
observations is widely investigated by many authors [4]. However, it has
been founded that the assumption of independence is frequently violated.
Lawoko and McLachlan [5] for instance, investigated the performance of
sample LDF when training samples follow a stationary autoregressive
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process. In this paper we will consider the performance of the plug-in
QDF when the parameters are estimated from training samples with
spatially correlated observations. The maximum likelihood (ML)
procedure for the estimation of unknown means and variances, assuming
the spatial dependence parameter to be known, is used.

Suppose in region D, € D, D, "D, =<, we observe the stratified
training sample T ={T,, T, } with T, = {Z“,...,Z,N[ , where Z,, = Z(s",)
denotes the o ’th observation from €, /=1,2, o =1,..., N,. Assume, that
all points in D, are beyond the range of spatial correlation function ([6],

ch.2) defined for points in D,. Then Z(r) is independent on T .
Let (i, and 8 be the ML estimators of p, and o;, /=12,

respectively, based on T. Then ¢ = (}11,;12,6'12,6'22)T is the estimator of
0.

The plug-in rule d, (z(r),q; ) is obtained by replacing the parameters in
(1) with their estimators. Then the corresponding discriminant function
W(Z (r),é), also known as the plug-in QDF, is

W(Z(r),tﬁ): %lni—2§+%i:‘(—1)’ (Z(r;—_zﬂl)z+y(r).

Definition 1. The actual error rate for d, (z(r),qs ) is defined as

P = 1620/ o m iz} ) /)

Definition 2. The expectation of the actual error rate with respect to
distribution of T designated as E, {P‘ ((/5 )} is called the expected error rate

(ER) for the d, (Z(r);(ﬁ) and expected error regret (EER) is defined by
EER=E, " D)~ ;.
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The goal of this paper is to find asymptotic expansions of ER
associated with plug-in QDF. K. Ducinskas [7] presented the asymptotic
expansion for the case of arbitrary number of classes and regular class-
conditional densities under the assumption, that observations in training
samples are independent. K. V. Mardia [8] considered the problem of
classifying the spatially distributed Gaussian observations with constant
means and common covariance matrices (case of LDF), but he did not
analyse the ER of PMC. In this paper we present the asymptotic
expansion up to the order O(N _1), where N =N, +N,, for the ER of
classifying spatially distributed Gaussian observation with different
means and different spatially factorised covariance matrices. Terms of
higher order are omitted from the asymptotic expansion since their
contribution usually is in generally negligible (see e.g. M. J. Schervish
[9]). The ML estimators of means and the bias-adjusted ML estimators of
the covariances are used in the plug-in version of the BCR. M. Taniguchi
[10] has proved under sufficiently general assumptions, that ML
estimators ensure minimum of EER up to O(N ‘1) for the considered
classification rule. A set of calculations for a certain neighbourhood
structures and spherical spatial correlation model is performed and values

of P, and approximation of EER are presented in tables.

3 Asymptotic expansion
The expectation vector and the covariance matrix of the vectorised

training sample T, defined by T, = {Z o Ly, }T are
n, = (ull""’HlN, )T and X =0/C,

respectively, where C, is known spatial correlation matrix of order

NjxN;, whose of3 ’th element is c(sfx —s[ﬁ ), o, =1,.,N,, [=1,2. Let

N,
C,'= (c,“ﬂ), ¢ = icf‘ﬁ and ¢/* :Zc,“ﬂ , =1,2.
o, =1 B=l1

19



Lemma. For /=1,2, the ML estimators of p, and o;, based on

stratified training sample T are

A 1 & oe
ul = oo cl ZlOl 2 (4)
c[ a=l1
5= Y 2, -2, -0) ;
0, N ¢ o "M NEyp — 1y ) Q)
| o,pB=l

Proof. The log-likelihood of T}, I=1,2, is

lnL,=consz‘—%(N,an',2Jr1r1|C,|)—212 ic,‘w(z —ﬁ;)(Z —ﬁ;).
(o}

| o,p=l

Solving the equations

complete the proof of lemma.

Since, for /=1,2, E{d‘f }: N, _10',2, further we will use the bias-
l
: : : = _ N, o
adjusted ML estimator of variance &, = ﬁo e
-

It can be easily shown that [i, for finite N have known exact

e e A 1
distribution fi, ~N(u,,76,2], I=1,2.
¢
For simplicity we omit the superscript “r” in P" (5 ), here 5 is ¢3

with ML estimator of o, /=1,2, replaced by the bias-adjusted ML

estimator. Put A{,={,-p,, A& =6 -0/, [=1,2. Denote by

PO :L@) PO _ 2°Plp) PO _orp) PO _ 2°Pp)

) k.l NV 5 o ~2 o~ 7 >
i, JL, 0L, o 96} % 96,06;
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, [~
Pl(?z = ;La@)z) the partial derivatives of P(q)) up to the second order
! K,00,

with respect to the corresponding parameters evaluated at (i, =p, and
&’ =0, kl=1,2.

With insignificant loss of generality we consider the parametric
structure case, when p, >p,, o, >0, and

2

(o)
(4, -n.) - 07 ~0 m(c—z}zy(r) -0,

1

Threshold points z (r) and z,(r), i.e. solutions of W(z(r).¢)=0,
and assignment regions U, and U, for this parametric structure case is

shown in Figure 1, assuming 7, =, = 0.5 for simplicity.

------ P1(2) p2(2) |
0,12 -
0,08 -
0,04
0,00 -
0 30
— Yy ——> [, ¢ > U, <

z,(r) z,(r)

Fig. 1. Threshold points and assignment regions for the considered
parametric structure case
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On purpose to derive the asymptotic expansion of EER we need the
following assumptions.

Assumption 1. Let A(C,) be the largest eigenvalue of C,, /=1,2.
Suppose, that A(C,)<x,, 0<k, <oo, =12.

N
Assumption 2. Assume, that —- —> 7, as N,,N, > o, 0<T <oo.
2

Theorem. Suppose, that assumptions 1,2 hold for training samples
T, T,. Then the asymptotic expansion of the expected error rate for the

dy (z(r),(g) is

£,(PG)= P, +%i%+ii+o(1\/-2), (6)

1=l ¢, =N, -1

where

P, = ﬂlq)[zz (r)-p, ]_'_n.zq)[zl (r;_uz ]+ i(_ 1)’7r1q>[(— 1y Z (‘2_ [l

1 (7) !
o5
o, =m, il
tUE i(—l)’ 2, 0)-p,| (®)
j=1 20;
p,(zk(r){(z"(r)_“’) 612]
B =3 207 )
= S 1y 2, (0)-n, ©)
j=1 20

Proof. By a Taylor expansion of the P((E ) about the true values of

parameters L, W,, 0,, 0, we have
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~ 2

Pp)=p,+ Z(P,‘”Aﬁ, +PYAGT + %P;(QAQIA&Z )+

1l:' (10)
2

> (ij)AﬁkAﬁ, + P(;;’}Aa,fmf )+ 0;,

where O, is the third and higher order terms of Afi, and A&, and their

products.

Explicit formula (7) for P, 1is obtained by straightforward
calculations in (3) for considered parametric structure case.

Since P((E ) is minimised at the true values of parameters, then, for
=12,

PY=0 and PY=0. (11)

Define the quantity G(z(r))=3.(~1)"'7,(r)p, (=(r)). Note that (see
I=1
K. Ducinskas, [11])

P =3 0,6, 0|V 6G, () (12
and

P = 1221 CIRCIEN )\ ANEENC) (13)
where

9,66, ()= 3 1) 2

9,6y e)=3 1y Eow) —ol

i)
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Using (4) and (5), for /=1,2, under the independence of estimators [i,
and 6/, we have (J. Saltyté, [12])

E{AR, Y= E{AR AR, }= E{AGT |=
= E{Anggzz }: E{Al‘llAalz }: 0,

T R (L Sl (15)

1

(14)

Under the assumptions 1, 2 it follows, that the expectation with
respect to the distribution of the training sample T of residual O, in (10)

is of order O(#) Hence, by substituting the estimators (4) and (5) to

(10), taking the expectation of the right side of (10) and using (11)-(15),
we complete the proof of the theorem.

As the contribution of higher order terms in the presented asymptotic
expansion is in generally negligible, for the evaluation of the
performance of QDF the asymptotic EER is used. The asymptotic EER
for the considered case is designated as

2 2

1o o B
AEFER =— L L
22,4

(1]
2 =1 Cl

Minimum of AEER could also be used as a criterion for optimal
training sample design.

4 Numerical example

As an example consider the integer regular 2-dimensional lattice. We
use two designs for training sample of size 4 for each class. Locations in
design (A) are more compact than those in design (B) (Figure 2).

In this example without loss of generality we use the convenient

2
. - o
canonical form of ¢ = (A,O,GZ,I)T , where A = % and ¢° = —.
(o} o,
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s an
(A) (B)

Fig. 2. Training sample designs (locations from T, and T, are signed as C and @,
respectively; @ denotes the location I')

Consider for both populations the spherical correlation function for
observations Z(s) and Z(t) ([6], ch.2)

3
LI YL R UL
Kotk | 2nm 27’
c(n)=
L [b[ =0,
0, |h|>TI,

for nonnegative x,, k,, 1. The nugget effect is k, and the sill is
K, +k,. For this model, observations more than 17 units apart are
uncorrelated, so the range is 77. Assume, that there is no nugget effect,

i.e. Kk, =0, and range 1 =3.

In Table 1 the values of P, and AEER are presented. Here also the
comparison of obtained AEER with EER obtained under the assumption
of independent observations (denoted by AERR, ;) is given. The ratio

AERR . . .
—— allows us to estimate the effect of spatial correlation on the
AERR 4
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EER. In this table we consider only design (A). In Table 2 two
experimental designs (A) and (B) (see Figure 2) are compared in terms of
AEER.

AERR
AERR, ,

0,5 0,292  0,00478  0,00474  1,00900
0,6 0,289  0,00414 0,00410 1,00921
0,7 0,287  0,00361  0,00357 1,00938
0,8 0,284  0,00317 0,00314  1,00948
0,9 0,281 0,00282  0,00279  1,00947
1,0 0,277  0,00254  0,00252 1,00934
1,1 0,273 0,00232  0,00230  1,00908
1,2 0,269  0,00214  0,00212  1,00870
1,3 0,265  0,00200 0,00199  1,00824
1,4 0,26 0,00189  0,00187  1,00772
1,5 0,255  0,00179  0,00177  1,00718
1,6 0,25 0,00170  0,00169  1,00663
1,7 0,244  0,00161  0,00160 1,00610
1,8 0,239  0,00153 0,00152  1,00561
1,9 0,233  0,00145 0,00144  1,00515
2,0 0,221 0,00127  0,00126  1,00474

A Py AEER AERR, 4

Table 1. Values of the asymptotic expected error regret for
the design (A), when 7, = 0.5, n, =14 and o’ =6.

As 1t was expected, P, and AEER are decreasing, when the
difference between class-means increases (Tables 1 and 2). It is seen
from the last column of Table 1, that the change in EER due to a spatial
correlation is smaller for more separated populations. Hence, for close
populations it is very important take into consideration the spatial
dependence factor, when practical problems are solved. The last column
in Table 2 confirms the advantage of design of wider spread locations.
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AEER(A)
AEER(B)
0,5 0,00478  0,00477 1,00354
0,6 0,00414 0,00412 1,00362
0,7 0,00361 0,00359 1,00369
0,8 0,00317 0,00316 1,00373
0,9 0,00282  0,00281 1,00373
1,0 0,00254  0,00253 1,00367
1,1 0,00232  0,00231 1,00357
1,2 0,00214  0,00214 1,00343
1,3 0,00200  0,00200 1,00325
1,4 0,00189 0,00188 1,00304
1,5 0,00179  0,00178 1,00283
1,6 0,00170  0,00169 1,00261
1,7 0,00161 0,00161 1,00241
1,8 0,00153 0,00153 1,00221
1,9 0,00145 0,00144 1,00203
2,0 0,00136 0,00136 1,00187

A AEER(A) AEER(B)

Table 2. Comparison of the asymptotic expected error regrets for two
different designs (A) and (B), when 77, = 0.5, pu, =14 and o’ =6.
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