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Abstract

In articles [1]-[3] a class of functions being univalent in unit disc with all
their derivatives was investigated. It was proved such functions exist and must
be the entire functions of exponential type. The example of such a function is
an exponential function f(z)=¢". In this work the question on existence of

functions, beeing univalent in half-plane with all their derivatives was raised
and the negative answer to such question was given.
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1 Introduction

In the articles [1] — [3] a class of functions being univalent in a single
circle £ with a center at the origin of coordinates was considered. It was
supposed every function being univalent in E has got univalent
derivatives of any order. It turned out that such functions exist and they
are the entire functions of exponential type. The example of such
function is function f(z)=e*. In this article we consider a class of

functions being univalent in a half-plane Il = {Rez > 0}. The interest for

such functions is stipulated, for instance, by the relation of such functions
to various tasks of continuum mechanics [4], [5]. It should be noted that
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in many cases there is no mere analogy in methods, when studying the
features of a class of univalent functions in disk £ and a class of
functions being univalent in a half-plane. The example of this is a matter
of existence of functions being univalent in half-plane together with all
their derivatives. The main result of the article presented is the following
theorem:

Theorem. There is no function being univalent in half-plane, and
having non-vanishing univalent derivative of n-th order in this half-
plane, if n> 4.

2 Univalent Functions

In order to prove this theorem we need several lemmas. Let
denote by U a class of functions being analytical and univalent in half-
plane TT={Rez>0} which are normalized by conditions F(1)=0,

F’(1)=1, but by means of S a class of functions g(w) being univalent in
a unit disk E={/z|<1} and normalized by conditions g(0)=0,

g'(0)=1.
Lemma 1. Let F(z)e U. Then the following estimates take place:

2|z>-1| 2|22 —1|
<|F(z) < , zell 1
(z+1]+|z-1)) 7(e) (z+1]-|z-1]) ‘ @

Proof. If F(z)e U, then function
g(w)= lF(”—a’)e S,
2 (l-w

i.e. is univalent in a single circle E={| wl|<1}, and normalized by
conditions g(0)=0 and g’(0)=1 ([6]). For any function of S, estimates
of module take place
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[5, p. 53], thus we get estimates

22—1 22—1
z+1 z+1

7 <|F(z)< 7
l+Z—l 1__Z—l
z+1 z+1

being equivalent to estimates (1).

To proof the following lemma we need a combinatorial identity

Ck=1+7r)+Ch(k+m+r)=Ct  (m+r), ()
where C/ =— .ﬂ — - binomial coefficients.

Ji-7)
Then

51 x _ omlk+r-1) ml(m+r+k)
S A L o 7y e T ey
ml|(k+r=Dk+((m+r)+k)X(m+1)-k)] m(m+r)m+1)

= =C*
Kl(m+1-k) Kl(m+1-k) "

(m+r)

Lemma 2. If analytical functions F(z) and g(w) are connected by
the equality

Fo-2{ 5 )

in domains I1 and E respectively, then their derivatives are connected
bythejbﬂomdngequaﬁgi

(”+1) ( +1) k+2
F Z(_ n+k n (a)) 2 — (3)
n+1)' = (k+1)! (z+1)"*
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where a):Z—_l, zell, weE.
z+1

In the proof we procede by induction. For n=0 the formula (3) is
justified. (essentially, F’(z)=2g"(@ Einty I 2g'(a))-%). Let
z+1 (Z + 1)

formula (3) be justified for n =m , i.e. the following formula takes place

F(m+1)(Z) m N g(k+l)(a)) 2k+2
= -1)""C . 4
(m+1) Zg( yre (k+1) (z+1)"* @

We will take derivatives with respect to z from both parts of equality
(4), and then we get

F(WH—Z)(Z): m (_1)m+ka 2k+2 2g(k+2)(w) _g(k+1)(a))(m+k+2) .
(m+1)! k=0 " (k+1)l (Z+1)m+k+2 (Z+l)m+k+3

m 2k+3 g(k+2)(w) m . 2k+2 g("”)(a))(m +k+2)
_1 m+k Ck _ _1 -+ Ck
kz;g( ) m (k+1)' (Z+1)m+k+4 kz_‘g( ) m (k+1)' (Z+1yﬂ+k+3

3

k+2(k+1) m k+2 o (k+1)
(_ 1)m+k—1 C’l:l—l 2_ g (aZ)3 _ (_ 1)m+k C,I:, 2 g (w)(m;:f + 2) +
= KU (z+1)" k+1)  (z+1)"

m+3 (m+2) 2 (0)
iprien 28 0) ((pp 2 g (@Nme2)
(m+1) (z+1)" I (z+1)

2k+2 g(k+l)(w)

;(_ 1)m+k+1 (k+1)’ (Z+1)m+k+3

m

—~ (C,’f[1 (k+1)+Ck (m+k+2))+

m+3 (m+2) 2 (0)
e 2 B0 gy, 2 s @hn2)
(m+1) (z+1)" I (z+1)
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By using combinatorial identity (2) for » =2, i.e. that

Cl(k+1)+Cl(m+k+2)=CE, (m+2)
we get
m+2 ( ) szr‘l m+k+1 (kﬂ)(w) 2k+2 (m + 2)
(m+1 pa Wl+1 (k+1)! (Z+1)m+k+3 :

Now the formula (3) is obvious to be correct for n=m+1 too. This
means the formula (3) is established for any n=1,2,... and the lemma is

proved.

Lemma 3. For any |z |>1provided that |argz|< B :%—8, >0,

the following estimate takes place:

1 1

< . (%)
|z+1]—=|z=1] cosB
Proof. Let's denote v =argz. Then
1 ~ 1 -
|z+1[=[z=1] J1+|zf 42| z|cosa —y/1+| z > =2| z| cosx
1 2 1 2 1
2 2 24_1
ERE EET s (ET A
4cosa 4cosa cos 3

forany |z [>1, |argz|§ﬂ:%—£, e>0.

Lemma 4. If F(z) being univalent function in T1 half-plane, then

F"(z)= OQ z |2_") Wwhen |z |— oo,
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where |argz |< B 2%—8, >0, n=0,1.2,..

Evidently, it is enough to give a proof for functions of class U ( i.e.
univalent in IT and normalized by conditions F(1)=0 and F’(1)=1).
For n=0 a statement of lemma arises from the upper estimate of module
function F(z) (lemma 1) with account of lemma 3. If F(z)e U, then

1 (1
gl@)=—F[ 7% es
2 (1-w
and for its derivatives the following estimates are justified [4]

2" (). n+lo]
T -ol)

we E.

With account of this estimate and formula (3) of lemma 2 we have
F(n+1)(Z)

n o (k+1)w 2k+2
B YR AR I e

prd n (k+1)‘ (Z+1)n+k+2

z—1

ke k+1+

n

2k+2

< k+1+|o| x z+1
s Crf + = Cn + k2
P (l_|w|)k3|z+1|n+k+2 Z& (1 Z—l )k3|z+1|nk2

z+1

z—1
:n Ck Z+1
=zl = z=1) T 2

k+1+

2k+2

Hence it appears the stated matter with account of lemma 3.

3 Proof of the main theorem

Let the function F(z) is univalent in the half-plane IT. Then
according to lemma 4
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F®(z)=0(z "), when |z |-,
T
where |argz [< 8 25—8, >0, n=0,1.2,..

From here

FO(z) < ©)

n-2

|z
for some real K and |z[>R for sufficiently big R. If F®(z) is
univalent and non-vanishing inIT, then function 1/ F (”)(z) is univalent in

IT too, and according to lemma 4 1/F (m) (z) = OQZ|2 ) This means, that

‘F(”)(Zj >—- (7)

for some real K, and |z| > R, for sufficiently bigR,. Thus, if n >4

for sufficiently big | z| we get contradictory estimates (6) and (7), and

that proves the theorem.
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