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Abstract

Let W, and Z, be a bivariate extrema of independent identically distributed
bivariate random variables with a distribution function F. in this paper the
nonuniform estimate of convergence rate of the joint distribution of the
normalized and centralized minima and maxima is obtained.
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1 Introduction

Let {X; :(X 1> X, j), j=1} be independent and identically distributed

bivariate random variables with a distribution function
F(xl,x2)=P(X1’j <xp, X, <x2) Vi=1,

and let x = (x,,x, ) be an arbitrary point of the Euclidean space. We define by
x+y=(x+y.5,+,),
Xy = (xl)ﬁ’sz/z)s
A B
v (yl " )
the arithmetical operations on vectors. By the inequality x < ) we mean the
system of inequalities x, <y, (i=12).
We form bivariate maxima and minima
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V4 =(max(XU,...,XLn),max(Xz,l,...,Xz’n)),

n
w :(min(XU,...,X]’n),min(Xz)l,...,Xz’n)).

Let
{an = (al,n > aZ,n )’ nz 1}’ {bn = (bl,n 9b2,n )> (0’0)9 nz 1}
be sequences of centralizing and normalizing vectors. If the distribution
function F and sequences of centralizing and normalizing vectors are such that
the following limit exits:
lim n(l_F(an +bny)):u(yl!y2)> 07
n—o°

then
lim P(Zn <a, +bny): H(y): e‘“(}’b)’z)’ (1)
n—o0

where H(y) is a nondegenerate distribution function of two variables.

Let

{Cn = (cl,n H c2,n )’ n2 1}’ {dn = (dl,n s dZ,n )> (0’0)9 nz 1}
be sequences of centralizing and normalizing vectors. If the distribution
function F and sequences of centralizing and normalizing vectors are such that

the following limits exist

lim nF) (cl’n +d,,x )= z (xl )> 0,
n—eo

lim nF, (CZ,n +d; %, )= 25(x,)>0,
n—oo

lim ”(Fl (cl,n +d, ,x )+F2 (CZ,n +d;,x, )_F(Cn +dnx)):Z(xl ,x2)> 0,

n—soo
then
lim P(W, <c, +d,x)=L(x)=1 _emalw) _gmaalx) +e_z(x1’x2), 2)

n—o0
where L(x) is a nondegenerate distribution function of two variables, and
F,(x,), F,(x,) are marginal distribution functions of the distribution function
F(x).

The necessary and sufficient conditions for the convergence of normalized
maxima and normalized minima are formulated in [3].

Suppose that conditions (1) and (2) hold true. Since the bivariate maxima
and bivariate minima are asymptotically independent (see [2]), then

lim P(Z, <a, +b,y,W, <c, +d,x)=H(y)L(x). 3)

n—>c0
In this paper we are going to obtain a nonuniform estimate of the
convergence rate in (3). It will generalize the result obtained in [1].



2 Main result

Let us denote
A[cn+dnx,an+bny)F:F(an +bny)+F(cn +dnx)_
_F(Cl,n +dy,x,4,, by, )_F(al,n +b,y1.¢a, +d2,nx2)9
uy, (v)=n(l=F(a, +b,y)),
Vi )=, (v)-u(y),
u2,n(y9xl) (1 Fla, +b y)+F(Cln+dl,nxl’a2,n +b2,ny2))’
VZ,n(y’xl):uZ,n(y ) ( ) Z xl)a
“3,n()’ax2) ”(1 Fla, +b,y +F(a1n+b1,ny1a02,n+d2,nx2))a
V3,n(y’x2): 3n(V ) ”(V) Zz(xz)a
Ugn (y,x) ”(1 Ale, +d,x.a,+b,0)F
)

=it (. x)-uly)-z=(x).

Theorem. Suppose that (3) holds, and
a,+b,y>c,+d,x.

For all x, y, for which
o)< log2, o b ) < log2,

|v3,,, (v, x, 1 <log2, |v4’n( ,x1 <log2,

the following estimate holds true:
|P(Zn <a,+b,y,W, <c, +dnx) H(y)L( 1 <
<A, (V)"'Az,n (v, x, )+A3,n (v, x, )+A4 (7.x).

Here
8OO o 52, 0)
s o) BT ot ot )
)
sl B 0 o 0)



Proof. We have
P(Zn <y9Wn <x)=P(Zn <y)_P(Zn <y7VVl,n le)_

~Pz, <y Wy, 2x, )+ P(Z, <y, W, 2x)=
= F"(y)=(F()= F(v1, 02 = (FO)=F v, )" + (8, F )
if y>x,and
P(Z, <y W, <x)=P(Z,<y)=F"(»),
if y<x.Here W,,,W,, are components of the bivariate minima W,.
Let a,+b,y>c,+d,x. We have
|P(Zn <a,+b,y,W,<c, +dnx)—H(y)L(x) <

<|F'(a, +bny)—efu(y)‘+

+‘(F(an +bny)_F(Cl’n +d1’nx1,a2’n +b2,ny2 ))n —efu(yyzl(xl) + (4)

+‘(F(an +bny)_F(a1,n +b1’ny1,02,n +d2,nx2 ))n —efu(y%ZZ(xz) +

FY —emt0H=)

+ ‘(A [Cn +dpx.a, +bny)

Let us estimate the first summand of the right — hand side of the inequality
(4). We have
F"(a, +bny)—e_”(y) < ®)

*“l,n(J’) _e—u(y) .

<|F'(a, +bny)—eful’”(y) +le

Let us estimate the second summand of the right — hand side of the
inequality (5). Applying the inequality

n 2 —x
0<e™ —[1-2 | <=4 (0<x<n),
n 2(11—1)

we get
‘Fn (an + b,,y)— e_ul,n(y)

(1 _ ul,n (y)Jn _ e—uL" (y)

< (6)

n

o

- 2k-1)

Let us estimate the first summand of the right — hand side of the inequality
(5). Applying the inequality
I <e™ x—y|+(x—y)2) (Ix—y|$log2),

e’ —e*

we get



O < e W, () 492, (), (7)

if |v17,7 (y} <log2.
Taking into account inequalities (6) and (7), from the inequality (5) we get
F"(a, +b,y)=e™V|<Ay, (), ®)

if |v1’,, 0’1 <log2.
Analogously, we get
‘(F(an + bny)_ F(Cl,n + dl,nxl dy, t+ b2,ny2 ))n — e_”(Y)_Zl(Xl)

< A27n (y: X1 )a (9)
if vy, (7,3 ) < log2;
(F(an +b,,J/)—F(a1’n +bl,ny1’02,n +d2’nx2 )y’ _e*“()’yzz(xz)
< A3,n ()/sx2)5 (10)
if vy, (v, )| < log2;

<

<

—u(y)=(x)

<

(A[c,,+d,,x,a,,+bn nF )ﬂ -e
SA4,n(y’x2)5 (11)

if |v4’n (y,x21 <log2.
Taking into account inequalities (8) — (11), from the inequality (4) we get

the estimate in (3).
Theorem is proved.

3 The Example

Let {x o >1} be independent identically distributed bivariate random

variables with a distribution function
Flx)=l-e™ —e™ +e™™ x>0,x,>0.

For the chosen centralizing and normalizing vectors

a, =(logn,logn), b, = (1,1),
Cn :(O’O)a dn:(%’%)’
we have
,}LI]:OP(Z" <a,+b,y,W, <c,+d,x)=H(y)L(x); (12)

here
H(y)=expl-e™ =) y.y,eR,
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Llx)=1—e™ —e™ +e™72  x >0,x, >0.

We shall estimate the convergate rate in (12). We have

“V-»2
_ _ e
_ N 2
ul,n(y)_e te - ’
n
e 1702

vl,n(.y):_ ’

n

_ US| e N2 x|
uz,n(y’xl):e Mg - +nfl-e % >

n

_ | e 12 _x

Vz,n()’,xl):e yz(e 4_1]_ " +nll-e " X
=¥

_ . e -2

u3’n(y,x2)=ey2+e n=y _ +nfl—e 7 |,
n
V=

_ -2 e -2

vy, (nxy)=e y‘(e 4—1)— - +nl-e ”J—xz,

L, X2 X efylfJ}Z (e
N 4"‘@ Y2 no_ +n(1_e (xl x2)/n)’

n

X X )2
Vi (y,x)=e™ (e_ % —1)+ e 2 (e_ a —1)— ¢ + n(l _ e larm)/n )— X=X, .

u4,n (y’x)= e

n

Evidently, the order of the convergence rate with respect to n equals % .
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