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Abstract

The mathematical model of wood drying based on detailed trans-
port phenomena considering both heat and moisture transfer have
been offered in the article [1]. The adjustment of this model to the
drying process of papermaking is carried out for the range of mois-
ture content corresponding to the period of drying in which vapour
movement and bound water diffusion in the web are possible. By aver-
aging as the desired models are obtained sequence of the initial value
problems for systems of two nonlinear first order ordinary differential
equations.

Keywords: wood drying, mathematical models, heat and mois-
ture transfer.

1 Introduction

The wet web from the press section is passed over a series of rotating
steam—heated steel cylinders where water is evaporated and carried away
by ventilation air. Paper drying can best be visualized as a repetitive two-
phase process. In phase 1, the sheet picks up sensible heat while in contact
with the steam cylinder. In phase 2, the sheet flashes off steam in the
open draw between the top and bottom cylinders, thus causing the sheet
to spontaneously cool and become ready to pick up sensible heat again.



The beginning into the drying section (warm—up zone) serve princi-
pally to raise the temperature of the paper sheet. Evaporation then quickly
reaches a peak rate which is maintained as long as water is present on the
fiber surfaces or within the large capillaries (constant rate zone). At
the point where the remaining free moisture is concentrated in the smaller
capillaries, the rate begins to decrease (falling rate zone). Finally, the
residual rates within the sheet is more tightly held by physicochemical
forces, and the evaporation rate is further reduced (bound water zone).

Let the moisture content M of web is defined by ratio

M=""v (1)
my

Graphics of the function M (t) during the drying process is convex in
the narrow-band warm—up zone, linear in the constant rate zone, concave
in the falling rate zone and very slowly diminishing in the bound water zone
(see, [2]). On the other hand, the whole process of drying can be divided
into three periods according to the moisture content level. The moisture
content in paperbulk M is greater than the minimum value Mj; for liquid
continuity in the first period. During this period liquid movement and
vapour flow occur. Further, the moisture content M is less than the
value M, but greater than the value M of fiber saturation, in which period
only vapour movement is possible. Finally, the moisture content M
falls below the value M;, when vapour movement and bound water
diffusion control thedrying.

The mathematical model of paper drying for the range of moisture
content M € [My, M) was outlined in our recent elaboration [3]. Now we
are considering the more complicated case M < M;. Simultaneously the
boundary conditions for the governing differential equations having been
given in this case in our opinion more adequately reflect reality.

Let us take into consideration that thetemperature depending value MMy
in the paper [4] isdefined by the following expression

341 -0.133(T — 273)

My = .
100

2 Mathematical models

Since only bound water diffusion and vapour movement control the drying
we have

J=0+Ju, M <M,
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J=Jv, My <M <M.

For the moisture fluxes jp, j, in the paper [1] by virtue of Darcy’slaw are
offered the expressions:
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= —Db(l 8) 8x (2)
_ Kypy Opy

]’U — = ILL,U 8$ M (3)

According to paper [5] we can write
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Oz f 77890 (4)
where
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Heat transfer and moisture mass balance equations have been derived

within web (see, [1]). Since we are considering area M < M these equations
are respectively:

or o ar 07y
PP T e (Aax)_Hm%’ (®)

—Pw at Oz ' (9)

Substituting (4) in (2) and after that (2) and(3) in the heat transfer
and moisture balance equations (8) and(9) we obtain the following system
of nonlinear differential equations:

oT 0 oM oT
(Dh 9 + Eno— 9 )

ot oz (10)
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where coefficients Dy, D,,, E}, F,, are functions of the moisture content
M and the temperature T, and are expressed in the following way:

_ Hu K.p, O

D s , 12
" CpPwho P (12)
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D, =-2D _— 13
1 .
Iy = A, (14)
CpPuw
C A Db(l - 8)
E, =" (Eh - ) +n , 15
Hy CpPuw Pw 15)
and for the sake of convenience we introduce the designation
Y val(vpv 8ps ah
A=A+—1h s T 16
T ( or 77 GT) 16)

For the range of moisture content M € [My, Ms)

oh
=0, h=1, —=0
Jb 3 3 M y
therefore in this case we have
Dy,=D,, =0
Let
d;
= —
U

is the duration of drying phase with number ¢ = 1, 2; choose z—axis perpen-
dicular to paper sheet and consider in time movement of fixed cross—section
of paper sheet during two sequential drying phases.
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Taking into account the convective heat and moisture transfer with
external surroundings, we can define for M < M; in the concrete the
boundary conditions:

- 0T oM
- 0T oM or
/\8_36 = (1,-T), Dma—x—l_Em@_x =/ (M,—M), z=46, (18)

(for the first phase of drying — ¢t € [0, 71]);
N 8T oM orT

8$ (T T, ) D 8—$+Em8—x = BQ(M_M(J,)7 xr = 07 (19)
0T oM or
Aa—x = OéQ(Ta—T)7 Dm8—$+Ema—x = BQ(M(J,_M)7 x =24 (20)

(for the second phase of drying — ¢ € [r1, 71 + T2]).
On the other hand, for M € [M;, M3) we must use only the first ones of
the boundary conditions (17)—(20) like it was done in [3]. Let us introduce

the averaged variables
) )
/ / (t,z) (21)
0 0
Using procedure of averaging (similarly as it was done in [10]) and

considering the sequence of drying cylinders we obtain for m < M; systems
of two first order nonlinear ordinary differential equations:

Oql}—\
Oql}—\

dO . 1 Dh a1 EmDh

=3 oo )+ S - 0) - (o~ 1y)|.
dm Kk FE,
dr [61( m) - cppw En 5, 0 Tf)]

(for the first phase of drying —t € [n(mi+72),n(ri+7m2)+7],n =0,1,2,...);

do

_2[ Dy E,.Dj,
%— 5 |:Dm62(Ma_m)‘|‘

(- 2201, - 0.

&%)

CpPuw
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dm . 252

dt s

(for the second phase of drying — ¢ € [n(r + 72) + 71, (n + 1) (11 + 72)],
n=20,1,2,...).

For the range of moisture content m € [M;y, M3) these equations using

(My —m)

the modified boundary conditions receive shorter view:

dO 1
Ut Serpn [a1(To = ©) = k(O = Ty)],

dm 1 £,

[1(Ta = ©) = £(© — T)]

dat deppuw L
(for the first phase of drying —t € [n(mi+72),n(ri+7m2)+7],n =0,1,2,...);
dO 20&2
Y Ta - )
dt  dcppu ( ©)
dm 200 E,,
o —m T, —
dt deppuw L ( ©)
(for the second phase of drying — ¢ € [n(r + 72) + 71, (n + 1) (11 + 72)],

n=20,1,2,...).

So, the obtained mathematical models of paper drying process in pa-
permaking consists of the sequence of initial value problems for the systems
of two nonlinear first order ordinary differential equations. Moreover, these
mathematical models are applicable for the rangeof values of moisture
content M < M. Further, taking into account the behavior of the graphics
M (t) in the neighboring zones of drying (see, [2]), it is possible to continue
the obtained curves.

3 Identification of the parameters

Following [6] we can use expressions

. 1013310f(T)
76 ’
Ips F(T) o
a7 = 307 x 1074 f1(T),
2818.6

J(T) = 16.3737— —1.69081g(T)—5.7546 x 10~3T+4.00073x 10~ 72,

(22)
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The thermal conductivity of web as it was done in [7] can be evaluated
by expressions

1—
AN=419 || 5—— | (5.18 4 9.6M) + 0.57¢ | x 1072,
s+ M

where the voidage of web ¢ delineated as

P 2
—1- 2 (Z4m
: 1000(3+ )

and p according to classical assumptions is calculated following:

C14002K, 14 M
P=" 112 P IrK.M

The coefficient of fibers thickening K, was chosen K, = 0.6. Furthermore,
the specific heat of web ¢, also following [?] can be evaluated by expression

¢, = (0.266 + 0.001167 + M) x 4190.

The bound water diffusion coefficient D; and the permeability to water
vapour flow K, in [1] were taken

Dy=80x10"" K,=12x10"%,

It must be mentioned that K, is one of most significant physical parameters
for mathematical modelling and for the real paper processing we usel, <
1.2x 10715, The density of water vapour p, in external air having its relative
humidity and temperature can be evaluated according to the universal gas
law and expression (5)

_ p’UM’U _ hpSM’U
Pv=TRT T TRT
consequently
M, ="
Pa

For calculations of the partial vapour pressure p, in the web is necessary to
exploit the temperature dependent relation between the relative humidity
h in the voidage of web and the corresponding moisture content M. To
this end is possible to use isotherms offered in the classical work [8]:

h = exp (K K{* - 0.0251), (23)
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with

Ky =1.0327-0.000674T, K, = 17.884—0.14327+0.000236372.

(21)

A number of later fitted expressions for these isotherms are describedand

analyzed in the paper [9]. Unfortunately, when the relative humidity h

tends to 1, then M in all offered expressions approaches infinity, in other

words, the isotherm curve becomes asymptotic to the normal at point h = 1.

The expression (23) allows also to obtain the derivatives %, %. For

evaluating of the coeflicients of proportionality «,;, ¢ = 1,2; similarly that
it was done in the article [10] we can use expressions

UO) i=1,2. (25)

;= 0.044 ———,
« 0.0 ( T d »

Vg

The relation between coefficients «;, 5; is given in the article [11]

a;  Myps(1+ M)p, Oh .
.= =12, 2
& CaPalO RTp oM (26)

Finally, the remaining parameters relating to physical properties of
watervapour, water, air and drying cylinders steel is possible to find in-
appropriate handbooks.

Notation

¢, — specific heat of air, ﬁ,

cp — specific heat of web J

rkg deg?

¢, — specific heat of water V:&Lpour,ﬁ7

d; — length of the drying phase with number ¢ = 1, 2;m,

Dy — bound water diffusion Coefﬁcient,];g;,

Dy, — heat transfer coefficient for moisture content gradient defined by

expression (12),

D,,, — moisture transfer coefficient for moisture content gradient defined
by expression (13),

FE, — heat transfer coefficient for temperature gradient definedby ex-
pression (14),

F,, — moisture transfer coefficient for temperature gradient definedby
expression (15),

f — function of temperature defined by expression (22),
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h — relative humidity,

H,,, — heat of vaporization of water, %
7 — total moisture flux in the web, %,

7» — bound water flux in the web, %,

v — water vapour flux in the web, 75557
k. — thermal conductivity of air, 2L952
m

K1, K3 - temperature dependent parameters in the equation (23)defined
by expressions (24),

K, — web permeability to water vapour flow,m?,

K, — coeflicient of web fibers thickening,

m — averaged moisture content in web defined by expressions (21),

my — mass of fibers in a given volume of web, kg,

m,, — mass of water (including watervapour) in a given volume of web,

kg,

M — moisture content in the web defined by expression (1),2—5 ,
M, — fiber saturation point,:—g ,

My — minimum moisture content of wood for liquid Continuity,Z—g ,
M, —equilibrium moisture content in air with respect toits temperature
and relative humidity,]]z—g ,

M, = 18 — molar weight of vapour,z <

ps — water vapour pressure at saturation Condition,%7

p, — partial water vapour pressure, %,

R = 8314 — universal gas constant

t — time, s,

T — temperature, K,

T, — temperature of external air, K,

T; — temperature of steam drying cylinder, K,

Up — velocity of paper sheet pulling, =,

x — one-dimensional spatial coordinate, m,

aq, ag — coefficients of proportionality in the boundary conditions(18),
(19), (20) defined by expressions (25),

B1, B2 — coefficients of proportionality in the boundary conditions(18),
(19), (20) defined by expressions (26),

6 — thickness of paper sheet,m,

€ — voidage of web, 2—2,

i — function of moisture content and temperature defined by expression(7),

© — averaged temperature in web defined by expressions (21),

k — coefficient of proportionality in the boundary condition (17)

_J
' kmoldeg’
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A — thermal conductivity of web

J

‘mdeg s’

A — modified coefficient of thermal conductivity of web defined by ex-
pression (16),

ty — chemical potential of bound water,Z

rkg?

. . N s
Hy — Water vapour viscosity,—,

. . . . 2
v, — kinematic viscosity of air, 2~

p — density of wet web,

57
kg

m3?

po — density of air, %7,00 — density of water, %,

kg

py — density of water vapour,—<,

pw — basic density (see, [12]),%,
7; — duration of the drying phase with number 7 = 1, 2; s,
& —function of moisture content and temperature defined by expression(6).
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