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Abstract. In the paper, joint discrete universality theorems on the simultaneous approximation of
a collection of analytic functions by a collection of discrete shifts of zeta-functions attached to
normalized Hecke-eigen cusp forms are obtained. These shifts are defined by means of nonlinear
differentiable functions that satisfy certain growth conditions, and their combination on positive
integers is uniformly distributed modulo 1.
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1 Introduction

It is known that some of zeta and L-functions are universal in the sense that their shifts
approximate wide classes of analytic functions. This interesting phenomenon was discov-
ered by S.M. Voronin. In [22], he proved the universality of the Riemann zeta-function
¢(s), s = o + it. More precisely, the Voronin theorem says that if f(s) is a continuous
nonvanishing function on the disc |s| < r, 0 < r < 1/4, and analytic in the interior of
that disc, then, for every ¢ > 0, there exists 7 = 7(¢) € R such that

max
[s|<r

< E.

C<s+i+iT> — f(s)

Later, various authors improved the Voronin theorem and generalized it for other zeta-
functions. One of universal classes contains the zeta-functions attached to certain cusp
forms.
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On joint approximation of analytic functions 109

Let
SL(2,7) = {(CC” Z): a,b,e,d € Z, ad — be = 1}

be the full modular group. The function F'(z) analytic in the half-plane Im z > 0 is called
a cusp form of weight x € 2N (k is even because if x is odd, then F is identically zero)
for the full modular group if, for all (ﬁ Z) € SL(2,7Z), it satisfies the functional equation

F<Zi§) = (cz + d)"F(z)

and, at infinity, has the following Fourier series expansion:

o
_ Z C<m)e27rimz.
m=1

Then the zeta-function {(s, F') of the cusp form F'(z) is defined for o > (x +1)/2 by the

Dirichlet series
— c(m)
(s, F) =)

ms
m=1

and is analytically continued to an entire function. It is convenient to require additionally
that F'(z) would be the Hecke-eigen cusp form, i.e., that F'(z) would be the eigenfunction
of all Hecke operators

TF(z) = “12 3 (“ZH’), m € N.

a d>0 b (mod d)
ad m

In this case, the form can be normalized, and the function ((s, F') has Euler’s product
representation over primes

o -I(-2) (-2

P

where «(p) and 3(p) are conjugate complex numbers such that «(p) + 8(p) = ¢(p). The
classical theory of cusp forms and related zeta-functions can be found, for example, in [1].
Denote D = D,, = {s € C: k/2 < 0 < (k+1)/2}. Let K = K, be the class of
compact subsets of the strip D,, with connected complements, and Ho(K) = Hy,(K)
with K € K, be the class of continuous nonvanishing functions on K that are analytic in
the interior of K. Then, in [10], the following universality theorem has been obtained.

Theorem 1. Suppose that F(z) is a normalized Hecke-eigen cusp form of weight k. Let
K € Kand f(s) € Hy(K). Then, for every e > 0,

liminf%meas{ €[0,T7: bup [C(s+im, F) = f(s)] < 5} > 0.

T—o0

Here meas A denotes the Lebesgue measure of a measurable set A C R.
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In [20], Theorem 1 was generalized for approximation of analytic functions by the
shifts (s + ip(7), F), where ¢(7) is a real differentiable function for 7 > 74 such that
the derivative o' (1) is positive, monotonic, 1/¢'(7) = o(7) and

1
2 -
P(27) max oy <7
as 7 — 00.
In shifts ¢(s + ir, F'), 7 can take arbitrary real values, therefore Theorem 1 is of
continuous type. Also, a discrete version of Theorem 1 is known, see [12]. Denote by
# A the cardinality of the set A.

Theorem 2. Suppose that F(z) is a normalized Hecke-eigen cusp form of weight k. Let
K € Kand f(s) € Hy(K). Then, for every e > 0 and h > 0,

#{0 <k < N:sup |C(s+ikh, F) — f(s)] < 5} > 0.

lim inf
N—oo seK

+1

In [13], Theorem 2 was generalized for more general than {kh} nonlinear sets {(k):
k € N}.

Some collections of zeta and L-functions have a joint universality property. In this
case, a collection of analytic functions is simultaneously approximated by a collection
consisting of shifts of zeta or L-functions. The first joint universality theorem also was
obtained by Voronin. In [21], he proved a joint universality theorem for Dirichlet L-func-
tions L(s,x1),.-.,L(s, x») with nonequivalent Dirichlet characters, see also [2, 4, 7].
A discrete version of the joint universality theorem by using the linear set {kh} was
proposed by Bagchi [2]. Later, many results on the joint universality of zeta and L-func-
tions were obtained, see, for example, [6,9,11] and a survey paper [15].

In joint universality theorems, the zeta-functions approximating a collection of an-
alytic functions must be independent in a certain sense. For example, in the case of
Dirichlet L-functions, this independence is described by nonequivalence of characters.
In the case of periodic zeta-functions, some rank conditions are applied. However, if the
coefficients of Dirichlet series defining zeta-functions are nonperiodic, then the problem
of joint universality for those zeta-functions becomes very complicated. This remark also
concerns the zeta-functions of cusp forms. The first result for a pair of zeta-functions of
cusp forms belongs to Mishou [17]. Let F; and F> be two different normalized Hecke-
eigen cusp forms for the full modular group of weight x; and 2 and Fourier coefficients
c1(m) and co(m), respectively,

&j(m) = ¢j(m)m=m=D/2 =12,

and

>

j(m)

., o>1,j=12

é(S’Fj) = Z

ms
m=1

Let D = {s € C: 1/2 < ¢ < 1}. Then the Mishou theorem is the following statement.

http://www.journals.vu.lt/nonlinear-analysis
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Theorem 3. For j = 1,2, let K; be a compact subset of D with connected complement,
and f;(s) be a continuous nonvanishing functions on K, that is, analytic in the interior
of K. Then, for every € > 0,

1 .
liminffmeaS{T €[0,7]: sup sup [((s+ir, Fj) — f;(s)] < 5} > 0.

T—o0 1<j<2 s€K;

Theorem 3 remains valid [17] also for pairs consisting of the Riemann zeta-function,
Rankin—Selberg L-functions and symmetric square L-functions.

Lee, Nakamura and Parikowski proved in [14] the joint universality theorem for arbi-
trary number of automorphic zeta-functions.

In [8], joint discrete universality theorems for zeta-functions of cusp forms were ob-
tained. Let F, . .., F, be different normalized Hecke-eigen cusp forms of weight x4, . . .,
k., with Fourier coefficients ¢, (m), . . ., ¢.(m), respectively, and let

e
cj(m) ki+1
aF' = . ) >j77 :17"'77
e AT

be the corresponding zeta-functions. For positive numbers h;, j = 1,...,r, define
L(P;hq,... hpym) = {(h1 logp: peP), ..., (h.logp: p € P), 27r},

where PP is the set of all prime numbers. Let D; = {s € C: x;/2 < 0 < (k; +1)/2},
KC; be the class of compact subset of the strip D; with connected complements, and let
Hy(K;), K; € K;, denote the class of continuous nonvanishing functions on K; that are
analytic in the interior of K, j = 1,...,r. The set L(P; hy,..., h,;7) is used for the
definition of a certain independence of the functions (s, F1), .. ., (s, F.). The following
theorem is proved in [8].

Theorem 4. Suppose that the set L(P; hq,...,hy;m) is linearly independent over the
field of rational numbers Q. For j = 1,...,r, let K; € K; and f;(s) € Ho(K;). Then,
for every e > 0,

liminf =

#{0 <k<N: sup sup |[((s +ikhy, F}) — fi(s)] < 5} > 0.

1<j<r s€K;

In shifts ((s + ikh;, F;) of Theorem 4, the linear sets {kh;}, j = 1,...,r, are used.
The aim of this paper is to obtain a version of Theorem 4 by using more complicated
nonlinear sets in place of {kh;}. We remind that a sequence {z;: k € N} C R is called
uniformly distributed modulo 1 if, for every interval [a, b) C [0,1),

. 1 n
Jim =S X ({on}) =0 —a,
k=1
where x[,,p) is the indicator function of [a,b), and {x } denotes the fractional part of .
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Suppose that kg € N, and @1 (t), ..., ¢, (t) are continuously differentiable functions
on [kg — 1/2, o) such that their derivatives ¢’;(¢) satisfy the estimate

<pj(2t)( max L + max <p;(u)) < t, (1)

t<u<2t gp}(u) t<u<2t

and the sequence {¢1(k)ay + -+ o (k)ay: k > ko} is uniformly distributed modulo 1
with real numbers a, ..., a, not all zeros. Denote the class of the above functions by
U, (ko). Then the following theorem is true. The forms F7, ..., F, are not necessarily
different.

Theorem 5. Suppose that (o1, ...,¢.) € Up(ko). Forj =1,...,r, let K; € K; and
fi(s) € Ho(Kj). Then, for every e > 0,

1
MHmf——————#{hpgkglw

N—oo N —kg+1
sup sup |<(8+i(pj(k‘),Fj) — fj(s)| < 5} > 0.
1<j<r s€K;

Theorem 5 has the following modification.

Theorem 6. Suppose that (p1,...,¢,) € Up(ko). Forj =1,...,r, let K; € K; and
fj(s) € H()(Kj) Then the limit

1
hm——————#vhgkéN:

N—>ooN*k0+1
sup sup |((s +ig;(k), Fj) — f;(s)] < 5} >0
1<j<r s€K;

exists for all but at most countably many € > 0.

We give an example of the functions ¢;. Let e > 0, and let g(x) be a nonconstant
linear combination of arbitrary real powers of z. Then the sequence {k“g(log k): k > 2}
is uniformly distributed modulo 1, see [5], Exercise 3.15. Therefore, we can take, for
example, ¢, () = t*log” t with 0 < @ < 1 and ¢ > 2. Then estimate (1) is satisfied, and
the sequence {¢1(k)a; + -+ + ¢ (k)a,: k > ko} with real numbers ay, ..., a, not all
zeros is uniformly distributed modulo 1.

Theorems 5 and 6 in a certain sense are joint generalizations of the corresponding
one-dimensional theorems of [13].

Involving the uniform distribution modulo 1 makes the probabilistic method very
convenient for the proof of universality theorems.

2 Probabilistic model

Denote by B(X) the Borel o-field of the space X. Let P,,, n € N, and P be probability
measures on (X, B(X)). We recall that P,, converges weakly to P as n — oo if, for every

http://www.journals.vu.lt/nonlinear-analysis
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real continuous bounded function g on X,

n—00
X X

lim [ gdP, = /gdP.

Let v be the unit circle on the complex plane, and
2= H Vps
peP

where «y, = +y for all primes p. The torus {2, with the product topology and pointwise
multiplication, is a compact topological Abelian group. Define

Q:th'“XQM

where (2; = (2 for j = 1,...,r. Then again, {2 is a compact topological Abelian group.
Therefore, on (£2, B({2)), the probability Haar measure my exists, and we obtain the
probability space ({2, B(§2),mpy). Denote the elements of {2 by w = (w1,...,w;),

where w; € §2;, 7 = 1,...,r. We start with a limit theorem for probability measures
n (£2,B(£2)). For A € B(Q), define

#{ko <k <N: (p7o®pePp), ...,
(p~ier®: p e P) € A}.
For the proof of weak convergence for @y, we will use the Weyl criterion.
Lemma 1. The sequence {xy: k € N} C R is uniformly distributed modulo 1 if and only
if, for allm € Z \ {0},

n

1 .
lim — E eZmimTE — (),
n—oo N
k=1

Proof of the lemma is given, for example, in [5].

Lemma 2. Suppose that the sequence {1 (k)ar+ - -+ or(k)ar: k > ko} is distributed
modulo 1, where a1, .. ., a, are real numbers not all zeros. Then Q) converges weakly
to the Haar measure myg as N — oo.

Proof. We apply the uniform distribution modulo 1 for the investigation of the Fourier
transform gy (kq,...,k,), k; = (kjp: kjp € Z, p € P), j = 1,...,r. We have that the

y Duge ”l
DDz

dual group of {2 is isomorphic to
j=1 peP

where Z;, = Z forallp € Pand j = 1, ..., r. Therefore,

gN(Ela"'vfr /(HHC‘)”’ )dQNv
0

j=1 peP
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/o

where means that only a finite number of integers k;, are distinct from zero. Thus,
by the definition of @y,

N r
an(lrsok) = 57— o TLIT o™

k=ko j=1 pEP

N r
1 . ’
TN kg +1 > eXP{—l E‘ i(k) Y kjplogp}. )
k=ko j=1 p€EP

If (ky,...,k,.) =(0,...,0), then, clearly,
gN(Ela"'vEr):]-' (3)

Since the set {logp: p € P} is linearly independent over the field of rational numbers,

/
Z kjplogp#0 fork#0,j=1,...,r
peP

Therefore, by hypothesis of the lemma, Lemma 1 and (2),
]\}i_l)r(l)ogN(Ela cee 7Er) =0

for (kq,...,k,.) # (0,...,0). This and (3) give

. 1 if(El?"'7Er):(Q7"'7Q)7
lim gn(ki,...,k,.) = )
N—oo 0 if(ky,....k,.) #(0,...,0),
and the assertion of the lemma follows by the continuity theorem for probability measures
on compact groups. O

Lemma 2 implies a limit theorem for probability measures on the space of analytic
functions defined by means of absolutely convergent Dirichlet series. This theorem is
quite standard but plays an important role in the sequel. Denote by H (D) the space of
analytic functions on D; endowed with the topology of uniform convergence on com-
pacta,j =1,...,r,andlet H(Dy,...,D,) = H(Dy) x---x H(D,). For fixed § > 1/2
and m,n € N, we set

and define
>\ ci(m)vp(m
CTL(S7FJ)_Z ]( )s( )7 .7:17 3T
m=1 m
and

http://www.journals.vu.lt/nonlinear-analysis
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where
w;(m) = H wé—(p), m € N.

p'lm
p'THm

Then the latter series are absolutely convergent for o > «;/2 (see [10]). For brevity, let
s=(s1,.--,8), E = (F1,..., F), (k) = (p1(k), ..., pr(k)), and

gn(g—l— ip(k), ) = (Cn (81 +ip1(k), Fl)7 oy G (sr + igpr(k),Fr))

and
gn(§7w7E) = (Cn(813w17F1)7 e >C’I’L(S7’7UJT,FT))'

Now, for A € B(H(Dq,...,D,)), define

- @@ < < : . '
nlA) = oy tt{ke Sk <N: € (s +ip(k). ) € 4)

Lemma 3. Suppose that the sequence {1(k)ar+ - -+ or(k)ar: k > ko} is distributed

modulo 1, where ax, ..., a, are real numbers not all zeros. Then, on (H(Dx, ..., D,),
B(H(D;,...,Dy))), there exists a probability measure P, such that Py, converges

weakly to P, as N — co.

Proof. Define the function u,, : 2 — H (D1, ..., D,) by the formula
un(w) = ¢ (s,w,F).

Since the series ¢, (s;,w;, F;) are absolutely convergent for o; > k;/2,7 =1,...,r, the
function w,, is continuous. Moreover, for A € B(H(D», ..., D,)),

#{ko <k < N: ((p7 ™. peP), ...,

(p_i%‘(k): pE ]P’)) S u;lA}

because
un (P77 Wi p e P, (p7r W p e B)) = ( (s +ip(k),w, F).
Thus, we have that Py ,, = Qnu,, ', where
Qnuyt(A) = Qn(uytA), AeB(H(Ds,...,D,)).

This equality, Lemma 2, the continuity of u,, and Theorem 5.1 of [3] imply the weak
convergence of Py, to P, = mpgu,, Las N — oo. O

Nonlinear Anal. Model. Control, 25(1):108-125
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For further consideration, we recall the metric in H(Dy,...,D,). Forj =1,...,r
and g1, g2 € H(D;), let

g g i 2= l SupSEKﬂ lgl (S) - 92(8)|
1,92 ,
— 1 +supseg,, l91(5) — g2(s)|

where {K;: | € N} is a sequence of compact subsets of D; such that

(o]

U Kjy=D

1=1
Kj C Kjq41),and if K C Dj is a compact set, then K C Kj; with some [ € N. Then
pj is a metric in H(D;), j = 1,...,r, inducing its topology of uniform convergence on

compacta. Putting, for g = (g11,- .., 91r): g,(921,-- .. 92,) € H(D1,...,D;),

p(9,:9,) = max (915, 925)

gives the metric in the space H (D1, ..., D, ) that induces the product topology.
Now, we are able to approximate the collection

£(§+ lf(k)vE) = (C(sl + I(Pl(k) ) T C(Sr lgor(k)aFr))

by ¢ (s +ip(k), F). For this, the Gallagher lemma that connects the continuous and
discrete mean squares of certain functions is useful.

Lemma 4. Suppose that Ty, T > § > 0 are real numbers, and T # () is a finite set in the
interval [Ty + /2, To + T — §/2]. Define

oL

teT
|[t—z|<d

Let S(x) be a complex-valued continuous function on [Ty, T + Ty| having a continuous
derivative on (Ty, T + Tp). Then

>Ny

teT

To+T To+T To+T 1/2

To To To
Proof of the lemma can be found in [18, Lemma 1.4].

Lemma 5. We have
1 N

Jim msup 3 2 2lSle+ig®). E). ¢, (o +iph). F)) =0

http://www.journals.vu.lt/nonlinear-analysis
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Proof. From the definition of the metrics p; and p it follows that it suffices to prove that,
for every compact sets K; C Dy,

N

1 . .
nlin;o I%rljipm Z Sseulgj |C(5 +ip;(k), Fj) — Cn(s—|—1<pj(k),Fj)| =0,

j =1,...,r. Thus, let F be a normalized Hecke-eigen cusp form of weight , {(s, F)

the corresponding zeta-function, and let ¢(t) have properties of the class U, (ko).
It is well known that, for fixed 0, k/2 < 0 < (k 4+ 1)/2,

/ C(o +it, F)[* dt <, T. 4)

Hence, for 7 € R,
[7|+e(t)

|C(J + iu,F)|2du <, (|’r\ + <p(t)).

Therefore, for X > 0,

/|Co+17—|—1ap )‘ dt

2X 1
= o+ir +1 2
_!w,(tﬂg( +ir +ip(t), F)|” de(t)

) 2X  mHe(t)
. 2
<<X2%i>;w<>/d</ Clo+i D) d“)

X 0

1
<o (7] + ¢(2X)) e M X(1+]7]).

Thus, taking X = 2*~17" and summing over k give the estimate

T

/ ‘C(a—l—n’—l—up )‘ dt <, (1+|7’\) 5
ko—1/2

forallreal Tand K /2 < 0 < (K +1)/2.
Estimate (4) and the Cauchy integral formula imply, for fixed o, /2 < 0 < (k+1)/2,
the bound

T
/|C’(a+it,F)|2dt <o T

Nonlinear Anal. Model. Control, 25(1):108-125
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Therefore, similarly as above, we obtain

2X

/( ) ‘C (a—i—n——I—up )‘ dt

X

2X
:/ |§<a+17‘+1<p )’ de(t)
X

22X, THe(t)
: 2
<<Xr<rﬁ)éx<p()/d< / |¢(0 + iu, F)| du)

X 0

<o (|71 + ¢(2X)) A o '(t) <o X(1+|7]).

Thus, we have that, for all real 7 and k/2 < 0 < (k + 1)/2,

T

/ (¢'( )yg(a+n+w )| dt <, T(1+ |7]). (6)

ko—1/2
Now, we apply Lemma 4 with T = {k: k € N, kg < k < N}, Tp = ko — 1/2,

T=N-ky+1,§ =1,and S(z) = ((c + ir + ip(z), F). This, together with (5)
and (6), gives

N
37 [¢(o +ir +ip(k), F)*

k=ko

N+1/2 N+1/2

< / ¢ (o +ir +ip(t), F)| dt+< / ¢(o +ir +ip(t), F)[* dt
ko—1/2 ko—1/2

N+1/2 1/2

X / ( ) |C (J+1T+l(p )| dt)
ko—1/2

<o N(1+]7) (7)

forallreal T and K /2 < 0 < (K + 1)/2.
Let 6 be the same as definition of v, (m), and I'(s) denote the Euler gamma-function.
Then it is known [10] that, for 0 > /2,

O+ioco d
ol /<s+zF n(2) = 8)

9100
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In(s) = %r <Z> n®

Now, let K be an arbitrary fixed compact set of the strip k/2 < o < (k + 1)/2. We take
€ > Osuch that k/2 4+ 2¢ < 0 < (k+1)/2 — ¢ for point s € K. Replace 6 in (8) by —
where 6 > 0. This gives

where

79+1oo
dz
Cul(s, F) = (s, F / C(s+ 2z, F)l () . 9
—f—ioco
Denote points of the set K by s = o + iv and take
. K 1
0= 5, 0= 5 + €.
Then, in view of (9),
|Ca (s +ip(k), F) — (s +ip(k), F)]
/ (s +ip(k 9+tF)wdt
| — 0+ it]

Hence, the shift ¢t + v — ¢ implies

|G (s +ip(k), F) — C(s + ip(k), F)|

<o C<g+£+i(t+<p(k;)) >|l|(2 +;_—88+t;t)l
Therefore,
1 N
N —ko+1 k; Sup [¢(s +ip(k), F) — ¢u(s +ip(k), F)|
1 TIN /k

<27T(N—’%+1)/<kzk: C<2+5+i(t+<p(k)),F>‘>

% su ln(5 +e—s+it \

sEK \2+6—8—|—1t|

L (10,

Using the well-known estimate

[(o+it) < exp{—|t|}, ¢>0,

Nonlinear Anal. Model. Control, 25(1):108-125
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which is uniform for oy < o < 09, we find by the definition of /,,(s) that

(5 4e—s+it)  ne/2re=o
- <
5t+e—s+it 0

c
exp{9|t - v|} < n exp{—clt|}.

Thus, in view of (7),

J<Lgn ¢ / (1+ \t|)1/2 exp{—c|t|} dt <x n~*.
This and (10) show that
N
lim limsup ; Z sup |C(s +ip(k), ) - Cn(s + igo(k),F)’ =0,
n—oo N_oo N —ko+1 se
and the lemma is proved. O

Now we are in position to prove a discrete limit theorem for the collection ((s +
ip(k), F). For A € B(H(Dy,...,D,)), define

=———#{ko <k < N: {(s+ip(k),F) € A}.

Moreover, on the probability space ({2, B(§2), my), define the H(Dy,..., D,)-valued
random element

é(ﬁvwvﬂ) = (C(shwla Fl)a RS C(srvwra Fr))v
where

q%wﬁﬂ)ZEZQQ%%ﬁ@

m=1

and denote by PQ its distribution, i.e.,
Pe(A)=mp{we 2: ((s,w,F) € A}, AeB(H(Dy,...,D,)).

Theorem 7. Suppose that (1, ..., ¢r) € Uy(ko). Then P converges weakly to P as
N — oo. Moreover, the support of the measure P is the set S = S1 X -+ X S;, where

S;={ge€ H(Dj): g(s) #00rg(s) =0}, j=1,...,r

Proof. Let ]5”, as above, be the limit measure in Lemma 3. We observe that the sequence
{P,: n € N} is tight, i.e., for every ¢ > 0, there exists a compact set K = K(¢g) C
H(Ds,...,D,) such that

PU(K)>1—¢
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for all n € N. Actually, let Pnj, 7 =1,...,r, be the marginal measures of If’n. Then it is

well known that the sequences {Pnj: n € N}aretight, j = 1,...,r, see, for example, the
proof of Lemma 4.11 from [19] for more general functions. This is also used in [10, 12].
Therefore, for every € > 0, there exists a compact set K; C H (Dj) such that

Pnj(Kj)>1—§, j=1,...,m (11)

foralln € N. The set K = K X --- x K, is compact in the space H(D1, ..., D,.), and,
by (11),

B(H(Dr.... DONK) <3 By (H(D) \ K) < ¢

for all n € N. Thus, the sequence {P,: n € N} is tight. R
The Prokhorov theorem [3, Thm. 6.1] implies the relative compactness of { P, }. Thus,
there exists a subsequence { P, } weakly convergent to a certain probability measure P
on H(Dy,...,D,),B(H(Dy,...,D,))asl — oo.
_ In what follows, we will use the convergence in distribution 2. Denote by X " =

X, (s) the H(Dq,... ,ADT)—valued random element with the distribution P,. Then the
weak convergence of P,, can be written as

X =P (12)

=M 500
On a certain probability space with a measure p, define a discrete random variable 65 by
M(ON:SO(I{:)):;’ k:k()?"'aNa
= N—ky+1

and define the H(D;, ..., D, )-valued random element
XN,n = XN,’!L(ﬁ) = Qn(ﬁ + leNa E)

Then the assertion of Lemma 3 can be written in the form

Xy = X, (13)

2n
N—oc0

Moreover, let
XN = XN@) = §(§ + ieNaE)-

The application of Lemma 5 shows that, for every € > 0,

lim lim Sup 1(p(Xn(s), Xnn(s) >¢)

n—00 N_s

N
o 1 . . -
SR e e e ) =0
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This equality together with relations (12) and (13) shows that all hypotheses of Theo-
rem 4.2 from [3] are fulfilled. Thus,

Xy 2 P (14)

N—oc0

or Py converges weakly to the limit measure P as N — co. Moreover, b}Af (14), we have
that the measure P is independent of the choice of the subsequence of {P,,}. Since the

sequence {]5”} is relatively compact, this implies the relation

X, = r

n—oo

This means that Py converges weakly to the limit measure P of Pn. In [8], it was obtained
that P coincides with P.. Moreover, the support of P is the set S. For the proof of this,
in [8], simple observations that B(H(Dy, ..., D,)) = B(H(D,)) x --- x B(H(D,)),
and that the Haar measure my is the product of the Haar measures on (§2;, B(12;)),
j=1,...,r, are applied. O

3 Proof of universality theorems

We recall the Mergelyan theorem on the approximation of analytic functions by polyno-
mials.

Lemma 6. Suppose that K C C is a compact set with connected complement, and f(s)
is a continuous function on K and analytic in the interior of K. Then, for every ¢ > 0,
there exists a polynomial p(s) such that

sup | £(s) — p(s)] < =
seK

Proof of the lemma can be found in [16], see also [23].
We also recall two equivalents of weak convergence of probability measures.

Lemma 7. Let P,, n € N, and P be probability measures on (X, B(X)). Then the
following statements are equivalent:

(i) P, converges weakly to P as n — 00;

(ii) For every open set G C X,

liminf P, (G) > P(G);

n—oQ

(iii) For every continuity set A of the measure P (A is a continuity set of P if
P(0A) =0, where DA is the boundary of A),

lim P,(A) = P(A).

n— oo

The lemma is a part of Theorem 2.1 of [3].
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Proof of Theorem 5. Lemma 6 implies the existence of polynomials p; (s), . .., p.(s) such
that
sup sup | f;(s) — ep-7(5)| <= (15)
1<G<r s€K; 2
Let
G, = {(gl, .oy 9r) € H(Dq,...,D,): sup sup |gJ — epj(s)f < E}.
1<j<r s€K; 2
By the second assertion of Theorem 7, the collection (eP* S epT(S)) is an element of

the support of the measure Fr. Thus, the set G is an open neighbourhood of an element
of the support of F. Hence, a

P(G.) > 0. (16)
This and the first assertion of Theorem 7, together with Lemma 7(ii) give the inequality
lggigof Py(G,) >0,
or, by the definitions of Py and G,

1
iminf ——— <ESN:
ipint gy <R <

sup sup |((s; +ip;(k), F}) —ePi(®) | << } > 0.
1<j<r s€K; 2

The latter inequality together with (15) proves the theorem. [

Proof of Theorem 6. Let

Qe = {(gl,...,gr) € H(Dy,...,D,): liu_g seulg) {gj(s) ffj(s)’ < s}.
IIRT S J

Since the boundary 8@6 lies in the set

{(91--.9,) € H(D1,....D,): sup sup |g;(s) = f(s)| =<
1<j<r seK;

we have that the boundaries 8G and 8G , do not intersect for different positive €1 and
€2. Hence, the set G isa contlnulty set of the measure P for all but at most countably
many € > 0. Therefore Theorem 7 and Lemma 7(iii) show that

lim P,(G.) = P:(G.) (17)

N—o0 =
for all but at most countably many € > 0. On the other hand, the definitions of G, and
G, together with inequality (15), imply the inclusion G, C G.. Thus, in view of (16),
we obtain that P (G.) > 0, and (17) proves the theorem. O
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