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Abstract. In this paper, we establish the results of nonexistence and existence of blow-up radial
solutions for a k-Hessian equation with a nonlinear operator. Under some suitable growth conditions
for nonlinearity, the result of nonexistence of blow-up solutions is established, a sufficient and
necessary condition on existence of blow-up solutions is given, and some further results are
obtained.
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1 Introduction

Let D?u be a square matrix of second-order partial derivatives for the scalar-valued
function wu, which is called the Hessian matrix in mathematics. In general, the Hessian
matrix can describe the local curvature of the function v with multiple variables. Suppose
A1, Ao, ..., Ay are the eigenvalues of the Hessian matrix D?u, define the k-Hessian
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operator Sy, (A(D?u)) as follows:

Sk (A\(D*u)) = Z AisAiy - Niy, k=1,2,...,N,

1< << - <t <N

where A\(D?u) = (A1, Ma,...,An) is the vector of eigenvalues of DZ?u, that is
Sy (A(D?u)) is the sum of the kth principal minors of the Hessian matrix, and here we
define

L= {X e RY: S (A(D%u)) >0, 1 <1<k}

On the other hand, the k-Hessian operator can also be expressed as the following form of
divergence:

Sk(A(D

P?'M—‘

N
Z S”ul

where S,ij = 0S,(D%u)/ Ou;j, and for more details, see Trudinger et al. [50] and Gavi-
tone [7].

For k > 1, S;.(A(D?u)) is a second-order fully nonlinear differential operator. When
k = N, the k-Hessian operator reduces to the Monge—Ampere operator det D?u, and if
k=1, then S(\(D?u)) turns into a Laplace operator, which implies that the k-Hessian
operator constructs a discrete collection of partial differential operators including the
Monge—Ampere operator det D?u and the Laplace operator Au as special cases.

In this paper, we consider the existence and nonexistence of blow-up solutions for the
following k-Hessian equation with a nonlinear operator:

B(5,F(AN(D*w))) Sy " (AM(D?u)) = f(|zl,u), =R (N > 2k), (1)

where f : C((0,+00) x R — [0,400)) is nondecreasing, and the nonlinear operator
B € X satisfies the following property:

X = {B € C?([0,+00), [0,400)): there exists a constant v > 0
such that, for any 0 < b < 1, B(bs) < b*B(s)}.

Many existing work for the k-Hessian equation is devoted to constructing mathe-
matical theory rather than modeling or exploring new applications. Here we will briefly
mention some potential implications in physics and applied mathematics. Escudero [3]
described some phenomena of non-equilibrium phase transitions and statistical physics
by using the k-Hessian equation. In addition, the k-Hessian equation also gives a class
of important fully nonlinear elliptic operators related to geometric optics [51], study of
quasilinear parabolic problems [40], optimal transportation, and isometric embedding
[19].

The k-Hessian equation of form (1) has attracted much research interest, and there
are many rich literatures concerning the k-Hessian equation. If B(x) = 2*~!, then the
k-Hessian equation (1) reduces to the standard Hessian equation Sy (A(D?u)) = f and the
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standard Monge—Ampere equation when k£ = n. Caffarelli et al. [1] studied the existence
and a priori estimate of the smooth solutions for the k-Hessian equation

Sk(A(D*u)) = f in2CRY,
u=¢ ondf2,

and the work was then extended to more general equations in [25,49]. If B (x) = const #£0,
then the k-Hessian equation becomes the Hessian equation

SyF(N(D*u)) = f, @ e RN (N > 2k),

Covei [2] considered the existence of positive radial solutions for the above Hessian
equation, provided that f = p(|z|)h(u). If B(z) = |z|P~2, p > 2, the k-Hessian
equation (1) turns into the form

wp(S,i/k(/\(DQU))) = f(|a:|,—u) in RV,

which is a p-Poisson Hessian equation, and few work was reported. Thus, since the
k-Hessian equation (1) involves a nonlinear operator ‘B, it includes many interesting
and important equations such as the Hessian equation, the Monge—Ampere equation,
the p-Poisson Hessian equation as special cases. To the best of our knowledge, no re-
sult has been reported on the existence and nonexistence of blow-up solutions for the
k-Hessian equation (1), and this is the first paper using the iterative method to study the
k-Hessian equation involving a nonlinear operator.

The rest of the paper is organized as follows. In Section 2, we firstly study the prop-
erty of the nonlinear operator 8 and then transform the k-Hessian partial differential
equation (1) to an ordinary differential equation. In Section 3, we establish the results of
the nonexistence of blow-up solutions for the k-Hessian equation (1) by some estimations.
In Section 4, a necessary and sufficient condition on existence of blow-up solutions for
equation (1) is established and some further results are obtained.

2 Preliminary results on radial solutions
Before we give a detailed description of our main results, we firstly establish a property
for the inverse operator of the operator s (s).

Lemma 1. Let £(s) = sB(s), B € X, then there exists a nonnegative increasing inverse
mapping £71(s), and for any 0 < b < 1,

£ (bs) = b/ (F) g1 ().

Proof. Firstly, we assert that ®B is an increasing operator if 28 € X. In fact, for any
B € X and s,t € [0, +00), without loss of the generality, let 0 < s < ¢. If s = 0, then,
obviously, B(s) < B(¢) holds. If s # 0, let ¢y = s/t, then 0 < ¢y < 1. It follows from
the property of 5 that

B(s) = Beot) < cfB(t) < B(t),
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which implies that 9B is an increasing operator. Thus we have £/(s) = (s8(s))’ > 0 for
any s > 0, which implies that £ is a bijection on (0, co) and has a nonnegative increasing
inverse mapping £71(s).

On the other hand, forany 0 < b < 1, let ¢ = b1/(1+a) then 0 < ¢ < 1. Thus we
have

£(cx) = cxB(cx) < ' T¥aB(z) = M TL(x), = >0.
Consequently, let s = £(x), then
€7 (s) =ca <L (T E(n)) = £ (bs),

that is

The proof is completed. O

Remark 1. Clearly, if a > 1, then we have
£ (as) < a7 1(5).

Remark 2. The operator set X includes a large class of operators and the standard type
of operators is B(s) = Y, s*, a; > 0. In fact, take @ = min{a, ..., o, } > 0, then
forany 0 < ¢ < 1, one has

B(cs) < c¥B(s).

For B == {z € RY: |2| < R} andr = \/z? + 23 + - + 2%, the following
lemma has been proven.

Lemma 2. (See [18].) Assume y(r) € C?(0, R) is radially symmetric and y('0) = 0.
Then the function u(|x|) = y(r) withr = |z| < Ris C*(Bg), and

St

CR by (N ()T 4 Ry (

S“Auﬂw):{cxw%mw,T =0,

where C%, = N!/(k!(N — k)!).

Now we consider the k-Hessian equation (1). By using Lemma 1, equation (1) can be
transformed into the following form:

S (D) = [£7 (F(le],w))]", @ € RY (N > 2k), @)

Nonlinear Anal. Model. Control, 25(1):126-143


https://doi.org/10.15388/namc.2020.25.15736

130 X. Zhang et al.

Make the radial transformation u(|z|) = y(r), then from Lemma 2 and (2), u(|z|) = y(r)
is a radial solution of equation (1) if and only if y(r) is a solution of the ODE

c};gy"(r><y'y)>“+c§l(y'ff"))k:[s—l(f(r,_y(m))]’“, F>0. ()

Take any central value y(0) = d > 0 for equation (1). Since

S 1/k
i (e [ S [ U rue)]) s =0
~ o \evr ) ort Y -
0

we have y(r) € C*[0, R). Consequently,

J1(0) = tim L=V Oy [ / S e (i y(s))] s "
r—0 r—0 r—0 \ rN CJI%__ll ’

e o O CY10))) S N € o PO IY)) I
_}ao( Ck N1 ) _< ch L ) ) 4)

which implies that y(r) € C?[0, R). Thus it follows from (4) that the following lemma
holds.

Lemma 3. For any number d > 0, assume y € C[0, R) N C*(0, R) is a solution to the
Cauchy problem

r 1/k

, k sV=1 . 2

y'(r) = N Cki,l[ﬂ (f(r,y(s)))] ds , y(0)=d, r>0.
5 “UN-1

Then y(r) € C?(Bgr) and satisfies equation (3) with y'(0) = 0, and

/ /
A, = (yxg,%”,...,%”) €r,, 0<r<R.

Thus in this paper, we only focus on the classical blow-up solutions of the k-Hessian
equation (1), namely, a function u(r) in C2[0, +-00) satisfies the k-Hessian equation (1)
and lim,_, . o, u(r) = oo. Normally, a blow-up behaviour is often caused by singularity
[12,16,20,24,26,27,59,87] and impulse behavior of nonlinearities [4-6, 8, 10,21, 30, 34,
44,45,52,53,56,63-65,90,91] in various complex process, but here blow-up phenomena
refers to the boundary blow of solution; for more details, see [75,77,79, 85].

http://www.journals.vu.lt/nonlinear-analysis
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Our main tool is analysis method and iterative technique as well as some suitable
estimations. Here, in order to make the article more complete, we also recall some analysis
methods and numerical techniques, which have been used to study various nonlinear
ordinary differential equations and partial differential equations such as iterative methods
[9,11,28,29,42,43,48,54,60,61,72,76,81, 84, 86], variational methods [17,31-33,36—
39,41,46,62,67,74,78,80, 83, 88, 89], fixed point theorems [13-15,22,23,35,47,55,57,
66,70,71,73,82], and upper and lower solution methods [58, 68, 69]. These theoretical
methods and tools not only enrich the scientific field of differential equations, but also
give some new scientific explanations and practical applications for the corresponding
natural phenomena.

3 Nonexistence of blow-up solutions

Now let us list a growth assumption, which is to be used in the rest of this paper.

(A) f € C((0,4+00) x [0,400), (0,+0c0)) is nondecreasing on the second variable,
and there exists a positive constant 8 < 1 4+ « such that

Fls,cu) > P f(s,u) V(s u) € (0,+00) x [0, +00), c € (0,1].
Remark 3. Tt follows from (A) that, for any ¢ > 1, (s,u) € (0, +00) X [0, +00),
f(s,cu) < P f(s,u).

Under the above growth condition, we have the following result of nonexistence of
blow-up solution for the k-Hessian equation (1).

Theorem 1. Suppose (A) holds, and the fast decay condition is satisfied:

o] t N_1 1/k
/(tNk_k 5 [21(f(s,1))]kds> dt < +o0, 5)

Ck—l
0 0 N1
then the k-Hessian equation (1) has no positive entire blow-up solutions.

Proof. We shall establish the result of nonexistence by using the method of contradiction.
Suppose that the k-Hessian equation (1) has a positive entire blow-up solution, say u =
y(r). Then by (5), there exists a sufficiently large ¥ > 0 such that

o i t GN—1 » i 1/k
/(Wo/%[g (f(s,1))] ds> dt < 1.

Since y is radially symmetric, by using the standard integrating procedure for (3), we
have
k / sNV—1

T 1/k
y(r) :y(0)+/ <t1\,_k/cﬁf_1[21(f(s,y(s)))]kds) dt. (6)
0 0 -1
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Consequently, for any r > 7 > 0, (6) yields

by 1/k
y(r) = (A‘)_’_/(tNkk/s_[s_l(f<87y(8)))}kds> dt. (7

k—1
C’N—l

Thus it follows from (7), (A), and Remark 1 that

T

f sN-1 1/k
y(r) < (”)+/ (tNk . /W[gfl((y(s)+1)ﬁf(571))]k ds) dt
T 0 N-1

r t 1/k
<y + (y(r) + 1)5/(1+Q) / (tNk—k /SN_l [ (f(s, 1))]k ds) dt
0

k—1
CN—I

<y + (yor) + 1) v s T

which implies that

y(®) | (y(r) + 150+
Sy T

— 0 asr— +oo,

which contradicts with the assumption that y is the positive entire blow-up solution of
equation (1) since 0 < /(1 + a) < 1. Thus (1) has no positive entire radial blow-up
solution, and the proof is completed. O

4 Existence of entire blow-up solutions
Theorem 2. Assume that (A) holds. Then the k-Hessian equation (1) has infinitely many

positive entire blow-up radial solutions if and only if the function f satisfies the following
slow decay condition:

° t 1/k

k N-1
/(tN—k/Sk—l[g_l(f(svl))]kds> dr=re )
0 o Cn_1

Proof. Sufficient condition. We firstly prove that the k-Hessian equation (1) has a pos-
itive radial solution. For this purpose, according to Lemma 3 and (3), we consider the
equivalent integral equation

T 2 t SNfl X 1/k
y(?“)=y(0)+/<tN_k —— [ (f(s,9(5)))] ds) dt. 9)
0

k—1
0 C(N—l

In the following, we shall construct a positive increasing sequence {y(™ (7)},,>1 by
using (9), which is bounded above on [0, R] for any fixed R > 0. For this purpose,

http://www.journals.vu.lt/nonlinear-analysis
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we take the central value y(0) = d > 0 for equation (3), and then define recursively
a sequence {y™ (r)},,>1 on [0, 00) by

yOr)=d Yr>=0
and

r t _ 1/k
y(m)(r) :d_|_/ <tl\lk—k il [2_1(f<s,y(m—1)(s)))}kds) dt. (10)

Ck—l
0 0 N-1

Obviously, {y(™(r)},,>1 is an increasing sequence of nonnegative and increasing func-
tions, and y(m)(r) > dforall > 0and m € N. Thus it is sufficient to prove that the
sequences {3 (r)},,>1 are bounded from above on bounded subsets for obtaining our
desired conclusion.

Fix R > 0, since f is increasing with respect to the second variable y on [0, c0), then
it follows from (A) and Remarks 1 and 3 that

R t
sVl 1
s = (twkk [ S e sy ) as) e
0 N-1

0
R ) t N1 1 ) 1/k
<d+ / (t / Sl ™ @) ds) a

E

R i t GN-1 . 1/k
X/ (w— / ot (£ (£ 1) ds) dt. (11)
0

Hence from the monotonicity of {y™) (R)},,>1 we have
N E (m) <
L(R) == lim_ (y'"™(R)) < +o0.
We assert that L(R) is finite. In fact, if not, by (11), (8),and 0 < 8 < 1 + «, one has

d [ (R) + 20
YT m)

i : 1/k
k N—-1
></ <tm / é«]l%—ll[s_l(f(sal))]kds> a
O O -

— 0 asm — oo,
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w

which is a contradiction. So L(R) is finite, and the mapping L : (0,00) — (0,00) i
increasing since ("™ (r) is an increasing function in (0, c0). Thus for any r € [0, R] and
m > 1, we have

y™ (r) <y (R) < L(R),

which implies that the sequence {(y"™ (1)) },n>1 is bounded from above on bounded sets.
Letting

y(r) := lim y"™ () Vr >0,

m—r o0
and taking the limit for (10), we get that y is a positive solution of (1).
Now to complete the proof, we only need to prove that y blows up. Indeed, by (9)
and (8), we have

r / 1/k
k N1 .
ymzw!(”““o/cj’%ﬁ [ (f (s w(s)] ds) dt
Pk oeN-1 B L\
) (fN-kO/ Sl )] )
r{ & / sV-1 1/k
>d+/<tN—k/C§[ &) [£7"(f(s,min{1,d}))] > di

>d+ (mln{l d})ﬁ/(lJra)

AN 1/k
X/(tN k/le [2—1(f(s71))]kds> dt = 400 asr — 400,

k—1
C
A N-1

which implies that y is a blow-up solution of the k-Hessian equation (1). Noticing that
d € (0,00) is chosen arbitrarily, the k-Hessian equation (1) has infinitely many positive
entire blow-up solutions.

Necessary condition. For the proof of necessity, we still adopt the method of contra-
diction. Suppose y is any positive entire blow-up solution of the k-Hessian equation (1)
and (8) is not true, that is

o] I t sN*l . 1/k
/(Wo/m[ﬁl(f(&l))] dS) dt < oo,

0

and

L N—1 1/k
y(r) =y(0)+/ <L/S[£_l(f(s,y(s)))]kds> dt,

CN A
0 0

http://www.journals.vu.lt/nonlinear-analysis
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Then it follows from the fact of y being a positive solution of the k-Hessian equation (1)

that
v = (e [ et ewen] @) s

k—1
C
5 UN-1

which implies that y(r) is increasing on [0, o). By (A), (9), and Remark 1, one has

N-1

r t 1/k
s <vl0)+ (tjf_k /: [21((y(8)+1)ﬁf(871))]kd8> at

k—1
0 C'Nfl

T t SNfl 1/k
<y(0) + [(y(r))ﬂ]"/(”“)/(tNk_k/ (£ (f(s, 1))]’%15) dt.

Ckfl
0 0 N-1

Noticing that lim,_, { o y(r) = 400, we have

r

14+« l —1 1/k
| < HO) [ #1770 /( ko s ds) y
0

y(r) y(r) ARG

—0 asr — oo,

which is a contradiction. The necessity of Theorem 2 is proved. O

5 Further results

In this section, we discuss some alternative conditions of (A) and give some further
results.

(B) f € C((0,400) x [0, 400), (0,400)) is nondecreasing on the second variable u,
and there exists a positive constant 5 < 1 + « such that, for all s € (0, +00),
f(s,u)/u? is decreasing on the variable u € (0, +00).

Remark 4. Assumption (B) is easy to check, and there is a large class of functions to
satisfy assumption (B). The typical example is f(s,u) = > i~ gi(s)u’, where max{,
Bay.oyBmt <1+a,gi(s) >0,s€(0,00),i=1,2,...,m.

In fact, clearly, f(s,u) is nondecreasing on the second variable u on [0, +00). Take
B =max{B1, B2, ., m} then f(s,u)/u’ is decreasing on the variable u € (0, +00).

Now we show that assumption (B) implies assumption (A).

Proof. Notice that f(s,u)/u” is decreasing on the variable u € (0, 400), for any 0 <
c¢< landu € (0, +00), we have

f(s,u) _ f(s,cu)
ub S (cu)f ’

which implies that f (s, cu) > ¢ f(s,u). The proof is completed. O
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Thus we have the following corollaries:

Corollary 1. Suppose (B) holds and f satisfies the fast decay condition (5), then the
k-Hessian equation (1) has no positive entire blow-up solutions.

Corollary 2. Suppose (B) holds, then the k-Hessian equation (1) has infinitely many pos-
itive entire blow-up radial solutions if and only if f satisfies the slow decay condition (8).

(©) f:(0,4+00) x [0,400) — (0,+00) is continuous and there exists a positive
constant 8 < 1 + « such that 0f /Ou > 0 and

UW < Bf(s,u) Yu € (0,00). (12)

Obviously, (12) implies that f(s,u)/u” is decreasing on the variable u € (0, +00),
and thus Corollaries 1 and 2 can be rewritten as:

Corollary 3. Suppose (C) holds and f satisfies the fast decay condition (5), then the
k-Hessian equation (1) has no positive entire blow-up solution.

Corollary 4. Suppose (C) holds, then the k-Hessian equation (1) has infinitely many pos-
itive entire blow-up radial solutions if and only if f satisfies the slow decay condition (8).

Now we consider the case where the nonlinearity includes a weigh function p, i.e,
f(@,u) = p(|z|)g(u).

(D) f € C(]0,+), (0, +00)) is nondecreasing and p(t) > 0 for ¢t € [0, +00), and
there exists a positive constant 8 < 1 + « such that

u
0<supLB)<oo.
u>0 U

By checking the proof of Theorems 1 and 2, the conclusions can be rewritten as
follows:

Theorem 3. Suppose (D) holds, and the following fast decay condition holds:

o0 t 1/k
k N—1

/(ﬁN—k/%[El(P(S))]kd$> dt < 4o,
CN—l

0 0

then the k-Hessian equation (1) has no positive entire blow-up solution.

Theorem 4. Assume that (D) holds, and the weigh function p satisfies the following slow

decay condition:
) t 1/k
k sN-1 .
/ (tN—k / ot £ (p)] ds) dt = oo, (13)
N—-1

0 0

Then the k-Hessian equation (1) has infinitely many positive entire blow-up radial solu-
tions if and only if the slow decay condition (13) is satisfied.

http://www.journals.vu.lt/nonlinear-analysis
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In addition, noticing that

)
— —ds dt = o0
tN—Fk / 011%711

0

always holds, if the weigh p = const # 0, then we only have the result of existence of
blow-up positive solutions, that is

Corollary 5. Assume that (D) holds, then the k-Hessian equation (1) has infinitely many
positive entire blow-up radial solutions.

6 Numerical example

In this section, we present an example to illustrate our main results.

Example 1. Consider the existence and nonexistence of radial blow-up solutions for the
following 3-Hessian equation:

(55”2 (A(D*))) S5/ (A(D?u)) = p(ja])u/* inR7, (14)
where p(s) > 0, s € (0, +00). Then
() If p(r) = 4/(r3(1 +r*)?), the k-Hessian equation (14) has no positive entire
blow-up solutions.
(i) If p(r) = e"(4r=3 + r~2), the k-Hessian equation (14) has infinitely many

positive entire blow-up radial solution.

In fact, here k = 3, N = 7, f(z,u) = p(|z|)u'/*, and B(x) = 2. Thus we have
£ (z) = 2'/3 and

(s, cu) = p(s)(cu)/* = p(s)e!Pul/? = 2 f(s,u)

for all (s,u) € (0,+00) x [0,4+00), ¢ € (0,1], which implies that (A) holds.
() Ifp(r) = 4/(r*(1 +r*)?), then

7( i /tle (e (f(s 1))}’“ds>l/kdt
) tN—k: / C]’i]__ll ’

%) t 1/3 o
f/ 3/483ds dtf%/;dt@o
= A Cg(1+84)2 5 3/7844_1 .
0 0 0

According to Theorem 1, the k-Hessian equation (14) has no positive entire blow-up
solutions.

Nonlinear Anal. Model. Control, 25(1):126-143


https://doi.org/10.15388/namc.2020.25.15736

138 X. Zhang et al.

(i) If p(r) = e" (4773 + r~2), we have

o) ¢ "
k N-1 o
/ <tMo %[2 l(f(S,l))]kds> gt

0
oo t 1/3 [e%)
3 [e*(4s3 +sh) 3
6

0 0 0

According to Theorem 2, the k-Hessian equation (14) has infinitely many positive entire
blow-up radial solutions.

Remark 5. From Example 1 we can see that assumption (A) permits f(s,u) to have
singularity at s = 0, which allows that the k-Hessian equation (1) can describe some
singular phenomena such as those in [22, 35,58, 68, 69,71, 82].

7 Conclusion

The k-Hessian operator is an important fully nonlinear and non-uniform elliptic par-
tial differential operator, which includes the Monge—Ampere operator and the Laplace
operator as special cases, thus the study of the k-Hessian equation is interesting and
challenging. In this paper, we introduce a new nonlinear operator B with suitable growth
condition, and the k-Hessian equation is extended to more generalized cases. In addition,
we also put forward some suitable growth conditions for nonlinearity for obtaining the
results of nonexistence and existence of blow-up radial solutions for the k-Hessian equa-
tion. The conditions are easy to be checked, and the corresponding results improve and
generalize some recent results such as those in [1,2, 18,25, 49].

Acknowledgment. The authors would like to thank the referee for his/her very impor-
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