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Abstract. In this work, we consider the chiral nonlinear Schrédinger equation in (2 + 1)-
dimensions, which describes the envelope of amplitude in many physical media. We employ the
Lie symmetry analysis method to study the vector field and the optimal system of the equation.
The similarity reductions are analyzed by considering the optimal system. Furthermore, we find the
power series solution of the equation with convergence analysis. Based on a new conservation law,
we construct the conservation laws of the equation by using the resulting symmetries.
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1 Introduction

The nonlinear Schrodinger equation, which plays a very important role in nonlinear evo-
lution equations (NLEEs), has been fully applied in many phenomena, such as fluid
dynamics, nonlinear fiber, molecular biology, quantum mechanics, deep water modeling,
etc. [9, 10, 30]. Up to now, finding for the exact solution of NLEEs still plays a very
important role in the study dynamics of nonlinear phenomena. In the last few decades,
the exact solutions of NLEEs have been extensively studied. The main methods used
are Darboux transformation, the inverse scattering method, Hirota bilinear method, Lie
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symmetry group method [1, 4, 11, 19, 23, 26]. Among them, the Lie symmetry group
method can simultaneously obtain the symmetry, exact solutions and conservation laws
of NLEEs through some effective calculations [3,7,12,16,29,38-45,49].

In the past few decades, the conservation laws has played an increasingly important
role in the research of NLEEs. At the same time, various methods for solving conser-
vation law of the NLEE are also produced, such as Noether’s theorem, characteristic
method, variational approach, conservation theorem [5, 8, 15, 24, 25, 48, 50], etc. The
famous Noether’s theorem establishes the connection between symmetries of NLEEs and
conservation laws. But the disadvantage of the Noether’s theorem is that it is not suitable
for solving NLEE without Lagrangian. In order to solve this NLEE without Lagrangian,
Ibragimov entered a new method for solving the conservation law in 2007. This new
method relies on the notion of Lie symmetry generators, the adjoint equation and formal
Lagrangians of NLEEs. Therefore, this new conservation law will also play an important
role in solving the conservation laws of NLEEs.

In this work, we mainly study the chiral nonlinear Schrodinger (NLS) equation in
(2 + 1)-dimensions

igr + a(qua + qyy) +1[b1(0q; — ¢"¢2) + b2(qq; — ¢ qy)]q =0, (1

where ¢ = q(x,y,t), a means the coefficient of dispersion term, and by, by are the
coefficients of nonlinear coupling terms. In [6], the bright and dark soliton solution of the
chiral NLS equation in (2 4 1)-dimensions (1) is obtained using the constant coefficient
method. In [14], the singular periodic solution of the chiral NLS equation in (2 + 1)-
dimensions (1) is obtained by using the trial solution method. As we all know, the Lie
symmetry and conservation laws of equation (1) have not been studied. Therefore, in this
work, we will mainly study the Lie symmetry and conservation laws of equation (1).

The rest of the paper is structured as follows. In Section 2, we first transform equa-
tion (1) into a form of equations, and then vector field and optimal system are constructed
by using the Lie symmetry analysis method. In Section 3, the symmetry reductions of
equation (1) is obtained by using the optimal system. In Section 4, we obtain the power
series solution of the system by using the power series method. In Section 5, the conser-
vation law of the equation is obtained by the new conservation law. In Section 6, we give
some summaries and discussions.

2 Lie symmetries analysis

In this section, Lie symmetry analysis will be performed on the chiral NLS equation in
(2 4 1)-dimensions (1). Firstly, we consider the complex-valued function g(x, y, t) in the
following form:

q(z,y,t) = u(z,y,t) +iv(z,y,t), (2)

where u(z,y,t) and v(x,y,t) are real-valued functions, and ¢* represents the conjugate
of ¢. Substituting equation (2) into equation (1) and equating the real and imaginary parts,
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we can obtain

Up + a(Vgg + Vyy) + 201 (uvvm — v2um) + 2bg (uvvy — v uy) 0,

3)
g + a(Ugg + Uyy) + 201 (UQUI - uvux) + 20y (u Yy ~ uvuy) =0

To construct the point symmetry of equation (1), we first introduce a Lie group with
a one-parameter Lie transformation group
r— x4+ e (z,y, t,u,v) + O
y = y+e&(z,y,t,u,v) + O(?),
t—t+ef(x,y,t,u,v) +0
u— u+en'(z,y,t,u,0) + O(e?
v = v+ en*(x,y,t,u,v) +O(€2)

~—

where ¢ < 1 means a group parameter, and £, ¢2, €3, n' and n? are the infinitesimal
generators. The vector field corresponding to the above group of transformation as

0 0 0
_ ¢l 2 3
V_g ($7y7tau7v>ax+€ (x7y7t7u7v)ay+§ ($7yat7u7v)at

0 0
1 . 2 i
+77 (:E7yatau7v)au+77 (w7y7tau7v)av7 (4)

where gl(xayﬂfvuvv)’ §2(x,y,t,u,v), §3(x,y,t,u,v), nl(mvyatauvv) and 772(3%?!,757

u, v) are functions of coefficient to be determined. For system (3), pr? will be the second
prolongation, then its invariance condition is

PPV (AN, =0, prPV(As)], =0, (5)

where

Ay = up + a(Vgg + vyy) + 201 (uvv:c - vzux) + 2bg (uvvy — v2uy),
Ay = —vp + a(tgy + uyy) + 201 (uQUw — uvuac) + 2bg (uQUy — uvuy).

On the basis of Lie’s theory, the second prolongation of equation (4) can be written as

+n2zai +n2y86 +n2maix+n2yyafyy

http://www.journals.vu.lt/nonlinear-analysis


http://www.journals.vu.lt/nonlinear-analysis

Lie symmetry analysis, conservation laws and analytical solutions 361

where the coefficient functions are shown as
1z _ 1 1 2 3 1 2 3
n —Dz(n _6uz_guy_gut)+£uzx+£uzy+£uzt7

' = Dy(n' = 'uy — Euy — Eup) + Eugy + Euyy + Euyy,

n't = D, (771 — &y, — §2Uy t) + gy + f2uyt + Eug,

n** = D, (n* — v, — vy — ?’vt) + '0ap + oy + Evgy,

772y =D, (771 - glvw - §2Uy 53%) + flvxy + §2Uyy + fgvyta 6)
77 =D, (771 — 51% - fQUy - 53%) + flvzt + §2Uyt + fgvtm
N = Dao (0" = €'ua — Euy — Eup) + ' Uows + Eawy + E Usat,
nlyy = Dyy(nl - flux - fQUy - §3Ut) + fluxyy + §2uyyy + £3uyyt7
0% = Do (n' — €'vg — Evy — E0¢) + E Vaaa + EVaay + EVgat,
P2 = Dy (0t — €0, — €20, — €30,) + Evayy + vy + Evyyr.

Combining (5) and (6), we can get an equivalent condition of (5) as
(2b1vv, + 2bgvv, )0t + (2bjuv, — 4bjvu, + 2byuv, — 4byvu,)n® + n't
— 2010°0" — 2020° 0" 4 2byuvn®® + 2byuvn® + an**T 4 an®¥?¥ =0, o

(4b1uvg — 2bivug + 4bouv, — 2b2vuy)nl + (—2buu, — 2b2uuy)772 —

— 2buvn'® — 2bouvn™ + 2b1un*® 4 2bou*n + an'®® 4 an'¥?¥ = 0.
Substituting (6) into (7) and then simplifying, we can get the determining equations of
system (3) as

1
g?t = 07 f’i = Ov 53 = Oa 52 = 07 gz = 5537
1 by
55207 65205 5121207 é.i:?gtlv g?:_affv
5120 55207 E;:O, 5;:05 ftltzoy

u
ba v§§’ 1_ Uf?

1 = 1 = = —— 1 = — —
nt - 07 77:5 2ab1 9 77y 2& 9 77u 45157
Elu + 4nt 1
= 0= (G = ot = dntu),

Then we can obtain a very important theorem through further calculations as follows.

Theorem 1. The Lie algebra of infinitesimal symmetry of equation (1) are spanned by the
following six linear independent operators:

0 0 0 0 0
=ge VT BTgy VitV Y
%:13334_} ﬁ—i—tg 1 2 1 g (8)
2 Oxr 2 8 ot 4 5‘ 4 ov’
Vi — ﬁ blt 0 (bly b )g (bly_be)ﬁ
57 "9x by Oy 2aby ou 2aby ov’
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Table 1. Lie bracket of system (3).
Lie \%] Va V3 Va Vs Ve
i 0 0 0 0 Vi Vo—giVa
Vo 0 0 0 0 Vs —5=Va
I
Vi 0 0 0 0 0 0
Vs -V -iv, 1w 0 0 Vs
Vs Z%V3 — Vs ﬁVz; 22}32 Vi 0 —%Vﬁ 0

Based on the commutator operator [V, V]

table of system (3) (see Table 1).

= Vi V; — V; Vi, we can get the commutator

Based on the commutator relations in Table 1, we want to get the adjoint representa-
tions of the vector fields by using the following Lie series:

Ad(exp(eVi))V; =

Then we have

V;.,

€[V, Vj]

1
+ §€[Vka [Vka ‘GH -

2
S
Il
5

SIS 5
S F S S
i |
SIS

]
]
o
A~ A~~~ o~~~
™ ™
S &
—_— — ~— ~— ~—
— — — ~— ~— —
o
|
o

=
|
=

b
Ad(exp(eVh)) Ve = Vi — e<V2 — blvg,) Ad(exp(eVi)) Vs = Vs — eV4,
2

Ad(exp(Vs)) Vs
Ad(exp(eV3)) Vs

Ad(exp(eVz)) Ve

Ad(expleVa))Va =

Ad(exp(eVs)) Vs =

Ad(exp(eVe)) Vs =

b

= Vs~ 5V,
1

= ‘/5 - 56‘/35
1

= ‘/6 + 7€V4)
2a

1

(1 + QG)VQ»
1

(1 + 26)‘/;3,

‘/3 b 6V47

Ad(exp(eVs)) Vi =
Ad(exp(eV3)) Vs =
Ad(exp(eVa)) Vs =
Ad(exp(eV3)) Vi =
Ad(exp(eV3)) Vi =

Ad(exp(eVe)) Ve =

b
m+{w—1%>
b
by

‘/6 - 2 b 6‘/4,
‘/5 - 56‘/27
(1—¢)n,

1
(]. — 56)‘/67

1
‘/2 - %EVAL
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Therefore, we can get the optimal system of (3) according to the adjoint representation
of the vector field (8), then have get V1, Vs, Vs, Vi + hVa, Vi + hVs, Vo + hVs, Vs —
yVs/2 — tVq, V5 — £V /2 — tV7, where h is arbitrary constant.

3 Symmetry reductions

In the previous section, we mainly obtained the vector field and the optimal system of
equation (1). Therefore, in this section, we will mainly do the symmetry reduction of
these optimal systems.

3.1 The generator V3

For the generator V7, we can get
u(z,y,t) = F(),  vl(z,y,t) =G(7), 9
where ¢ = x and 7 = y. Inserting (9) into (3), we can get system (3) of ordinary
differential equations (ODEs) in which F' and G satisfy
aG" — 2b,G*F' + 20, FGG' = 0,

10
aF" — 20, FGF' + 20, F2G' = 0. (10

3.2 The generator V>
For the generator V5, we can obtain
u(z,y,t) = F(§), v(x,y,t) = G(1), 11

where £ = y and 7 = t. Inserting (11) into (3), we can get system (3) of ODEs in which
F and G satisfy

— 2b,G?F' =0, —G' +aF" — 20, FGF' =0, (12)

where F/ = dF/d¢, F” = d?F/d&? and G’ = dG/dr. Solving system (12), we can get
F(&) = c1,G(1) = cg or F(§) = 1€ + ¢2, G(1) = 0. Therefore, we get the solution of
equation (1) as

q(z,y,t) =c1+ica or q(z,y,t) =cry + co,

where c; and ¢, are arbitrary functions.

3.3 The generator V3
For the generator V3, we can obtain
u(z,y,t) = F(E),  v(z,y,t) = G(1), (13)

where ¢ = x and 7 = ¢t. Inserting (13) into (3), we can get system (3) of ODEs in which
F and G satisfy

—20,G?F' =0, —G' 4+ aF" — 20, FGF' =0, (14)
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where F/ = dF/d¢, F” = d?2F/d¢? and G’ = dG/dr. Solving system (14), we can get
F(&) = c1,G(1) = cg or F(§) = 1€ + ¢2, G(7) = 0. Therefore, we get the solution of
equation (1) as

Q<x7y7t> = + ic? or q(xvyat) =y + C2,

where ¢; and cq are arbitrary functions.

3.4 The generator V; + hV,

For the generator V; + hV5, we can get
u(z,y,t) = F(§), v(x,y,t) = G(1), (15)

where £ = y and 7 = ¢t — x/h. Inserting (15) into (3), we can get system (3) of ODEs in
which F and G satisfy

%
%G” — #FGG’ — 2GR =0,
2,

—G' +aF" — TFQG' — 205, FGF' = 0.

3.5 The generator V; + hV3

For the generator V; + hV3, we can get
u(z,y,t) = F(§), v(x,y,t) = G(1), (16)

where £ = x and 7 = t — y/h. Inserting (16) into (3), we can get system (3) of ODEs in
which F and G satisfy
a 2 1/ 2b2 ’r
EG — 201G F" — TFGG =0,
/ 1" / 2b2 2

3.6 The generator V5 + hV3
For the generator V5 + hV3, we can get
w(@,y,t) = F(§),  vl(z,yt)=G(), (17)

where £ = —hx + y and 7 = ¢. Inserting (17) into (3), we can get system (3) of ODEs in
which F and G satisfy

201 hG*F' — 2b,G*F' = 0,

18
—G' + ah®F" 4+ aF" + 20,hFGF' — 205 FGF' = 0. (18)
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where F/ = dF/d¢, F” = d?2F/d¢? and G’ = dG/dr. Solving system (18), we can get
F(&) = 1§ + 2, G(1) = 0or F(§) = c1, G(T) = ca. Therefore, we get the solution of
equation (1) as

Q(x?:%t) = Cl(hx+y) +cy or Q(xvyat) = +1627

where ¢; and co are arbitrary functions.

3.7 The generator Vs — yV3/2 — tV;
For the generator Vi — (1/2)yV3 — tVi, we can obtain

F €]
u(z,y,t) = mf/i) v(r,y,t) = xf/?, (19)

where ¢ = y and 7 = ¢. Inserting (19) into (3), we can get system (3) of ODEs in which
F and G satisfy

§az71 —2b,GF’' =0,
oy (20)
-G+ Za:ﬂF +aF" —2bya 'FGF' =0,

where F/ = dF/d¢, F” = d?2F/d¢? and G’ = dG/dr. Solving system (20), we can get
F(§) = c1€ + c2, G(1) = 3a/(8b2c1x). Therefore, we get the solution of equation (1) as

_cayte 3ia

q($7y,t) - :Cl/2 862611'3/27 (21)
where c; and ¢y are arbitrary functions.
3.8 The generator Vs — zV5/2 — tV;
For the generator V5 — (1/2)xVo — tV}, we can obtain
F(&) G(7)

where ¢ = x and 7 = t. Inserting (22) into (3), we can get system (3) of ODEs in which
F and G satisfy

3
zay_l —20,GF' =0,
3
-G+ Zay_QF +aF" —2biy 'FGF' =0,

where F/ = dF/d¢, F" = d?F/d¢? and G’ = dG/dr. Solving system (20), we can get
F(&) = 1€+ ¢, G(1) = 3a/(8byc1y). Therefore, we get the solution of equation (1) as
1y + co n 3ia

y1/2 8bycry3/2’

q(z,y,t) =

where c; and cq are arbitrary functions.
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4 The power series solutions

Based on the symbolic calculation methods [13,17,18,22,27,28,31-37,46,47], we study
the analytical solution of ODE by through the power series method. When we get the
analytical solution of ODE, we can easily obtain the power series solutions of the original
partial differential equation.

According to (10), we can get

aG" — 201G?*F' + 2, FGG' = 0,

/! / 2 (23)
aF"” =201 FGF' + 22 F°G" = 0.
Below we will use the following hypothetical form to calculate the solution of (23)
F(&) =) Pu£",  G)=>_ Qut" (24)

n=0 n=0

where the coefficients P, and @, (n =0, 1,...) are all constants.
Inserting (24) into (23) yields

o0 o0 2 o0
GZ(TL+ 1)(n+2)Qn+27—n —2by (ZQn7n> Z(n+ 1)Pn+1£n
n=0

n=0 n=0
202 ) Qut™ Y Paf" D (4 1)Quar7" =0,
n=0 n=0 n=0

aY (n+1)(n+2)Py2f" =201 > Qu" > Pu™ > (n+1)Pyi&"
n=0 n=0 n=0

n=0
o0 2 o0
+ 20y ( > P,g”) > (4 1)Qniat =0.
n=0 n=0

When n = 0, we compare coefficients of £ to get

1 1
Q2 = a(legPl — ngoP()Ql), P2 = E(leOPOPI - bQPOQQl) (25)

Generally, when n > 1, we can obtain
Mg Mp

T e A

Qn+2 = mv

with

n k
Mg = 2b, Z Z(n*kJrl)Qij—an—k+1

k=0 j=0

n k
— 2by Z Z(n—k-l-l)Qijijnka?

k=0 3=0
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n k
Mp =2b1 Y Y (n—k+1)Q;Ps_jPort1
k=0 j=0

n k
— 2by Z Z(n_k—i_l)Pij*an*k‘H]'

k=0 35=0

Then we can get the following results:
whenn =1,

1

Q3 = 5(251523]32 + 201 QoQ1 P1 — 26:Q0PoQ2 — b2QuP1Q1 — b Qi Py),

1
(261Q0 Py Py + b1Q1 Py Py + b1Qo P — 2b5 P Qs — 202 Py P Q1)

Py = —
37 3q

when n = 2,

1
= 6?(35169%1:’3 +4b1QoQ1 Py + 2b1Q0Q2 Py + b1Q3 Py — 3b2Q0Q3 Py

—202Q0P1Q2 — 3b2Q1PoQ2 — baQo P2Q1 — b2Q1P1),

Qa4

1
Py = @(3b1Q0P0P3 +3b1QoPLPs + 261 Q1 Py Py + b1Q1 P + b1Q2 Py Py
— 3b2P5 Qs — 4b2 Py PLQ2 — 2bs Py Q1 — b2 PE Q).

From the above derivation we can see that all the coefficients (P, ,,) in the power series
solution of (24) can be represented by a, b1, ba, Qo, Q1, Po, P1, where a, by, ba, Qp, @1,
Py, P, are arbitrary constants. Besides, on the basis of [2,21], we can also prove the
convergence of the coefficients determined by (25)—(26). Thus, we obtain that a power
series solution (24) is the power series solution of (23). Then a power series solution
of (24) can be rewritten into

1
F(f) = PO + P1§ + g(le()POpl — bQPgQ1)£2
+ _ Mp 1
a(n+1)(n+2) 3a
+01Qo P} — 26, P5 Qs — 262P0P1Q1)§3 +en

"+ —(201QoPo P2 + b1Q1 Po Py

G(T) = Qo+ Q17 + %(le(ijl — b2QoPo@Q1) 7’

Mg n+2 1
+a(n+1)(n+2)7— Jr3a

—2b2Q0FPoQ2 — b2Qo P Q1 — ng%PO)T?’ 4.

(201Q3 P2 + 2b1Q0Q1 P
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Then the power series solution of equation (1) is

1
q(z,y,t) = {Po + Pz + E(leopopl — b PiQ1)2?

Mp n+2 1
+a(n+1)(n+2)3j +3a

+ b1QoP? — 20, P2Qy — 26y PyPL Qs )2 + - ]

(261QoPo P2 + b1Q1 Py Py

"H[Qo + @1y + é(leﬁPl — bQoPoQ1)y’

Mq
* a(n+1)(n+2)

_ 2b2QOPOQ2 - b2Q0P1Q1 — sz%PO)yg + .- :| ,

1
Y2 - (leQSPQ +201Qo Q1 Py

where a, by, b2, Qo, Q1, Py, P are arbitrary constants, and other coefficients determined
by (25)—(26).
Based on the previous detailed derivation, we can obtain the following theorem.

Theorem 2. The chiral NLS equation in (2 + 1)-dimensions (1) has the following power
series solution:

(oo} (oo}
g,y t) = Poa" +1)_ Quy, @7)
n=0 n=0

where a, by, ba, Qo, Q1, Po, Py are arbitrary constants, and other coefficients determined
by (25)—(26).

Next, by choosing the appropriate parameters, we draw the graph of the power series
solution and thus illustrate its properties (see Figs. 1, 2).

40
<do 30 T clo 0 0 M0 20 30 40 -15 -10 -5 0 5 10 15

T T

®) (©)

Figure 1. The power series solution of (1) by choosing suitable parameters: (a) perspective view of the real part
of power series solutions (n = 4); (b) the overhead view of the solutions, (c) the wave propagation pattern of
the wave along the z-axis. Here a = 1, b1 = 1, b2 =1, Pp = 1, P = 1, Qo = 10, Q1 = 11. (Online
version in color.)
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(a) (b) (c)

Figure 2. The power series solution of (1) by choosing suitable parameters: (a) perspective view of the real part
of power series solutions (n = 5); (b) the overhead view of the solutions; (c) the wave propagation pattern of
the wave along the z-axis. Herea = 1,b; = 1,b2 = 1, Py = 1, P = 1, Qo = 10, Q1 = 11. (Online
version in color.)

5 Conservation laws

In this section, if we want to derived the conservation law of equation (1), it is necessary to
first find the conservation law of system (3). Therefore, we will use Lie point symmetry (8)
to construct the conservation law of system (3).

A vector C' = (C*,C*,CY) is called a conserved vector for equation (1) if it satisfy
the following conservation equations:

D(C*) + D.(C") + Dy(CY) = 0.

In [20], Ibragimov proposes a new conservation theorem, that is, constructing a conser-
vation law without a Lagrangian quantity in a differential equation. Then on the basis
of [20], the Lagrangian of system (3) can be written as follows:

L = ¢(x,y,t) [—vt + a(Ugy +Uyy) + 201 (u2v$—uvu$) + 2bg (u2vy—uvuy)]
+¢Y(x,y,t) [ut + (Ve +vyy) + 201 (uvvx —v2um) + 2by (uvvy—vzuy)] . (28)

where ¢(z,y,t) and ¥ (z, y,t) are two new dependent variables. The adjoint equations of
system (3) can be written as following form:

L L
* = — = * = — = 2
Su 0, Sv 0 29
with

SL 0L oL oL oL oL oL
== _p = -D,~ —Dy—~+D?—— + D>
5u_ou tow tous  You, T 0w, T vou,,’
0L OL oL oL oL oL oL
—=——-Dj——-D,— —D,—+D>* "~ 4+ D> |
v Ov L ov, Ovy Y Ovy + s [ + Y Qvyy
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Combining with (28) and adjoint equations (29), we can obtain

F* = 6biuvg ¢ + 6bauvyp + 6b1vvg) + 6bavvyth + 2bjuvg, + 20, 0%,
+ 2bouvey + 202079y, — by + A + adyy,

G" = —6biuug, @ — 6bouuyp — 6bvuLy — 6bovuy) — 2bquve)y — 2b1u o,
— 2bouvhy, — 2bau Py, + Gy + Aty + arhy,.

In the above system (30), if we substitute v instead of ¢ and v instead of —1, we can get
system (3). In [20], we know that the conservation vector C = (C1,C? C?,...) has the
following form:

. Jlor oL oL
—enw [aa D<8a>+DDk<aa> }

(30)

njk
oL oL oL
D (W« {Q_D( >_|_...:|_|_D.Dk W { o _...]’
]( ) aunj aun]k ! ( ) aunjk
where W* =1 — &/u (a = 1,2,...,m) are shown in [20].
Using the above formula, we can further write about the conservation vector of (28)
as
L L
Ct:£tL+W”a—+W 0
ou Ut 81}t

" " of OL oL w OL

Cr LW (8% - Det ) 4 DL (W) o2
o OL OL o OL

W (a ‘Drav_t) U P GD
oL oL oL

[ — 'UL u D w

resLew <8uy yauyy>+ v )6uyy
L L L

+W”<a _p,2 ) D, (W)L

vy Ovyy Ovyy

in which W* and W are the Lie characteristic functions.
In order to obtain the conservation vector of system (3), we can use the symmetry
generators V1, Vs, Vs, Vy, V5 and Vg as an example to illustrate.

Case 1. For the generator V7 = 9/0t, we can get the following Lie characteristic

functions:
WY = —uy, WY = —u,. (32)

Inserting (32) into (31), we can get the following conserved vector:

C’f = AVUzg + QVUyy — QUVzg — QUVyy,
CY = aupvy — aUU, — QVLUL; + QUVLy, (33)

Y _
CY = awvy — avugy — auy vy + auvyy,.
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After calculation, we can find the following equation:
Dy(C}) + D, (CY) + Dy(CY) = 0.

Thus, we know that (33) is a conservation law of system (3). Inserting u = (¢ + ¢*)/2
and v = (¢ — ¢*)/(2i) into (33), we can obtain conservation laws of equation (1) as

a * * * *
TV = (905, + 495, — ¢ Gex — ¢ Qyy),

2%
a * * * *

T = 5(08 + 4" e — W4z — 9952),
a *

TV = 5 (45 + 4 0y — 04y — 445,

Case 2. For the generator Vo, = 0/0z, we can get the following Lie characteristic
functions:
WY = —uy, W' = —u,. (34)

Inserting (34) into (31), we can get the following conserved vector:

t_ T _
C5 = uuy + vy, C3 = —vv — uuy + aVUyy — AUy, 35)

Cg = AUz Uy — AVUgy — AlUyVg + AUVgy .
After calculation, we can find the following equation:
Dy(C%) + D, (C3F) + Dy(CY) = 0.

Thus, we know that (35) is a conservation law of system (3). Inserting u = (¢ + ¢*)/2
and v = (¢ — ¢*)/(2i) into (35), we can obtain conservation laws of equation (1) as

1 * * 1 a * *

Ty = Slaz +aar), T = —5(aqf +q"a) + 5 (a4, — 4 ay),
a * * * *

Ty = 5 (4@ + 4 Guy — Gy — 95,)-

Case 3. For the generator V3 = 9/0y, we can get the following Lie characteristic
functions:
W = —u,, WY = —uv,. (36)

Inserting (36) into (31), we can get the following conserved vector:

t_ T _
C3 = uuy + vvy, C3 = auyvy — AVULy — QULVy + AUV, 37)
CY = —vvp — uug + AVULy — AUV,

After calculation, we can find the following equation:

Dy(C%) + Dy (CF) + Dy (CY) = 0.
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Thus, we know that (37) is a conservation law of system (3). Inserting u = (q + ¢*)/2
and v = (¢ — ¢*)/(21i) into (37), we can obtain conservation laws of equation (1) as

a

5 (029 + € Gy — Gy — A0y),

1
=5y +d'e), 5
a

1 * *
T = —-(qq; + ¢"a) + 5; (@zz = 4" doz).

2

Case 4. For the generator V; = v9d/0u — ud/dv, we can get the following Lie

characteristic functions:
WY =, WY = —u. (38)

Inserting (38) into (31), we can get the conserved vector

Ct=o, Cy =0, cy =o. (39)
After calculation, we can find the following equation:

Dy(C}) + Do (C§) + Dy (CY) =0.

Thus, we know that (39) is a conservation law of system (3). Inserting u = (q + ¢*)/2
and v = (¢ — ¢*)/(2i) into (39), we can obtain conservation laws of equation (1) as

Ti=0, TFf=0, TV=0.

Case 5. For the generator V5 = (1/2)z0/0x+(1/2)yd/0y+t0/0t — (1/4)ud/Ou—
(1/4)vd/0v, we can get the following Lie characteristic functions:

1 1 1 1 1 1
W = —§acugﬂ — §yuy —tuy — zu, WY = —5.%‘1}35 — iyvy — tvy — Zv. (40)

Inserting (40) into (31), we can get the following conserved vector:

t __
C5 = alvugy + atviyy — atuvy, — atuvy,

15 1 1 1, 1
+ —u” 4+ sxUUy + SYUUy + VT STVV + YV,

4 2 2 4 2 2
" 1 1 1 1 1
05 = —§xvvt - §xuut + ia:wuyy — iaxuvyy + §ayuyvy
1
+ atvpuy — avu, — iayvuw — atVugs — iayumvy
1 41
— atu,vy + auv, + iayuvxy + atuvy,
CY = —5yvue — Sy + 30YVlag = 5AYUVsy + 24Ty Uy

1
+ atvyuy — aviy — iam}umy — atvugy — gazuyvm

1
— atuy vy + auvy + iaxuvzy + atuvgy,.
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After calculation, we can find the following equation:
Dy (CE) + D, (CF) + Dy(C¥) = 0.

Thus, we know that (41) is a conservation law of system (3). Inserting u = (¢ + ¢*)/2
and v = (¢ — ¢*)/(2i) into (41), we can obtain conservation laws of equation (1) as

at

T; = 5 (9950 — 0" Gow + 045, — 4" 0uy)

1
+7[7(ag; + ¢’ @) +ylagy + ¢"ay) +aq7],

axr * * ay * * * *
T8 = 0y — 4 ) + 37 ey — Gy + 4 ey — Gy
at x a
+ 5 (02t — @z + ¢ Ger — a920) — (947 + 47 a) + 5 (06 — 42),
ay % « axr % * * *
T) = E(qqm —q"Qza) + E(quw — 4zdy + 4 dey — 4y)

a

at Yy *
+ o7 (@ = @ty + a7y = aay) — 5 (9a; +a7a) + o

5 1 (¢"qy — qq;)-

Case 6. For the generator t0/0x — (b1t/b2)0/0y + (v(bry — bax)/(2ab2))0/0u —
((u(bry — bax))/(2abg)d /v, we can get the following Lie characteristic functions:

@ v(bry — bax)

WY =—t T P
Us + bQ Uy + 2ab2
byt (b box) “2)
u\01y — 02T
W = —to, 4 ity by = bat)
Vet b2 Yy 2ab2
Inserting (42) into (31), we can get the following conserved vector:
. byt
Cg = t(uuy + vuy) — ; (uuy + vuy),
2
1
C§ = —t(vvy + uuy) + at(vuyy — uvy,) — §(u2 +v?)
byt
%(uz”y = Uglly + UgyV — Ulgy), (43)
b1t b1t b
CY = L(vvt + uuy) + a—l(uvm — Ugy) + —1(u2 + 112)
b b 2by
+ at(ugpVy — Vzplly + Uyl — Vligy).
After calculation, we can find the following equation:
Dy(C§) + Dx(C§) + Dy (CY) = 0. (44)
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Thus, we know that (43) is a conservation law of system (3). Inserting u = (q + ¢*)/2
and v = (¢ — ¢*)/(21i) into (43), we can obtain conservation laws of equation (1) as

t * * blt * *
Tg = 5 (qqs + " qa) — %(qqy +q*qy),

2

T t * * at * *
T = —5(a9f +d"ar) + 5 (ady, — 4" ayy)

—59¢ + ﬁ(qugg — 42y = 4" Qry + 405y,
byt abit
TY =
TS S (aq +qa) + by
T
0 5

(90, — " qyy)

(qum Gy + 0 Qey — 405,)-

6 Conclusions and discussions

As we mentioned above, the bright and dark soliton solutions of the chiral NLS equa-
tion (1) have been obtained using the constant coefficient method in [6]. The singular
periodic solution of equation (1) has been obtained by using the trial solution method
in [14]. Compared with previous literatures [6, 14], we have obtained some new results,
such as vector field, optimal system, similarity reduction solutions, power series solu-
tions with convergence analysis, and conservation laws of equation (1). Firstly, we have
transformed the complex model (1) to the real system (3) by using the transformation
q(z,y,t) = u(x,y,t) + iv(x,y,t). Then, through the Lie symmetry analysis method,
we have constructed the optimal systems and symmetry reductions of system (3). In
addition, we have also obtained the power series solution of equation (1) by the power
series method. In Figs. 1, 2, when n = 4,5, we have obtained a perspective view of
the real part of the power series solution and the wave propagation pattern of the wave
along the x-axis by selecting the appropriate parameter values. Subsequently, we have
obtained the conservation law related to the lie symmetry of equation (1) by using the new
conservation law method introduced by Ibragimov in [20]. The new results presented in
this work can be used to describe soliton dynamics in nuclear physics and other optical
experiments. Therefore, it is hoped that all the research results in this work can be used to
enrich the dynamic behavior of nonlinear Schrodinger-type equations in engineering and
mathematical physics.
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