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Abstract. Let {£1,&2,...} be a sequence of independent real-valued, possibly nonidentically
distributed, random variables, and let  be a nonnegative, nondegenerate at 0, and integer-valued
random variable, which is independent of {&1, &2, ... }. We consider conditions for {&1,&2, ...}
and 7 under which the distributions of the randomly stopped minimum, maximum, and sum are
regularly varying.
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1 Introduction

Let {&1,&o,. ..} be a sequence of independent random variables (r.v.s) with distribution
functions (d.f.s) {F¢,, Fe,,...}, and let  be a counting random variable (c.r.v.), that is,
a nonnegative, nondegenerate at 0, and integer-valued r.v. In addition, we suppose that the
r.v. n and the sequence {&1, &2, . . .} are independent.

Let Sop:=0,S5, =& + -+ &, forn € N, and let

7
Sn = Z &k
k=1

be the randomly stopped sum of the r.v.s £1,&a, ... .
Next, let £(0) := 0, £(") := max{0,&,,...,&,} forn € N, and let

0 ifn =0,

5(77) —
max{0,&1,..., &} ifn>1,

be the randomly stopped maximum of the r.v.s £1,&o, ... .
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Similarly, let £y := 0, {(y := min{&y,...,&,} forn € N, and let

0 ifn =0,
S =19 .
min{éy,..., &, ifn>1

be the randomly stopped minimum of the r.v.s £1,&o, ... .

We derEte by FE(n)’ Ff(n), and FSLthe d.f.s of 5(n)’ E(”), and S, respectively. We
denote by F the tail of a d.f. F, thatis, F(z) = 1 — F(z) for € R. It is obvious that the
following equalities hold for > 0:

Ff(n) (z) = Z P(n= n)P(g(n) > ),
Feon(z) =Y Pn=n)P(E™ > 1),

Fg,(z) =Y P(n=n)P(S, > z).

We use the following three notations for the asymptotic relations of arbitrary posi-
tive functions f and g: f(x)=o0(g(z)) means that lim,_, f(z)/g(x) = 0; f(x) ~
cg(x), ¢ > 0, means that lim, , f(x)/g(x) = ¢; and f(x) =< g(x) means that
0 < liminf, o f(2)/g(z) < limsup,_, . f(z)/g9(x) < co.

Before discussing the properties of the d.f.s Fg(n), Fém, and Fg,, we recall the
definition of a regularly varying distribution function.

A df. F is regularly varying (F € R,) for some index o > 0 if

im F;(xy) =y ¢

for any y > 0. A rv. X is regularly varying with index o« > 0 if its distribution F'x
belongs to R

An important property following from the definition of R, is that the tail function
of an arbitrary regularly varying d.f. can be represented in the form F'(z) = z~“L(x),
where L is a slowly varying function, that is,

lmlL@w

=1
T—00 L(Jj)

for any y > 0.

In this paper, we consider a sequence {1,&2,...} of possibly nonidentically dis-
tributed r.v.s. We suppose that some of the d.f.s of these r.v.s belong either to the class
Ro with some a > 0 or to the classes R = >0 Ras R+ = UysoRa- We find
conditions under which the d.f.s Fg(”), Fg(n) , and an are regularly varying.

The class of regularly varying functions was introduced by Karamata [14] in the con-
text of real analysis. The notion of regular variation was introduced in probability theory
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by Feller [11] when considering limit theorems for sums of i.i.d. r.v.s. Many analytical
results on regularly varying functions can be found in the monograph by Bingham et
al. [1]. Some applications of regularly varying distributions to finance and insurance are
presented by Embrechts et al. [9]. We further present a few results on randomly stopped
structures related to regularly varying distribution functions.

The following two results present sufficient (Theorem 1) and necessary (Theorem 2)
conditions for the closure of random sum of regularly varying r.v.s, see [10], Proposi-
tions 4.1 and 4.8, respectively.

Theorem 1. Let &1, &, . .. be independent and identically distributed (i.i.d.) nonnegative
rv.s, and let 1) be a counting r.v. independent of {&1, &2, . . .}. Assume that the d.f. Fe, is
regularly varying with index o > 0, En < oo, and F,(z) = o(F¢,(z)). Then the d.f.
Fs, belongs to the class Rq, and F'g, (z) ~ EnFe¢, ().

Theorem 2. Let &1,&,. .. be ii.d. nonnegative r.v.s, and let 11 be a counting r.v. in-
dependent of {§1,&2,...}. Assume that S, is regularly varying with index o > 0 and
En'v? < oo for some p > . Then the d.f. Fy, belongs to the class R, and Fs, (z) ~

EnFe, (z).

The following result on sufficient and necessary conditions for the closure under
random maximum of regularly varying r.v.s was obtained in [13] (see Lemma 5.1(i)).

Theorem 3. Let &1, &, . .. be i.i.d. real-valued r.v.s, and let n) be a counting r.v. indepen-
dent of {£1,&2, ...} such that En < oo. Then F¢w)(x) ~ EnF¢ (x), and hence Fewx)
belongs to the class R, if and only if F¢, belongs to R, o = 0.

Motivated by the presented statements and results obtained in [2,4,5,7,15,18-21,24,
26], we continue to consider conditions under which the d.f.s F¢ o’ Fg(n) , and Fgw belong
to either the class R, with some o« > 0 or the class R. As we mentioned before, we
deal with the case where the sequence {&1, o, ...} consists of independent but possibly
nonidentically distributed r.v.s.

The rest of the paper is organized as follows. In Section 2, we present our main results.
Section 3 consists of some auxiliary lemmas. The proofs of the main results are given in
Section 4. Finally, in Section 5, we present two examples to expose the usefulness of our
results.

2 Main results

In this section, we present the main results of this paper. In all the statements, we sup-
pose that the sequence {£1,&a, ...} and the c.rv. 1) are independent. Our first theorem
describes properties of randomly stopped minima.

Theorem 4. Let {£1,&o,...} be a sequence of real-valued r.v.s. Then F¢, € R for all
k € Nifand only if F¢,, € R for every c.rv. n.

The second theorem below describes sufficient conditions for the regularity of ran-
domly stopped maxima and sums when the c.r.v. n) has a finite support.
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Theorem 5. Let &1, ..., &, be independent real-valued r.v.s, and let 1) be a counting r.v.
independent of {&1,...,&n} such that P(n < m) = 1. Then the df.s Fs, and Few
belong to the class R, o > 0, if the following two conditions are satisfied:

(1) Fe € Ras
(ii) Foreach k > 2, either F¢, € Ry or Fe, (z) = o(F¢, ().

Furthermore, under conditions (1)-(ii), the following tail equivalences hold:

Feop (@) ~ Fs () ~ 27> Plnp=mn) Y Li(x), (1)

kEZ,

where I, = {k = 1,...,n: F¢, € Ra}, and Ly, are slowly varying functions from the
representations Fe¢, (x) = v~ *Ly(x).

The following theorem describes properties of randomly stopped sums and maxima
when the c.r.v. has a finite support. Here we provide both necessary and sufficient condi-
tions for {£1,&a, ... }, but the initial conditions for the collection of the primary r.v.s are
more restrictive than in the previous theorem.

Theorem 6. Let {&1,&, ...} be a sequence of independent real-valued r.v.s such that
Fe () < Fe, (x) for all k > 2. Then the following statements are equivalent:
(i) Fe, € Ry forallk € N;
(i) Fs, € Ry for any c.r.v. n with finite support;
(iii) Feey € Ry for any c.rv. n with finite support.

In the following theorem, we give sufficient conditions under which the randomly
stopped sum is regularly varying in the case of a general c.r.v. 7.

Theorem 7. Let &1,&o,. .. independent real-valued rv.s, and let ) be a counting r.v.
independent of {&1, s, . . .}. Assume the following conditions are satisfied:
(i) Fe, € Ray a > 0;
(i) For a sequence of nonnegative constants {dy,dz,ds, ...} such that dy = 1 and
limsup,,_,.(1/n) > p_, di < oo, it holds that

ka (z) o
Ffl ('r) I

1
lim sup sup —
r—o0 n>1 ﬂ

k’:();

(iii) EnP*! < oo for some p > a.

Then the following tail equivalence holds:
n FEl Z P ) Z dg,
k=1

Fs,(z

and hence Fg, € R.

http://www.journals.vu.lt/nonlinear-analysis
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The following result on sufficient and necessary conditions for the closure under
random maximum of regularly varying r.v.s is a direct generalization of Theorem 3.

Theorem 8. Let &1, &, . .. be real-valued r.v.s such that F¢,(z) > 0 for all x € R, and
let ) be a counting r.v. independent of {&1, &2, .. .}. In addition, suppose that

n
=0 and max{En,E(de>} < 00
k=1

for a sequence of nonnegative constants {d; = 1,ds,...}. Then

Fg(n) (x) ~ F& (Z‘) E ( Z dk> 5
k=1

and hence Fe () belongs to the class Ry, if and only if Fy, belongs to R, o > 0.

Fe, ()

n
. 1
lim sup sup —
z—oo n>1MN =1

3 Auxiliary lemmas

In this section, we give several auxiliary lemmas. Some of these lemmas are originally
stated for wider heavy-tailed distribution classes, which include the class R as a subclass.
Here we restate these lemmas for regularly varying d.f.s. The first lemma follows from
Theorem 3.1 of [3] (see also Theorem 2.1 from [25]).

Lemma 1. Let X,,...,X,, be independent real-valued rv.s. If Fx, € R for k &

{1,...,n}, then
P(ZXk > z> ~ fok(x). )
k=1 k=1

The next lemma is Theorem 4.1 from [23]. This lemma provides necessary and
sufficient conditions for the max-sum equivalence of regularly varying distributions.

Lemma 2. Let Xq,..., X, biindependent real-valued rv.s. Then Fx,, € Rq, a 2 0, if
and only ifmax{0, 1=}, Fx,} € Ra, where Fs, isdf. of sum%, = X1+ -+X,,.
In this case, the asymptotic relation (2) holds.

The next lemma follows from Theorems 3.10, 3.11, and 4.1 by Shimura [23]. It
describes the decomposition property of regularly varying distributions.

Lemma 3. Let X be a real-valued rv., and suppose that Fx € R.. Furthermore,
suppose that X can be decomposed into independent rv.s X1 and X, that is, X =
X1+ Xo. If Fx, € Ry and Fx,(x) < Fx, (x), then Fx, € R.

The following statement was proved in Proposition 1 of [8] and later was generalized
to a broader distribution class in Corollary 3.19 of [12].
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Lemma 4. Ler {X1,...,Xn} be a collection of independent real-valued r.v.s. Assume
that Fx, (z)/F(x) — by as x — oo for some regularly varying d.f. F and some constants
b >0,i€{l,...n}. Then

PTiL Xi>a) |, gy,
F((E) w—)ookzl

In the next lemma, we show in which cases the d.f. Fx, of the sum X, = X; +
.-+ X, and the d.f. Fy(») of the maximum X (") = max{X1,...,X,} belong to the
class R,,.

Lemma 5. Let X1,..., X, be independent real-valued rv.s. Then the d.f.s Fs, and
Fx ) belong to the class R, o > 0, if the following conditions are satisfied:

(1) Fx, € Ra;
(ii) Foreachk =2,...,n, either Fx, € Ry or Fx, (v) = o(Fx, (7))

Furthermore, under these conditions,

Fyx(z) ~ Fs,( TN Li(x

keZ,

where Ly are slowly varying functions from representations F' Fx, () = 27 %Ly(x), and
nf{k'fl Ln Fx, € Rol

Proof. We first consider the sum ¥,,. For n = 2, the statement is well known (see,
e.g., p- 278 in [11], Lemma 1.3.4 in [17], Proposition 4.2.5 in [22] or the case n = 2 of
Corollary 3.19 of [12]). We use induction. Suppose the statement of the lemma holds for
n = K. This means that Fy,,, € R, and, due to Lemma 2,

K
Fy(@) ~a™® Y Li(z) ~ ) Fx,(x)
k=1

kEIK

_ According to the conditions of the lemma, either Fx, ., € R, or Fxy,,(z) =
o(Fxy(x)). Since ¥x41 = Xx + X1, in both cases, we obtain that Iy, € Rq

and
K+1

FEK+1 ($) ~ Z FXk (l‘) ~z Z Lk('r)
k=1 kE€Tk 41
by Proposition 4.2.5 from [22] and Proposition 1.3.6 from [1] on the properties of slowly
varying functions. According to the induction principle, the statement of the lemma holds
for all sums 32,,.
The statement of the lemma for X (") follows immediately from the following asymp-
totic relations:

Fyo(z ( x> :1:}) ~ zn:FXk (@) ~ 27" Y Li(x)
k=1

k=1 keZ,

http://www.journals.vu.lt/nonlinear-analysis
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for each n € N by the classical Bonferoni inequalities and properties of slowly varying
functions. The lemma is proved. O

The following statement follows from Lemma 3.2 of [6].

Lemma 6. Let X1, ..., X, be independent real-valued r.v.s, and let F'x,, € R, for some
v 2 1 and o > 0. Suppose, in addition, that

lim sup = sup Z Fx, (x

r—00 X, n>u

Then, for any p > «, there exists a positive constant ¢ = ¢(p) such that

Fg (x)<c npﬂfxy (z)

foralln > vand x > 0.

In fact, Lemma 3.2 in [6] is proved for nonnegative r.v.s, but the statement remains
valid for real-valued r.v.s. To see this, it suffices to observe that P(X; +-- -+ X,, > x) <
P(X{ -+ X >z and P(X), > 2) = P(X;” >2)forn € N,k € {1,...,n},
x > 0, where a™ denotes the positive part of a.

4 Proofs of main results
In this section, we give detailed proofs of our main results.
Proof of Theorem 4. Let 1 be an arbitrary c.r.v., and set

s :=min{n > 1: P(n=n) > 0}.

Then for any x > 0, we have

n=zx+1
_ FE(%) (LL')P(U = %) (1 + Z < H ka (.’L’)) ]];)((Z Z )
n=sx+1 \ k=s+1
< Fe, (2)P(n = ) (1 + F5K+1(x)P(1)(j_%:)1)>

and
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Therefore we obtain
Fﬁ(w) (33) ~ P(n = %) F&x) (:L‘) 3)

Necessity. If Fg, € R for all k € N, then Fy, € Ra,, Fe, € Ra,, ... for
some nonnegative parameters o, v, ... . This means that, for each k € N, F¢, (z) =
x~* Ly (x) with a slowly varying function L. Hence, for a finite nonrandom »,

Fe, € Ronsota, 4)

by the closure properties of slowly varying functions (see, e.g., Proposition 1.3.6 in
Bingham et al. [1]) because

F&x) ﬁ ) = a~(atres) HLk

k=1
for x > 0. Thus, it follows from (3) and (4) that

Fey € Raytta. CR
for any c.r.v. 7.

Sufficiency. If F¢  €'R for an arbitrary c.r.v. ), then from (3) it follows that F¢ , € R
for any fixed n € N. In addition, for all 2 > 0, we have that F¢, () = F¢,,, () and

= o FE k (z)
FEk (x) - Fﬁ(;l)(x)

Therefore, by the closure properties of slowly varying functions (see, e.g., Proposi-
tion 1.3.6 in Bingham et al. [1]), we obtain that ¢, € R for each k& € N. Theorem 4 is
proved. O

, ke{2,3,...}.

Proof of Theorem 5. To verify that Fg, € R, it suffices to prove that
Fg, (z) ~ 2 *L(x) 5)

for some slowly varying function L.
For all x > 0, we have

Fs,(x) =) P(n=n)P(S, > z)
n=1
By Lemma 5 we conclude that for each n € {1,...,m},
Fs (v) ~a27® Z Ly (z)

k€L,

where Lj, are slowly varying functions. Asymptotic relation (1) now immediately follows.

http://www.journals.vu.lt/nonlinear-analysis
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By the closure properties of slowly varying functions (see Proposition 1.3.6 in Bing-
ham et al. [1]) we conclude that asymptotic relation (5) holds with slowly varying function

SDRIEVD IPAE

kel,

Consequently, Fs, € Rq.-
The proof of the theorem for the d.f. Few is identical to that for Fs, , and hence we
omit it. The theorem is proved. O

Proof of Theorem 6. The implication (i) = (iii) immediately follows from Theorem 5.

Suppose now assumption (iii) holds, that is, Fe € Ry for any c.r.v. n with finite
support. From this assumption it follows that F(n) € R, for each n € N with some
index o, > 0. Applying the classical Bonferroni inequality, we obtain

P(g(") > ) = P( U{fk > x}) ~ ZP(fk > x).
k=1

k=1

Therefore the d.f. max{0,1—Y"7_, F)} belongs to the class R, as well. Lemma 2
and the last asymptotic relation imply that F's, € R,,, and

P(S, > x) ~ Y P& >2) ~P((™ > ) (6)
k=1

forn € N.
Let us consider a c.r.v.  with finite support {0, 1, ..., m}, m > 1. In such a case, by
the asymptotic relation (6) we have

m

Z P(n P(S, >x) ~ Z P(n= n)P(f(") > )

n=1
= F e (7).
Consequently, Fs, € R4 for c.r.v. . The implication (iii) = (ii) is proved.
Finally, we give a proof of the implication (ii) = (i). Since by assumption (ii) Fs, €
R+ for every c.r.v. n with finite support, it follows that
Fs, € Ry )

for each n € N. In particular, Fe, € Ry and F¢ ¢, € Ri. Lemma 3 implies that
F, € Ry and Fy, € R, for some o > 0 because F¢, (z) < F¢, () by the conditions of
the theorem.

Let us continue by induction. Suppose that ¢, € Rq, Fe, € Ra, ..., Fee € Ra
with K > 2. Lemma 1 implies that Fs,, € R, C R4+ and

Fsy (@ Z Fe, (@ ®)

Nonlinear Anal. Model. Control, 25(3):509-522
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The distribution function Fs,. ., € R because of relation (7). In addition, the conditions
of the theorem imply that F¢, (v) < F¢, (v) < F¢ ., (x) foreachk € {1,..., K'}. This,
together with asymptotic relation (8), implies that F's,. (x) < F¢, ., (2). Using Lemma
3, we obtain that F¢,. , € R, C Ry. Now statement (i) of Theorem 6 follows by the
induction principle. This completes the proof. O

Proof of Theorem 7. As in Theorem 5, it suffices to prove the tail equivalence formula (5)
with some slowly varying function L.
For any K € N and all = > 0, define the function

L) = L) Pl =) Y
k=1
In addition, for all x > 0, define

L (x):= hm L ().

— 00

We begin with the existence of this limit. First, for each fixed x, the sequence L}{(x)
is nondecreasing. Second, for each fixed z, the sequence L7 () has an upper bound by
conditions (ii) and (iii). Indeed, condition (ii) implies that

de cin

for all n € N and some positive constant c;, and condition (iii) implies that

K n 0
ZP(n:n)de < ZnP(n:n) =cEn<oo
n=1 k=1

n=1

forall K € N.
Besides that, the function L (x) is slowly varying. Let us prove the asymptotic
relation

Fg,(z) ~ 27 L% (),

which is analogous to (5). For all K € N and x > 0, denote

P x
S
_ X PS> 0P =n) | Sk P(Sh > 2)P(n=n)
Ly (x)z—« Ly (x)z—«
=: N1(K) + J2(K).
We have to prove the inequalities
liminf 7 >1 and limsupJ < 1. 9)

Tr—r00 T—00

http://www.journals.vu.lt/nonlinear-analysis
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Condition (ii) implies that

lim ’ng(x) —dk‘ =0
Fe, (z)

for each fixed k. Consequently, either F'¢, () ~ dj.F'¢, () for positive dy, implying that
Fe, € Rq, 01 Fe, (x) = o(F¢, (z)). By Lemma 5, for all n € N, we have F, € R, and

Tr—r00

Fo (o)~ 3 Fe(2) ~ 2 Ly(2) 3 di.
k=1

ke,

From these asymptotic relations we get that

o . Yo Py =n) Y50 di
liminf J7(K) = limsup J1 (K) = =2 —. (10)
=00 T—00 Yo Pn=mn)3 0 di
Using the obvious inequality lim inf, ,~, J > liminf,_, ., J1(K) and letting K tend
to infinity, we derive from (10) the first inequality in (9).
Since

1 _
lim sup sup ——— Z Fe (2)

r—o00 n>1 anl (x)

1 |F
< lim sup sup < Z ‘f"' (Ii —dy,
k

z—o0 n>1 \ 11—

by condition (ii) of the theorem, we can use Lemma 6 for the numerator of J2(K) to
obtain

> P(S.>2)P=n) <axFe(a) Y n'"'Py=n)
n=K-+1 n=K+1
with some positive constant cs. Therefore

L oo
limsup J2(K) < ¢z limsup 1(7) Z np‘HP(n =n)
Lo 00 L;o(.’E) n=K+1

<cs Z nPTIP(n = n)
n=K+1

with some positive constant cs.
The last inequality together with (10) implies that

limsup J < limsup J1(K) + limsup J2(K)

T—r00 T—00 T—r00
K n
P Pln=mn)> 4, d
S Pn=n)30_,d
Letting K tend to infinity, we get the second desired inequality in (9) by condition (iii) of
the theorem. This completes the proof of Theorem 7. O

k
k + C3E(77p+11{n>K+1})-

Nonlinear Anal. Model. Control, 25(3):509-522
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Proof of Theorem 8. Note that

Feon(@) =PE™ > 2) = 3 Fe, (@) [] Fe; (@)

for all z > 0 and n € N. Therefore

F()(.T) K nf~$k71
F§1 ({L‘) n=1 k=1 F§1 ((E) j=1
[e'e] n F (l‘) k—1
oS ren () [T
n=K+1 k=1 & () j=1
oo n k—1
+ > P=n)> d [[ F, (@)
n=K+1 k=1 j=1
=1 L1(K) + L2(K) + L3(K) an
with an arbitrary K > 2.
For the first term, we have
K n
lim £4(K) = S Pp=n)d dx (12)
n=1 k=1
because lim, oo F¢, (z)/F¢, (z) = dj, for each fixed k.
In addition,
1 Fe, ()
Lo(K)| < sup — k di| E(nl , (13)
| 2( )| n>II)(nk71 F&(x) k (] {71>K})
n
L3(K) < E(del{w}). (14)
k=1
Theorem 8 now follows from equalities (11), (12) and estimates (13), (14). O

S Examples

In this section, we present two examples, which demonstrate the applicability of Theo-
rem 7.

Example 1. Consider a counting r.v. ) and a sequence of i.i.d. real-valued r.v.s {£1, o, . . . }
such that F;, € Rq.

http://www.journals.vu.lt/nonlinear-analysis


http://www.journals.vu.lt/nonlinear-analysis

Regularly distributed randomly stopped sum, minimum, and maximum 521

In this case, conditions (i) and (ii) of Theorem 7 are satisfied with constants d; =
dy = --- = 1. Hence the theorem implies that F'g, (z) ~ En F¢, (z) if En'*? < oo for
some p > «.

Note that this example deals with the same i.i.d. r.v.s as in Theorem 1. The difference
is that Theorem 7 imposes stricter conditions on the c.r.v., which are sufficient for the d.f.
of the random sum to be regularly varying as well as for real valued summands

Example 2. Consider an example similar to that in [16]. Suppose that 7 is an arbitrary
counting r.v. and {{1, &2, ...} is a sequence of independent r.v.s distributed according to
the two-sided Pareto laws

a, a
Fe, (33) = 7’61(,007,1) + (1 — by — a;:)]-[le)(x) + (1 — .%'];‘) 1[1700)(.13),

x|

where a@ > 0, and a, a,j, and by are nonnegative constants such that a;: > 0 and
a;, +bk+a: < 1forallk € N.

In this case, if lim sup,,_, . + >}, a; < 0o and En'*™? < oo for some p > o, then
conditions (i)—(iii) of Theorem 7 are satisfied, and

1
o

> afP(n > k).

k=1

FSn (33) ~

Particularly, if 7 is distributed according to the Poisson law with parameter A > 0 and
ai =1/(k(k+ 1)),k > 1, then

Fg, (x) ~ %(e_/\ +A—1)z~"
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