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Abstract. New extended generalized Kudryashov method is proposed in this paper for the first
time. Many solitons and other solutions of three nonlinear partial differential equations (PDEs),
namely, the (1+1)-dimensional improved perturbed nonlinear Schrodinger equation with anti-cubic
nonlinearity, the (2+ 1)-dimensional Davey—Sterwatson (DS) equation and the (3+ 1)-dimensional
modified Zakharov—Kuznetsov (mZK) equation of ion-acoustic waves in a magnetized plasma have
been presented. Comparing our new results with the well-known results are given. Our results in
this article emphasize that the used method gives a vast applicability for handling other nonlinear
partial differential equations in mathematical physics.

Keywords: solitary solutions, a new extended generalized Kudryashov method, the improved
perturbed nonlinear Schrodinger equation with anti-cubic nonlinearity, Davey—Sterwatson (DS)
equation, the modified Zakharov—Kuznetsov (mZK) equation of ion-acoustic waves in a magnetized
plasma.

1 Introduction

It is well known that nonlinear complex physical phenomena are related to nonlinear
partial differential equations (NLPDEs), which are implicated in many fields from physics
to biology, chemistry, mechanics, engineering, etc. As mathematical models of the phe-
nomena, the investigations of exact solutions of NLPDEs will help one to understand these
phenomena better. In the past several decades, many significant methods for obtaining
exact solutions of NLPDEs have been showed, such as the sine-cosine method [3, 5, 18,
441], the modified simple equation method [2,13,27,28,40,43], the soliton ansatz method
[6-8, 15, 16, 24, 32], the (G'/G)-expansion method [4, 12, 20, 21, 42], the generalized
Kudryashov method [25,30,41], the modified transformed rational function method [38],
the Lie symmetry method [29,34], the travelling wave hypothesis [14,33,39], the extended
trial equation method [9-11,22,23,31] and so on.
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New extended generalized Kudryashov method 599

The objective of this article is to use a new extended generalized Kudryashov method,
for the first time, to construct new exact solutions of the following three nonlinear partial
differential equations (PDEs).

(I) The (1+ 1)-dimensional improved perturbed nonlinear Schrédinger equation with
anti-cubic nonlinearity [17]:

. b1
lEt —|—aExt +bEmz + <E|4

=i[aE, + A(|E|*E). + v1(|E]®) E], (1)

+ by| B2 +b3|E|4>

where i = \/—1, a, b, b, bs, b, a, X and v; are real constants. The independent variables
x and t represent spatial and temporal variables, respectively. The dependent variable
E(x,t) is the complex valued wave profile for the (1 + 1)-dimensional improved per-
turbed nonlinear Schrédinger equation with anti-cubic nonlinearity. Here the coefficients
a and b represent the improved term that introduces stability to the NLS equation and the
usual group velocity dispersion (GVD), respectively. The nonlinearities stem out from
the coefficients of b; for j = 1,2, 3, where b; gives the effect of anti-cubic nonlinearity,
bs is the coefficient of Kerr law nonlinearity, and b3 is the coefficient of pseudo-quintic
nonlinearity, respectively. The parameters o and A represent the intermodal dispersion and
the self-steepening perturbation term, respectively. Finally, v; is the nonlinear dispersion
coefficient. If b; = 0, there is no anti-cubic nonlinearity. which has been discussed in [17]
using the soliton ansatz method.

(Il) The (2 4 1)-dimensional Davey—Sterwatson (DS) equation [19, 26, 35,45]:

. 1
iug + 502 (um + 02uyy) + /\\u|2u —uv, =0, @
Vaz — 07 vyy — 2 (Juf? )

where A is a real constant. The case 0 = 1 is called the DS-I equation, while 0 = i
is the DS-II equation. The parameter A\ characterizes the focusing or defocusing case.
The Davey—Stewartson I and II are two well-known examples of integrable equations in
two space dimensions, which arise as higher dimensional generalizations of the nonlinear
Schrodinger (NLS) equation [19]. They appear in many applications, for example, in
the description of gravity—capillarity surface wave packets in the limit of the shallow
water. Davey and Stewartson first derived their model in the context of water waves from
purely physical considerations. In the context, u(z,y,t) is the amplitude of a surface
wave packet, while v(z, y) represents the velocity potential of the mean flow interacting
with the surface wave [19]. Equation (2) has been discussed in [35] using the numerical
schemes method, in [45] — using the homotopy perturbation method, in [19] — using the
multiple scales method and in [26] — using the first-integral method.

(IIT) The (3 + 1)-dimensional modified ZK equation of ion-acoustic waves in a mag-
netized plasma [36]:

9 _ % 100 g 0 (02 N
16( cx)+30q oz +8x3+8x 8y2+8 qg=0, 3)
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where c is a positive real constant. Equation (3) has been discussed by Munro and Parkes
[36], where they showed that if the electrons are nonisothermal, then the govering equa-
tion of the ZK equation is a modified form refereed to as the mZK equation (3), also they
showed that the reductive perturbation method leads to a modified Zakharov—Kuznetsov
(mZK) equation.

This article is organised as follows: In Section 2, we give the description of a new
extended generalized Kudryashov method for the first time. In Sections 3, 4 and 5, we
solve Egs. (1), (2) and (3) using the proposed method described in Section 2. In Section 6,
the graphical representations for some solutions of Egs. (1), (2) and (3) are plotted. In
Sections 7, conclusions are illustrated. To our knowledge, Eqs. (1), (2) and (3) are not
discussed before using the proposed method obtained in the next section.

2 Description of a new extended generalized Kudryashov method
Consider the following nonlinear PDE:
P(u, Ugy Ugyy Uzy Uty Ugyy Uyy, Uzz, Uy, Utty - - - ) = 07 (4)

where P is a polynomial in u and its partial derivatives in which the highest-order deriva-
tives and the nonlinear terms are involved. According to the well-known generalized
Kudryashov method [25, 30, 41] and with reference to [38], we can propose the main
steps of a new extended generalized Kudryashov method for the first time as follows:

Step 1. We use the traveling wave transformation
U(%%Zat) :u(ﬁ), E = ll$+lzy+l32’—l4t,

where 1, l2, I3 and 4 are a nonzero constants, to reduce Eq. (4) to the following nonlinear
ordinary differential equation (ODE):

H(u, o', d",...) =0, )

where H is a polynomial in u(§) and its total derivatives u'(£), u”(£) and so on, where
"=d/d¢.

Step 2. We assume that the formal solution of the ODE (5) can be written in the
following rational form:

Sio Q) _ AR
S, 5,Q1(€) ~ BRE)

where A[Q(£)] = Z?:o a;Q'(€) and BQ(€)] = Z;n:o ﬂij (€) such that a5 and By, #0

and

u(§) =

(6)

1 1/}7
Q)= [1iexpa(p§)] ’ @
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where exp, (p€) = aP¢ and p is a positive integer. The function Q is the solution of the
first-order differential equation

Q&) = [Q""(¢) —Q(§)]na, 0<a#L ®)
From (6) and (8) we have

BQ

W(€) = Q(Q" — 1) [M} Ina,

(= Q@ - )+ 1@ - 1) | ©
L Qr—1)? {B(A”B — AB") 2332/1’3’3 + 2AB’2] na.

and so on.

Step 3. We determine the positive integers values m and s in (6) by using the homo-
geneous balance method as follows: If D(u) = s —m,D(v') = s — m + p, D(u") =
s —m + 2p, then we have

D[uru(q)] =(s—m)(r+1)+pq. (10)

Step 4. We substitute (6), (8) and (9) into Eq. (5) and equate all the coefficients of Q*
(1 =0,1,2,...) to zero. We obtain a system of algebraic equations, which can be solved
using the Maple, to find the o; (¢ = 0,1,...,5), 3; (j = 0,1,...,m), l1, l2, I3 and I4.
Consequently, we can get the exact solutions of Eq. (4).

The obtained solutions will be depended on the symmetrical hyperbolic Fibonacci
functions given in [1] and [37]. The symmetrical Fibonacci sine, cosine, tangent and
cotangent functions are defined as

Fs) = T g = T
af — a—€ €+ a-¢ (i
tanFs(§) = pr cotFs(§) = P
sFs(§) = % sh[¢ In al, cFs(€) = %ch[ﬁ In al,
tanFs(§) = tanh[¢ Ina], cotFs(€) = coth[¢Ina).

3 Onsolving Eq. (1) using the new extended generalized Kudryashov
method

In this section, we use the above method describing in Section 2 for solving Eq. (1). To
this aim, we assume that Eq. (1) has the formal solution

E(x,t) = (€)eXO=1 ¢ = ka — e, (12)

Nonlinear Anal. Model. Control, 25(4):598-617


https://doi.org/10.15388/namc.2020.25.17203

602 E.M.E. Zayed et al.

where 1(£) and x () are real functions of &, while w, k and € are real constants. Substi-
tuting (12) into Eq. (1) and separating the real and the imaginary parts, we have the two
nonlinear ODEs:

(€ 4+ akw + ak) X'V + wip + by ™3 + botp® + bsyp® + k(bk — ae)y”
— k(bk — ae)x* + EXv? =0 (13)
and
—(e + ak + akw)y' + 2k(bk — ae)x'¢" + k(bk — ae)x"
— k[3A + 201 )0% = 0. (14)

To solve the above coupled pair of Eqs. (13) and (14), we introduce the ansatz:

X' (&) = BY2(€) +, (15)
where 3 and +y are constants. Inserting (15) into Eq. (14), we obtain
3\ 4+ 2v; €+ ak + akw
= d = . 16
A=t —a0 ™ 7= 2hmk—a0 (16)

Substituting (15) along with (16) into Eq. (13), we have the nonlinear ODE
PP Ay + Agpt + Ay + Ayt =0, (17)

where the coefficients A, As, A3 and Ay are given by

b1 (€ + ak + akw)? + 4kw(bk — ae)
A= ———, Ay = 5 3 ;
k(bk — ae) 4k2(bk — ae)
A — 2by(bk — ae) + A(e + ak + akw)
5 2k(bk — ae)? ’

163 (bk — ae) — k(3\ + 201)2 + 4kA(3A + 201)

A
* 16k(bk — ae)? ’

where k(bk — ae) # 0. Setting
V(&) = 9(6), (18)

where g(£) is a positive function of £. Substituting (18) into (17), we have the new
equation
299" — g"* + 4(A1 + Asg® + Asg® + Aug*) = 0. (19)

By balancing gg” with g* in (19), the following formula is obtained:
2(s—m)+2p=4(s—m) = s=m+p.

Let us now discuss the following cases.

http://www.journals.vu.lt/nonlinear-analysis
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Case 1. 1f we choose p = 1 and m = 1, then s = 2. Thus, we deduce from (6) that

g + a1Q(&) + aQ*(€)
Bo + B1Q(E) ’

where ag, a1, aa, fo and F; are real constants to be determined such that as and 51 # 0.

Substituting (20) along with (8) into Eq. (19), collecting the coefficients of each power of

Q! (i = 0,1,...,8) and setting each of these coefficients to zero, we obtain a system of
algebraic equations, which can be solved using Maple, we obtain the following results.

Result 1.

02122 (82 — 260p1 + 32)

Y€)= (20)

—Ina (B2 — 6BoB1 + 652)

Alz A2:

453 8¢ ’ 457 ’
21n%a (28, — —3B841n%a
A, = Bolnal 520 B) 4= 502 La 1)
apf Slehieh )
—Bia
Bo = Po, p1 = P, ap = ap, a; =0, a = %12 2
0
In this case, from (7), (12), (18), (20) and (21) we deduce that Eq. (1) has the solution
1/2
@ _ aofr 1 (ilx(€)—wt])
E(x,t) =4 — — XS =@t 22
(x7 ) {ﬂ(] /38 1:‘:&6} € ( )

From (22) we deduce that Eq. (1) has the dark soliton solution

_Jao §la] " e o)
E(x,t) = {,80 25 {1 tanhQ]} e

and the singular soliton solution

1/2
E(z,t) = {ao %051 [1 — coth flna] } elx(®)=wtl),

Bo 263 2
provided oSy > 0 and 51 < 0.

Result 2.
A —3[9A4% + 8A4,4(2A4 In%a + 343) In?q] e 9A3 4+ 4A41n%a

e 4096A3 ’ T 324,

_ﬁl [2 11'1 an/ —3A4 + 3143] 51 ln ay/ —3A4 (23)
ag =0, o) = ; Qg = ——(———,
8A, 2A4

Bo =0, B1 = P,

provided A4 < 0. In this case, from (7), (12), (18), (20) and (23) we deduce that Eq. (1)
has the solution

1/2
E(x, t) _ 73143 In a-/ 73A4 1 F a5 e(i[X(§)7Wt]).
8A4 4144 1+ af

(24)
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From (24) we deduce that Eq. (1) has the dark soliton solution

3A3 Ina —3A4

B(z,t)=q——" — fanh 14 Y i) (25)
LU= 784, 14, T ¢

and the singular soliton solution

3A3 Inav/—3A4 ¢lna 2 _
E(x.t)=4{—-—"2— th (i[x(&)—wt])
(@) { 8A4 4A,4 0 2 © ’

provided A4 < 0 and A3 > 0.

Case 2. 1If we choose p = 2 and m = 2, then s = 4, thus, we deduce from (6) that

ap + 1 Q(€) + @ (€) + a3Q?(§) + uQ*(€)
Bo + B1Q(§) + B20Q%() 7

where «g, a1, as, as, ag, By, B1 and Py are real constants to be determined such that
ay and B2 # 0. Substituting (26) along with (8) into Eq. (19), collecting the coefficients
of each power of Q' (i = 0,1,...,16) and setting each of these coefficients to zero, we
obtain a set of algebraic equations, which can be solved by Maple, to get the following
results.

Result 1.

9(§) =

(26)

o1 B2 o — 3681 Ina s — 302 1In(a)
ﬁl ) 3 /;731447 4 /;73144 5

A1: )

Oé():O, Q] = «q, Qg =

381V —3A,4 @7
Ay — 6440101 Ina + [24403 — B3 lnza}\/—3A4
2 — B% /7_3144 )
—4A43811Ina + 201/ —3A
Az = 435 L 4}, Bo=0, pr=05, Ba=pe,
381V —3A4

provided A4 < 0. In this case, from (7), (12), (18), (26) and (27) we deduce that Eq. (1)
has the solution

Blap < {0 3ma 1 2 @)
B VRV Y PR B |

Equation (1) has the symmetrical Fibonacci cotangent function solutions

[e51 3lna }1/2 (i
E(z,t) = {5 + ———==|1 — tanFs(¢ §] ix(©)—wt]) 28
and
T = ! In — i ([x(§)—wt])
E(x,t — + ———1|1 — cotFs(¢ ellX W, 29
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From (28) we deduce that Eq. (1) has the dark soliton solution

o 3lna }1/2 .
E(x,t)=¢—+ ————=|1—tanh(£lna elix(©—wt]) (30)
(0= 52+ 5o 1 — e )]
and from (29) we deduce that Eq. (1) has the singular soliton solution
@ 3lna 2 (i -t
E(r,t)=¢—+ ———|1 —coth(élna } e\ Xi&) mwtl) (€2))
()= {5 + g 1 - oleina)
provided A4 < 0 and o181 > 0.
Result 2.
—62 (4 In a/ —3A4 + 3A3)
CYO:O, 01:0, Qo = s 043:(),
8A,
Inay/—3A
O44,L:ﬁ2/17447 ﬁ():O, 51:07 52:ﬁ27
32
A — —3[256 A% ln4(a) + 96424, 1n2(a) + 9A43] (32)
' 4096 A3 ’
1644 1n*(a) 4 943
A2 = )
3244

provided A4 < 0. In this case, from (7), (12), (18), (26) and (32) we deduce that Eq. (1)
has the solution

345 Ina [—3 1Fa* vz _
Blop) =] _34s  a /-3 (i[x(&) ~wt])
(2,7) { sa, T2 VA, Traef €

Equation (1) has the symmetrical Fibonacci cotangent function solutions

343 Ina /-3 vz
E == _ - /= F (i[x(§)—wt])
(x,t) { A, 5 \/ D tan s(f)} e (33)
and 2
_ [ 345 Ina /-3 (ibu(&)—wt])
E(x,t) = { SA, >\ 4, coth({)} e . 34)

From (33) we deduce that Eq. (1) has the dark soliton solution

A 1 — 1/2 .
E(gj?t) = { - zTi - % A—jtanh(f In a)} e(l[X(E)*M])7

and from (34) we deduce that Eq. (1) has the singular soliton solution

3A3 Ina /-3 vz
E —J_ _ h(€1 (1x(§)—wt])
(z,t) { A, 5\ . coth(¢ na)} e ,

provided A4 < 0 and A3 > 0. Simliarly, we can find many other solutions by choosing
another values for s, m and p.
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4 Onsolving Eq. (2) using the new extended generalized Kudryashov
method

In this section, we use the above method describing in Section 2 for solving Eq. (2). To
this aim, we assume that Eq. (2) has the formal solution

u(z,y,t) = w(€)e" P w(z,y) = v(E), (35)
and
£ =x—2ay + at, n(z,y,t) =ax+y+ kt +1, (36)

where u(€), n(x, y,t) and v(£) are all real functions, while «, k and [ are real constants.
Substituting (35) and (36) into Eq. (2) yield the following system of ODEs:
o? (14 40%a®)u”(€) + 22 (&) — (2k + o%a® + o*)u(€)
—2u(§)v'(§) =0, (37

/

(1 —40%a?)"(€) = 2X[u?(€)] . (38)
Integrating (38) with respect to £, we obtain

2

v'(§) = muz(é)JrEa (39)

where ¢ is the constant of integration, and o® # =41/4. Substituting (39) into (37), we
have

02(1 + 402a2)u”(§) + 2\ [1 — (142020[2)] u?(€)

— (2k‘ +o2a? + ot + 2€)u(§) = 0. (40)
By balancing u”" with u?3 in (40), the following formula is obtained:
(s—=m)+2p=3(s—m) = s=m-+p.
Let us now discuss the following cases.

Case 1. If we choose p = 1 and m = 1, then s = 2. Thus, we deduce from (6) that

ap + 1Q(&) + Q*(§)
Bo + 1Q(&) ’

where «ag, oy, s, Bg and By are real constants to be determined such that ap and 51 # 0.
Substituting (41) along with (8) into Eq. (40), collecting the coefficients of each power of
Q' (i = 0,1,...,6) and setting each of these coefficients to zero, we obtain a system of
algebraic equations, which can be solved by Maple, we obtain the following results.

u(§) = (41)

http://www.journals.vu.lt/nonlinear-analysis
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Result 1.

€= [2k+02(a2+02) —o?In’a (1+402a2)],

1
2
Qo = 07 ap = ag, Qg = —0q, (42)

ﬁ - —Q1 A B - a1 A
7 2cmall (1-402a2) Y7 onall (1—402a2)

provided (1 — 402a?)\ > 0. In this case, from (7), (35), (36), (41) and (42) we deduce
that Eq. (2) has the solution

1 — 40202 3 .
u(w,y,t) = (:l:?crlna ( )\U o) . _aazg)e‘”(m’y’t). (43)
From (43) we deduce that Eq. (2) has the singular solitary wave solution
1— 40202 .
u(z,y,t) = <:Falna % csch¢In a])e”’(m’y*t). (44)
Result 2.
1
€= 1 [4k + 202 (a2 + 02) +2Ina (1 + 4(72oz2)]7
— 1 1 —402%2a2
0o =0, o= —oina JI=d0%®) (45)
2 A
1—402%2a2
a2:ﬁlglna %7 6020, ﬁlzﬁla

provided (1 — 40%a?)\ > 0. In this case, from (7), (35), (36), (41) and (45) we deduce
that Eq. (2) has the solution

olna [(1-40%a%) 1F ag)em@,y,w_ (46)

t) =
et = (7 e 1T

From (46) we deduce that Eq. (2) has the shock wave solution

1 1 —402a? 1 .
u(xay7t) = <_U —— ( oa )tanh€ ;a>el'r](x,y,t)

2 A

and the singular solitary wave solution

(@, y,t) = (_01;1@ (1-— Z;JQO[?) woih glga)ein(w,yi).

Case 2. 1If we choose p = 2 and m = 2, then s = 4. Thus, we deduce from (6) that

o+ a1Q(€) + Q?(8) + asQ?(§) + auQ*(€)
Bo + B1Q(§) + B2Q%(€) ’

u(§) = 47)

Nonlinear Anal. Model. Control, 25(4):598-617
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where «q, a1, ao, as, ay, By, B1 and [ are real constants to be determined such that
ay and Bo # 0. Substituting (47) along with (8) into Eq. (40), collecting the coefficients
of each power of Q° (i = 0,1,...,12) and setting each of these coefficients to zero, we
obtain a set of algebraic equations, which can be solved by Maple, to get the following
results.

Result 1.
€= —% [Qk + 02 (042 + 02) + 802 1na (1 + 402012)},
ag = Beolna @, a; =0,
0 = —2By0na @ (48)
as =0, ay =2Ps0Ina %7
Bo = _7152, p1 =0, B2 = Ba,

provided (1 — 402a?)\ > 0. In this case, from (7), (35), (36), (47) and (48) we deduce
that Eq. (2) has the solution

1 —402a2) 1+ a*) |
u(z, y,t) = (20 Ina ( /\U ) l ir Z4§>em(m,y,t). (49)
From (49) we deduce that Eq. (2) has the singular solitary wave solution
1 — 40202 o
u(z,y,t) = (—20 Ina (1= 40%a?) coth[2¢ In a])e"’(“’y’t). (50)
Result 2.
1
e=—3 [2k 4+ 0% (a® + 0°) — 40? In*a (14 40°a?)],
1 — 40202
ag =0, a; =0, ap = —20B301na (+Oé))
2,2 D
1—-4
043207 Oé4:2ﬂ20'h’1& %,

Bo = _%B% B1 =0, B2 = fa,

provided (1 — 402a2))\ > (. In this case, from (7), (35), (36), (47) and (51) we deduce
that Eq. (2) has the solution

1 — 40202 2¢ .
u(z,y,t) = :F<40 Ina ( )\J *) 1 i a4£)e‘”(x’y’t). (52)

http://www.journals.vu.lt/nonlinear-analysis
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From (52) we deduce that Eq. (2) has the singular solitary wave solution

(1—40%a2)

u(z,y,t) = £ (20 Ina esch[2€ In a]) oln(@y.t)

Similarly, we can find many other solutions by choosing another values for s, m and p.

5 Onsolving Eq. (3) using the new extended generalized Kudryashov
method

In this section, we use the above method describing in Section 2 for solving Eq. (3). To
this aim, we assume that Eq. (3) has the formal solution

Q(xayaz7t) :B(§)7 §:k$+ly+pZ_th (53)

where B(¢) is a real function, while k, [, p and w are real constants, to reduce Eq. (3) into
the nonlinear ODE

— 16(w + ke)B' (&) + 30kBY2(&)B'(&) + k(k* + 1 + p*) B (£) =0, (54
where ’ = d/d¢. Integrating Eq. (54) once with respect to £, we have
—16(w + ke)B(E) + 20kB%2(&) + k(k* + 12 + p*) B"(€) + e =0,
where ¢ is the constant of integration. Setting
B(¢) = H*(¢), (55)
we get the equation
—16(w-+ke)H?(€)+20kH3 (&) +2k (K2 +1%+p*) [H (&) + H(E)H" (€)] +¢ = 0. (56)
By balancing H H" with H? in (56), the following formula is obtained:
2(s—=m)+2p=3(s—m) = s=m+2p.

Let us now discuss the following cases.

Case 1. If we choose p = 1 and m = 1, then s = 3, Thus, we deduce from (6) that

ap + 1 Q(§) + 2 Q*(§) + azQ(€)
Bo + B1Q(E) ’

where ag, a1, s, ag, o and (31 are real constants to be determined, such that a3 and
B1 # 0. Substituting (57) along with (8) into Eq. (56), collecting the coefficients of each
power of Q% (i = 0,1,...,10) and setting each of these coefficients to zero, we obtain
a system of algebraic equations, which can be solved by Maple, we obtain the following
results.

H(¢) =

(57)
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Result 1.
_ k242 2) ] 2
ag=0, ar= Al +6—|—p)na7 s = B (k> + 12 + p*)1In’a,
—k[(k? + 12 + p?) In®a + 4
az = =B (k* + 12 + p?) Ina, w= Rl(K” +1 +4'0 JIn"a + C], (58)
—k[(k* + 1% + p*)In*a)?
€= [( 54p) } ) 50207 ﬂ1:51~
In this case, from (7), (53), (55), (57) and (58) we deduce that Eq. (3) has the solution
—(k? + 124 p*) In*a 6as 2
B(&) = 1 .
(©) 5 T Axa0y? (59)

From (59) we deduce that Eq. (3) has the solitary wave solution

(k2 + 12 + p*)2In*(a) 3 ,&hlal?
B(§) = 1 — 2 gech? >—=
&) 6 5 sec 5 (60)
and the singular solitary wave solution
B (k2 + 124 p*)?In*a 3 , Elnal’
B(¢) = 36 1+ 5 csch 5 ,
where £ = kxz + ly + pz + (k/4)[(k% + 12 + p*)In’a + 4c]t.
Result 2.
o =0, a1 =0, o = B (k2 + 12 + p*)1In’a,
E[(k? + 1% + p*)In®a — 4
as =B (K> + 1 +p*) e, w= (F+E+p)n7a—dd (g

4
e=0, o =0, B1 = B1.

In this case, from (7), (53), (55), (57) and (61) we deduce that Eq. (3) has the solution

2 at 2
B(&) = (K> +12+p*) " In*a | —— ] - 2
(©= (242 +0") ' { e (62)
From (62) we deduce that Eq. (3) has the solitary wave solution

(k2 4+ 12 + p?)? In*a
16

¢lna

sech?

B(¢) =
and the singular solitary wave solution

(k2 + 12 + p*)?In*a 1 €na
h
16 ot T

where & = kx + ly + pz — (k/4)[(k* + 1% 4 p?) In®a — 4c]t.

B(§) =
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Case 2. 1f we choose p = 2 and m = 1, then s = 5. Thus, we deduce from (6) that

a0 + a1Q(§) + a2Q*(&) + asQ*(€) + @ (&) + asQ5(€)

NI @)

H(§) =

where o, a1, aa, as, ag, as, By and (7 are real constants to be determined, such that
as and 81 # 0. Substituting (63) along with (8) into Eq. (56), collecting the coefficients
of each power of Q% (i = 0,1,...,16) and setting each of these coefficients to zero, we
obtain a set of algebraic equations, which can be solved by Maple, to get the following
results.

Result 1.

2 2
ap = —gﬁo(k2+l2+/)2) In®a, ay = —551(k2+52+/)2) In’a, Bo = Bo,
B1 = B, an = 4By (K*+17+p?) Ina, as = 451 (K*+17+p?) In’a,

(64)
ay = —40y (k:2+l2+p2) Ina, as = —40 (k2+l2+p2) Ina,

w=—k[(F+P+p*)In’a+¢c|, e= _T?;Qk[(k2+l2+p2) In%a]”.

In this case, (7), (53), (55), (63) and (64) we deduce that Eq. (3) has the solution

2
-2 6 6
B(¢)=|—(K+P2+p)n%a(1- :
(€) 3( +12+p%)Ina 1:ta2§+(1:ta2§)2
With the help of (11), Eq. (3) has the symmetrical Fibonacci cotangent function solutions

(k2 + 12+ p2)2 In*a [1 — 3tanFS2(§)} 2, (65)

Nel i

and

(k> 4+ 12 + p*)*In'a [1 — 3cotFs?(¢)]%. (66)

Nel i

From (65) we deduce that Eq. (3) has the shock wave solution

B(¢) = (kQ + 12 +P2)2 In‘a [1 — 3tanh2(§lna)]2,

o=

and from (66) we deduce that Eq. (3) has the singular solitary wave solution
Lo 2 2\21. 4 2 2
B(¢) = 5(k; +1*+ p*)?In*a [1 — 3coth*(£Ina)]”,
where ¢ = kx + ly + pz + k[(k2 + 12 + p?) In®a + ]t
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Result 2.
ap =0, ar =0, Bo = Bo, p1 = B,
ag =408 (k2 + 12+ p2) In’a, az =45 (k2 +12+ p2) In%a,
oy = —405y (k2 +1%+ p2) In%a, a5 = —45 (k2 +1%+ p2) In%a,
e=0, w:k[(k2+l2+p2)ln2a—c].

(67)

In this case, from (7), (53), (55), (63) and (67) we deduce that Eq. (3) has the solution

2¢ 2
B(€) = 16(k> + % + p*) " In*a ((HSaQE)Q) .

With the help of (11), Eq. (3) has the symmetrical Fibonacci cotangent function solutions

B() = (B + 1+ p*)’In*a [1 — tanFs?(¢)]” (68)
and
B(¢) = (K +1+ p2)2 In*a [1- cothQ(ﬁ)]Q. (69)

From (68) we deduce that Eq. (3) has the solitary wave solution

B(¢) = (K +1°+ p2)2 In*a sech?[¢ Ina), (70)
and from (69) we deduce that Eq. (3) has the singular solitary wave solution

B(¢) = (K> +1° + p2)2 In*a csch?[¢ Inal,

where & = kx + ly + pz — k[(k2 + 12 + p?) Ina — (]t

6 Some graphical representations of some solutions

In this section, we present the graphs of some solutions for Egs. (1), (2) and (3). Let us
now examine Figs. 1-6. as it illustrates some of our solutions obtained in this paper. To
this aim, we select some special values of the obtained parameters: a = 4, by = 1/2,
bs =1/4, k=1,b=2v=3A=2a=2w=1/2and —10 < z,t < 10
inFig. ,a =4, 00 =2,6 =1/4,b3 =4,k =2,b=-1/2,0v=1/3, A = 2,
a=2,1%=1/12and —10 < z,t < 10inFig. 2, a =4, A\ = -3, a = 2,t = 1/2,
oc=1and —10 < z,y < 10inFig. 3;a =5/2, A\ =2, =1/4,y = 0,0 = —1 and
—10< 2,t<10inFig. 4;a=2,k=2,1=3,p=1,c=1/4,z2=1t=4,0=1
and —10 < 2,y < 10inFig. 5;a =5,k =1/2,1=1/2,p = —1/\/5, c=1/2,z =2,
y=—2and —10 < 2z,t < 10 in Fig 6.

From Figs. 1-6 one can see that the obtained solutions possess the dark soliton solu-
tion, the singular soliton solution, the singular solitary wave solution, the solitary wave
solution. Also, these figures express the behaviour of these solutions, which give some
perspective readers how the behaviour solutions are produced.
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Figure 1. Dark soliton solution ¥ (§) of (25).

Figure 3. Singular solitary wave solution u(§)

of (44).

Figure 5. Solitary wave solution H (§) of (60).
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7 Conclusions

For the first time, we have derived many new exact solutions of the three nonlinear partial
differential equations (PDEs), namely, the (1 4+ 1)-dimensional improved perturbed non-
linear Schrédinger equation with anti-cubic nonlinearity, the (2 + 1)-dimensional Davey—
Sterwatson (DS) equation and the (3 + 1)-dimensional modified Zakharov—Kuznetsov
(mZK) equation of ion-acoustic waves in a magnetized plasma using the new extended
generalized Kudryashov method. The obtained solutions will be depended on the symmet-
rical hyperbolic Fibonacci functions. Equation (1) is nonlinear optics, where its solutions
in Section 3 are called bright soliton solutions, dark soliton solutions, singular soliton
solutions and trigonometric function solutions, while Eq. (2) is fluid dynamics, and Eq. (3)
is plasma physics, where their solutions in Sections 4 and 5 are called solitary wave, shock
wave and singular solitary waves. All the solutions obtained in Sections 3—5 will be a good
guide line and great help for a large family of scientists. On comparing our solutions of
these equations with that obtained in [17, 19, 26, 35,36,45], we deduce that our solutions
are new and not reported previously in the literature. Finally, our results in this article
have been checked using the Maple by putting them back into the original equations (1),
(2) and (3).

Acknowledgment. The authors wish to thank the referees for their comments on this
paper.
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