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Abstract. This paper deals with complete controllability of systems governed by linear and
semilinear conformable differential equations. By establishing conformable Gram criterion and rank
criterion, we give sufficient and necessary conditions to examine that a linear conformable system
is null completely controllable. Further, we apply Krasnoselskii’s fixed point theorem to derive
a completely controllability result for a semilinear conformable system. Finally, three numerical
examples are given to illustrate our theoretical results.
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1 Introduction

Conformable calculus and equations has a rapid development in basic theory and appli-
cation in many fields. For example, Khan and Khan [9] concerned the open problem
in Abdeljawad [1] and introduced the generalized conformable operators, which are the
generalizations of Katugampola, Riemann—Liouville, and Hadamard fractional operators.
Bendouma and Hammoudi [3] established the conformable dynamic equations on time
scales with nonlinear functional boundary value conditions and obtained the existence
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of solutions. Bohner and Hatipoglu [4] used conformable derivatives to establish the-
new dynamic cobweb models and obtained the general solutions and stability criteria.
Abdeljawad et al. [2] proposed conformable quadratic and cubic logistic models and
obtained existence theorems and stability of solutions. Jaiswal and Bahuguna [7] proposed
conformable abstract Cauchy problems via semigroup theory, introduced the concept of
mild and strong solution, and obtained existence and uniqueness theorem. Bouaouid et
al. [5] investigated nonlocal problems for second-order evolution differential equation in
the frame of sequential conformable derivatives and presented Duhamel’s formula and
existence, stability, and regularity of mild solutions. Martinez et al. [11] applied this new
conformable derivative to analyze RC, LC, and RLC electric circuits described by linear
differential equations with noninteger power variable coefficients derivative. However,
there are quite a few papers on controllability of systems governed by conformable dif-
ferential equations.

In this paper, we study controllability of linear and semilinear conformable control
systems governed by

D02(t) = Mx(t) + Qui(t), teJ:=[0,t], t; >0, z(0) = zo, (D)
D0x(t) = Ma(t) + f(t,z(t)) + Qu(t), teJ, z(0) = o, (2)

where D% (0 < o < 1) denotes the conformable derivative with lower index zero (see
Definition 1), M € R™*™ and @ € R™*", f : J x R™ — R™. The state z(-) take values
from R™, the control functions u1 (-) and u(-) belong to L?(.J, R").

The main contributions are stated as follows: (i) We establish conformable Gram
criterion and rank criterion to give the necessary and sufficient conditions to guarantee
(1) is null completely controllable. The corresponding control function is also presented.
(i1) We construct a suitable control function and apply Krasnoselskii’s fixed point to derive
complete controllability of (2).

2 Preliminaries and notation

Let R™ be the n-dimensional Euclid space with the vector norm ||-|| and R”*"™ be the nxn
matrix space with real value elements. Denote by C(J, R™) the Banach space of vector-
value continuous functions from J — R™ endowed with the norm ||z||¢ = sup,¢ s ||z(?)]|
for a norm ||-|| on R™. Let X, Y be two Banach spaces, L,(X,Y") denotes the space of
all bounded linear operators from X to Y, and L?(J,Y") denotes the Banach space of all
the Bochner-integrable functions endowed with |- z»(yy for some 1 < p < oc. For
M : R" — R", we consider its matrix norm || M|| = supj,=; ||Mz|| generated by ||-|.
0 denotes the n-dimensional zero vector.

Definition 1. (See [8, Def. 2.1].) The conformable derivative with lower index a of
a function z : [a, 00) — R is defined as

ot +e(t—a)l=f) —a(t)

a — i <
D5 (t) gl_% 5 , t>a,0< B <1,
Dix(a) = tl_lglJr DEx(t).
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Remark 1. If i)gx(to) exists and is finite, we consider that x is S-differentiable at ¢o. If
x : [a,00) — R is a once continuous differential function, then D4z (t) = (t — a)'~# x
z' ().

Definition 2. (See [10, Thm. 3.3].) A solution x € C(J,R™) of system (1) has the
following form:

t
a

x(t) = Mgy + / M=oy (1) d . 3)
(0%
0

Obviously, a solution z € C(J,R™) of system (2) has the following form:

[}

t
£(t) = Moy + / M /0=7%/0) (£ (7 3(r)) + Qu(r)) d%. 4)
0

Definition 3. System (1) is called null completely controllable on J if for an arbitrary
initial vector function x(, the terminal state vector 0 € R™, and terminal time ¢, there
exists a control u; € L?(J,IR") such that the state z € C(J,R™) of system (1) satisfies

Definition 4. System (2) is called completely controllable if for an arbitrary initial vector
function zq, for the terminal state of vector x; € R™ and time ¢4, there exists a control
u € L?(J,R") such that the state z € C(J,R™) of system satisfies z(t1) = z;.

Lemma 1 [Krasnoselskii’s fixed point theorem]. Let B be a bounded closed and convex
subset of Banach space X, and let Fy, Fy be maps of BB into X such that Fix + Fyy € B
for every pair x,y € B. If Fy is a contraction and Fy is compact and continuous, then
the equation Fix + Fox = x has a solution on B.

3 Controllability results

3.1 Linear systems

In this section, we are going to investigate the null completely controllable of system (1).
We introduce a notation of a conformable Gram matrix as follows:
ty
Wel0,t1] = / e MTaQQT M g L ()

(%
0

where the T denotes the transpose of the matrix. Then we will give the first controllability
result.

Theorem 1. System (1) is null completely controllable if and only if W, [0, t1] defined
in (5) is nonsingular.

http://www.journals.vu.lt/nonlinear-analysis
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Proof. Sufficiency. Owing to W,[0,t1] is nonsingular, its inverse W 1[0,¢1] is well
defined. For any nonzero state z in the state space, the corresponding control input u; (7)
can be constructed as:

ui(r) = —QTe M AW 0, t1]ao, T € [0, 1] 6)

According to (3), for all xy € R™, one can get

t1

J)(t1) — eMt‘l"/axO+/ekl(t?_7a)/aQu1(T)dT

e

0
ty

— Mty +/eM(t?_TQ)/O‘Q(—QTe_MTTQ/aWC_l[0,tl]mo) d%

0
ty

— eMt‘l"/axO _ eMt‘l"/oz /efMTa/aQQTefMTTQ/aWJI[O’ t1]330 di
«
0
= eMt‘ll/aJZo — eMt?/aWc [0, tl]Wc_l[O, tl].ro
= Mt oy, _ Mt ag, —,

Necessity. Assume W.[0,¢1] is singular. There exists at least one nonzero state
To € R™ such that EJWC[O, tl]fo =0.
Consequently, we can get
t1
=T - T —M7%/o T —-MT %= T
0=2y W,[0,t1]Z0 = | Zge QQ'e Tod—
«
0
ty
(o3

:/[QTG_MTTQ/QCEQ]T[QTQ_MTTQ/aifo] d%

0

t1 o
- [l

0

which implies that
QTe™ M ™oz =0 Vrel0,t] 7
Owing to system (1) is relatively controllable, according to Definition 3, there exists
a control u(7) that drives the initial state to zero at ¢, that is,

t1
z(ty) = eMt/og, + /eMt?/ae*MTa/aQul(T) a —o. 8)
«@

0
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According to (8), we can have

Then we get
t1 T

P T
||‘f0||2 = fa—fo = l—/e_NIT /“Qul(T) d; To

0

ty
= 7/@(7) [QTe M ™oz d%. 9
0

By (7) and (9), one can get ||Zo||?> = 0, that is
Zo =0, (10)

which contradicts the conditions of the Zy # 0. Thus, W, [0, ¢1] is nonsingular. The proof
is complete. O

Now, we introduce a notation of a rank criterion as follows:
Ir.=[Q MQ ... M"'Q]. (1)
Then we are ready to give the second controllability result.

Theorem 2. The necessary and sufficient condition for null complete controllability
of ()isrank I, = n.

Proof. Sufficiency. Assuming that system (1) is not controllable. By Theorem 1, W,[0, ¢4 ]
is nonsingular. Namely, there exists at least one nonzero state vector 3 such that

ty

o a 7_04

0= BTWC[O7t1]ﬁ _ /BTQ_J\/[T /QQQTQ—MT /aﬁd;
0

(e

ty
_ / [BTG—MTO‘/aQ] [BTG—MTO‘/Q]Td%’
0

which implies that
Ble™Mr/aQ =0 Yre|0,t]. (12)
For (12), find the derivative of z = 7%/« to n — 1 times and then take 7 = 0. We have

B'Q=0, gTMQ=0, ..., gTM"'Q=0,

http://www.journals.vu.lt/nonlinear-analysis
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that is,

BTQ MQ ... M"'Q] =0. (13)
According to  # 0, we can know . < n, which contradicts to our assumption. So
system (1) is controllable.

Necessity. Assume rank I, < n. Namely, there exists at least one nonzero state
in R™ such that

Bir.=8"Q MQ ... M"'Q| =0. (14)
From (14) we obtain
BTMQ=0, i=0,1,...,n—1. (15)
According to Cayley—Hmilton theorem, M™, M"™*! can be expressed as a linear
combination of I, M, ..., M™~!. Then the upper form can be expanded to
BTMQ=0, i=0,1,....

For all ¢ > 0, one can obtain

[eY

Mi T\
iﬁT%Q:O Vre[0,t1],i=0,1,...,
or
T T 1. (7 S| 3 (T 3
0=p' | I-M|(—)|+=M|—) —=M’(— ) +---|Q
«o 2! « 3! «
=ple M2 vre0,t].
That is,
t1 o
0= 6T/67]\4T”/aQQTefMTTQ/a dlﬁ:ﬁTWc[O,tl]ﬂ (16)
o
0

From (16) we can know W, [0, ¢1] is singular, namely, the system is not controllable,
which is contradictory to what is known. Thus, rank I, = n. The proof is complete. [

3.2 Semilinear systems
We introduce the following assumptions:

(A1) The operator W : L?(J,R") — R” defined by

(03

ty
Wu= /eM(t?/a’TQ/a)Qu(T)d%
0

has an inverse operator W1, which takes values in L?(.J,R") \ ker W.
Then we set

H = HW_lHLb(R",L2(J,R"')\kcr W)

Nonlinear Anal. Model. Control, 25(4):658-674
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Remark 2. Obviously, W must be surjective to satisfy (A1). We recommend the reader
to see the demonstrated examples in [6, 12]. On the other side, if W is surjective, then we
can define an inverse W1 : R™ — L2(.J,R")\ker W. We present its natural construction
as follows. Let (-, -) denote the Euclid scalar product in R™. Since L?(.J, R") is a Hilbert
space, we can use ker W = im TW*L. We need to find W*. Let W (1) = eM {1 —7")/2(Q,
and for any w € R™ and u € L?(J,R"), we derive

(Wu,w) (/W d— w) 27(U(T),W(7)Tw) dg,

which gives W*w = W (7) Tw. Thus ker W* = {0} if and only if

ty

/HW(T)TwHQd% 40

[}

for any 0 # w € R™. But

/HW@)%H%% :/(W(T)Tw,W(T)Tw) d%
0 0

:/(W( YW () Tw, w) d% = (W.[0,t1]w,w).  (17)
0

So the surjectivity of W is equivalent to the regularity of W.[0,¢;], and we assume
this. To solve Wu = v, u € ker W+ = im W*, we take u(t) = W (t) "w and then solve

/W wd— W.[0, t1]w

which gives w = W, [0, 1]~ v, and this implies
u(t) = W tw = W(t)TW,[0,t,] Lv.

In addition, by (17), we derive

/Hu WPaZ = /HW UACRA R e

- (0%

(W(T) W[0,t4] "0, W () TWL[0, 1] "0) d%

o

http://www.journals.vu.lt/nonlinear-analysis
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(0%

= / ((WC[O,t1]71)TW(7)W(T)TWC[O,tl]*lv, v) =

(67

<( 0 tl / d W [0 tl] v, U>

= ((We[0,t1]~ ) v, v) = (w0, W.[0,t,] '),

which gives
H=||w.[o,]7"]"">. (18)
We note that (17) also implies
« 1/2
W = W™ = [[We[o, t.][| .
(A2) The function f : JxR™— R" is continuous, and there exists L¢(-) € LL (J,R*),
q>1,ie., fot L (r)d(t*/a) < oo, such that

1 £(t,21) = f(t,22)|| < Ly(B)l|lz1 — 2, xi €R", tEJ, i=1,2.

In viewing of (A1), for arbitrary z(-) € C(J,R"™), consider a control function u, (t)
given by

ty

up(t) = W1 lxl — Mty — /eM(t?/a*Ta/a)f(T,x(T)) d% t), ted (19
0

Next, we state our main idea to prove our main result via fixed point method. We
firstly show that, using control (19), the operator P : C(J,R™) — C(J,R™) defined by

t
a

(Pa)(t) = Moy 4 [ M/ (1, o)) a2
«

0

t
a

+ / M /o=y () d—, te
«

0

has a fixed point x, which is just a solution of system (2). Then we check (Px)(t1) = x1
and (Pz)(0) = xo, which means that u,, steers system (2) from z to 21 in finite time ;.
This implies system (2) is relatively controllable on J.

For each positive number r, we define B, = {x € C(J,R"): ||z||¢c < r}, which is
obviously a bound, closed and convex set of C(J,R™). For the sake of brevity, we set
Ry = sup,c || £(t 0)]| and N = || M]].

In the following, we apply Krasnoselskii’s fixed point theorem to derive the relative
controllability result for system (2).

Nonlinear Anal. Model. Control, 25(4):658-674
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Theorem 3. Assumptions (Al) and (A2) are satisfied. Then system (2) is completely
controllable provided that

H o 1/2
H, {Hw(eww—l) 2l <1, (20)

where Hy = [(eNP!/* — 1) /(Np)|?||L¢| g+ 1/p+1/qg=1,p,qg > L
Proof. To examine the conditions for Lemma 1, we divide our proof into several steps.
Step 1. We attest that there exists a positive number r such that P(5,.) C B,.. Note

t

/eN(tD‘/a—‘ro‘/a)Lf(T) d%

0
t GNPyt A\ !
< ( / NP7 a=r?/a) dT> ( / Lq(r)dT>
= « f «
0 0
1
<

N 1/p
va(e P~ 1)} ILsllzasrey, tE€J,

/q

and

/ Nt/ a—1%/a) T
[ [EOE
0

t

< Rf/eN(t“/afr“/a)dL < %(el\fta/a . 1)’ te
«
0

In consideration of (19), using (A1), (A2), and ||e??|| < el4ll*, t € R, we have

|z L2 (7R )\ ker W

= inf |ju .
<|w|

Ly (R, L2 (J,R™)\ker W)
«

ty
X ||z — eMt oy, — /eM(t?/a*Ta/a)f(T, x(T)) a-
Q
0

< Hlz|| + HeN/? |

—|—H/eN(t(ll/o‘ffa/o‘)||f(7',x(7')) — f(7,0) + f(,0)]| d%
0
ty

¥/ Y/ a—1%a T
< Hlan]| + HN/e g+ H [ NI ) o) | T
0

http://www.journals.vu.lt/nonlinear-analysis
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ty
oy g, T
HH [ Vet g o) a
0
. 1 . Up
< H|jzy || + HeN/ x| + H pr(eNptl/a —1)|  Lsleellle
HR;
N
< H||z1|| + Ha + HHor,

+ (eNt/> — 1)

where a = V"1 ||zg|| + (Ry/N)(eN*/* — 1), and H, is defined in the above.
According to (A1) and (A2), we have

t
[P@O] < ¥ /2aall + [ ¥ (1, () | a2
0

t
_|_/eN(ta/a—Ta/oz)HQHHuE(T)Hd%
0

t
<N gl + [ ST ) o) 0

0
t

+/eN(ta/a—TQ/a)||f(T70)Hd%
0

_|_

t 1/2
/e2N(t°t/a—-,—°¢/a)‘| ]| 2z QU
0

667

o/ 1 " 1/p Rf\ nivsa
<N aol + |5 @7 )| Ll el + - 1)

N
1 1/2
+ o @0 =) T 1QI [l + Ho+ ]

H
(2N)1/2

1/2
< a[l N [ (2Nt _ 1)] |Q||}

H
(2N)1/2

(o3 1 2
N (N — 1)) Q|

H
(2N)1/2

1+ H, {1 + G- 1)1/2||Q|}r

=r
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for
all + gtk (V)% — 1]V Q + grtkera (N4 — 1)12]|Q |
1~ Hy[l 1 ppllors (2N — 1)172] Q]|

Therefore, we obtain P (B,.) C B, for such an r.
Next, we split P into two operators P; and Ps on B,. as, respectively,

T =

t
(Prz)(t) = Mt zq + / M a=T%0) O, (1) d%, teJ
0
¢ «
(Pox)(t) = / M a=m%/e) £ (1 2(T)) A, teJ

(67
0

Step 2. We prove that P; is a contraction mapping.
Let z,y € B,. In light of (A1) and (A2), for each ¢t € J, we obtain

lluz — Uy||L2(J,Rr)\kerW

= Hw—l [/eM(til/a_Ta/a) (f(T“T(T)) - f(T’y(T)))‘| H

HW 1HL R~ L2 (J,R")\ker W)

/ MUS/a=r /) (f(7, 2(7)) — f(r.y(7))

Rn

< H/eN(tf/a—r"/a)Lf(T)Hx(T) —y(7)||d§

z —ylle < HHs [z = yllc.

1 Nopte 1/p
<[ @i =) il

From the above fact we get

[(Pr) (1) = (Pry)(1)]|

t

< [T I fustr) - ()| T
0

t o 1/2
CYPC YN T
<Ial [/em“ for )da] e =l
0

1 1/2
< Il g5 @ = )| e - e

http://www.journals.vu.lt/nonlinear-analysis
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which gives that

. 1/2
[Prz — Prylle < Lllz = ylle, = QI iy (2Nt —1)1/2,

(2 N) 1 /2
According to (20), we conclude that L < 1, which implies P; is a contraction.

Step 3. We show that Py is a compact and continuous operator.
Let z,, € B, with z,, — x in B,.. Denote F,,(-) = f(-,z»(-)) and F'(-) = f(-,z(")).
Using (A2), we have F,, — F in C(J,R") and thus

[Pzt — (Pa)0]| < [ NI | B () — P -

< (N —1)||F, — Fllc -0 asn — oo

ZHo\w

uniformly for ¢ € J, which implies that P is continuous on 5;..

In order to check the compactness of P, we prove that Po(B,) C C(J,R") is
equicontinuous and bounded.

In fact, forany x € B,.,t; > t+ h >t > 0, it holds

(Pax)(t + h) — (P2x)(t)

t+h t N
— / M(t+h)%/a— T"‘/oz L /eIW O‘/af'ro‘/a)F(T) dL
o o
0 0
= Il + IQa
where
t+h
M((t+1)° a7/ ) T
11: e o7 aF(T)df,
o
t
t
I, = / [eM((t-Fh)“/a—T“/a) _ eM(t“/a—T“/a)]F(T) al_
o
0
Combining the previous derivations, we have
| (P2x)(t + B) — (Paz) (1) || < I + || Z2]I-
Then we check || I;|| — 0 as h — 0, ¢ = 1, 2, uniformly for ¢.
For I1, using (A2),
t+h
Hlln < /eN((H»h)W/afro‘/a)HF(T)H dl
o
t
t+h t+h
)Y a—1% a T )Y a—T% T
< / N a0 L ()l dEJr/eN((tm 2=l £, 0)]| a7
t t
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t+h t+h
N((t+h)*/a—7%/a) ﬂ N((t+h)*/a—1%/a) ﬁ
<||x||c/e Lf(T)da +Rf/e da
t t
1 e o 1/1’
< [t ermrreere ) L
+ %(eN((Hh)a/a*ta/O‘) — 1) —0 ash—0.
For I, it is easy to get that
t
||-[2H < / He]VI((tJrh)“/ozf‘ro‘/a) _ eM(tD‘/afTo‘/a)HHF(T)H d%
t
< [emreenesnrte — et (Lol + (o)) o
0
t
< /eNTO‘/aHeM(H-h)“/a _ Mto‘/aH(Lf 7"+Rf)
0
¢ (0% p (0%
< ||eM(t+h)°‘/a _eMto‘/aH [T/eNTQ/aLf(T) d% +Rf/eNTa/ae;]

0 0
< ||eM(t+h)°‘/a _ eMt”‘/aH

1 Npt$ 1/p Ry nee
X |:(]Vp)1/p(e ptl/a_l) ||Lf||Lir+ W(e tl/a_l) —>O ash—>0.

From above we obtain
| (P2x)(t + h) — (Pax)(t)|| = 0 ash — 0,

uniformly for all ¢ and « € B,.. Thus, P(B,) C C(J,R™) is equicontinuous.
According to the above computations, one can get

t
a

[Paa)o)] < / L () 4 Ry)

1
< -
(Np)i/p

Thus P2 (B,) is bounded. By Arzela—Ascoli theorem, P2(B,) C C(J,R") is relatively
compact.

Hence, P5 is a compact and operator. Then Krasnoselskii’s fixed point theorem gives
that P has a fixed point x on B,. Apparently, x is a solution of system (2) satisfying
x(t1) = 1. The proof is completed. O

(eN;Dtil/a - l)l/pHLfHLZT + %(el\”?/(x o 1>.

http://www.journals.vu.lt/nonlinear-analysis
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4 Numerical examples
Example 1. Let n = r = 2. Consider the following linear control system:

D0x(t) = Mx(t) + Qui(t), teJp:=[0,1], 2(0) = zo, 21

[e3

2 0 0.6 0 0.5
M= (0 3) Q= < 0 0.6> T (0.5> ’ @2)
and o = 0.9.

By elementary calculation, the conformable Gram matrix of system (21) with (22)
via (5) can be written into:

where

(%

1
[ e T 1 036 0 (e >/a 1 s
- 1 e 37"/ 0 0.36 1 e 37 ) T
0

_(0.489 0.276
~\0.276 0.460 )

1
Wc[071] — /e—MTQ/aQQTe—]\/lTTQ/a dL
0

Then we can get
1 _( 3.095 —1.859
W0 = (1.859 3.291 )

Obviously, W,[0, 1] is nonsingular.
Therefore, according to (6), we obtain

u(-) = —QTe M /W10, 1]z,

(=06 0 e~ 2(:%/a) 1 3.095 —1.859) (0.5

“\L 0 -06 1 e 3% ]\ ~1.859 3.291 ) \0.5
_(—0.371e2("/*) — 0.430

~ \—0.430e 30"/ —0.380 )

Finally, by Theorem 1, system (21) with (22) is null completely controllable on [0, 1].

Example 2. Letn = 3 and r = 2. Consider the following linear control system:

D02(t) = Max(t) + Qui(t), te€Jy:=]0,1], (23)
where
2 31 0 1
M=|0 6 7], Q=12 0], 24)
2 4 1 1 2
and o = 0.9.
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By elementary calculation, the rank criterion of system (23) with (24) can be written
into
7T % % %
9 x x %
9 x x x

—_

0 1
r.=[2 o
1 2

From the first three columns of the above matrix it can be determined

01 7
det [2 0 19] #0,
12 9

that is, rank I, = 3 = n. From Theorem 2, system (23) with (24) is null completely
controllable on [0, 1].

Example 3. Let n = r = 2. Consider the following semilinear controlled system:
D0x(t) = Ma(t) + f(t, z(t)) + Qu(t), z(t) €R? t€[0,1] :=Jy, (25)

u € L*(J1,R?), where

(02 0 (2 0 T {02 0
M‘(o 0.2)’ Q‘(o 2)’ M _<0 0.2)’ (26)

and
Lt 4+0.1)z(t)
tzt)) =1(° , =0.5. 27
f(t () (;@ +0.1)as () “ 7
By elementary calculation, we have N = ||M]| = 0.2. Now we use (18) to esti-

mate H. For this purpose, we need to obtain W,[0, 1] and then derive W.[0,1]~!. By
computation, the Gram matrix (5) can be written into

Ta

1
WC[O, 1] — /eflw-r“/aQQTefMT‘rO‘/a d;
0

1
B e—O.QTD‘/a 1 4 0 e—OAQTQ/a 1 dToc
- 1 e—O.ZT')‘/a 0 4 1 e—0.27%a E
0

_(13.507 13.187
©\13.187 13.507)°

Therefore, we derive

1.584 1.546) . 28)

-1 _
We[0,1] _<—1.546 1.584
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Consequently, we get

1/2

H = ||[W.[0,1] 7| = 3.130"/% = 1.769.

Hence, W satisfies assumption (A1).
Then it is easy to see that for any z(t),y(t) € R and t € Jy,

1/2

1)~ £t = 56+ 00)((a(6) — 3 (0)* + (2(6) — 92(0))?)

1
< s(E+01)z —yl.
Therefore, f satisfies assumption (A2), where we set
-+0.1
Li() = +T € LL(Jy,RY).

Obviously, (1/5)||Lsllpa (s, mey = ((L17F1 = 0.19%1) /(¢ + 1))Y/9 and Ry =
supge g, [[£(£,0)[| = 0. Next, || Q[ = 2, | sl g (s, r+) = 0-133, and

1

1/2
o (e — 1)] L sl La (s, me) = 0.233

Hy = [
when we choose p = ¢ = 2. Therefore,

H @/ 1/2
Y= Ha1+ it (@ - 1)l

1.769 , 5 1/2
=0.233 {1 + 0.50.41/2 (e%® —1) ]

=0.864 < 1,

which guarantees that condition (20) holds.
Thus all the conditions of Theorem 3 are satisfied. Hence, system (25) with (26)
and (27) is completely controllable on [0, 1].
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