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Abstract. In this paper, a delayed generalized fractional-order biological networks with predation
behavior and material cycle is comprehensively discussed. Some criteria of stability and bifurcation
for the present system is presented. Moreover some results of two delays are obtained. Finally, some
numerical simulations are presented to support the analytical results.
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1 Introduction

As is well known, predation behavior is widespread in nature, and it has been widely
discussed due to the application value of it [38]. Mathematical method is a necessary
instrument to study it [12]. The famous Lotka—Volterra model is one of the earliest models
with predation behavior [20], which forms the basis of many models used today in the
analysis of population dynamics. Since then, variety of realistic models with predation
behavior have been established [2,8,14,17,29, 30, 32].

In the past few decades, fractional calculus theory has been improved significantly and
has been successfully applied to various research fields [7,16,23,26,31,33,34,36]. In fact,
most population systems have long-term memory. The integer derivative represents the

*This work was supported by the National Natural Science Foundation of China (Nos. 61573008, 61973199,
61973200) and Taishan Scholar Project of Shandong Province of China.
ICorresponding author.

(© 2020 Authors. Published by Vilnius University Press

This is an Open Access article distributed under the terms of the Creative Commons Attribution Licence,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original author and
source are credited.


mailto:wangzhen_sd@126.com
https://www.vu.lt/leidyba/en/
https://creativecommons.org/licenses/by/4.0/

746 Y. Xie et al.

change at a particular moment, and the fractional derivative is related to the entire time do-
main of the biological process. Thus, the fractional-order systems are more suitable in de-
scribing population dynamics. Since then, more and more fractional-order population sys-
tems have been proposed, and some interesting results are obtained [1,6,9,11,15,22,24].

Time delay exists in population systems widely. The existence of time delay means
that both the current state and the state of previous period of time will have an effect on the
system’s development [10]. Compared with the prey—predator model without time delay,
the delayed prey—predator model is more suitable for describing nonlinear dynamical
behaviors. In recent years, some significant achievements have been made in the study of
the delayed population models [3,4,13,21,27,35,37].

As a matter of fact, material cycle plays an important role in the prey—predator system
[19]. On the one hand, prey provides energy for the survival of predators. On the other
hand, when the predator dies, the decomposition of the predator by the microorganisms
promotes the growth of the prey. So material cycle should be considered in the realis-
tic prey—predator models, but to the best of my knowledge, few prey—predator models
consider it.

Biological networks with predation behavior have been receive a lot of attention [5,
18,28]. Compared with the low-dimensional model, it is more universal and practical for
the research of biological network. In this paper, a delayed generalized fractional-order
biological networks with predation behavior and material cycle is considered.

The main contributions of this paper are summarized as follows: (i) A delayed gener-
alized fractional-order biological networks with predation behavior and material cycle is
proposed firstly. (ii) Some detailed criteria of stability and bifurcation of the proposed
system are established. (iii) The impact of the order on dynamical behaviors for the
proposed system is studied. (iv) Some numerical simulations are given for supporting
the theoretical results.

The organization of this article is as follows. In Section 2, the detailed model de-
scription is presented. In Section 3, some theoretical results of stability and bifurcation
of the positive equilibrium point of the present system are given. Section 4 focuses on
numerical simulations to support the theoretical results. In Section 5, some conclusions
are proposed.

2 Model description

In this paper, a generalized fractional-order n-species prey—predator model with different
delays and cyclical effect will be considered. The mathematical model can be described
by

Dy (t) = a1 (t) | fur (21 (1) = D fri(wa(®)) + Y g5(as(t — 7)) |,
i=2 j=2

Dz;i(t) = o;(t) [~ fii (s (1)) + fir (z1(t — 72))], (1)
z1(0) = ¢1(0), —m2 <O <y,
ati(@):@-(e), —7'1<9<1f0, i:2,...,n,
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where D denotes the Caputo fractional derivative (see [25]), and o € (0,1], z1(t)
represents the population density of the producer(prey) at time ¢, x,;(¢) fori = 2,3,...,n
represent the population density of the predator x; at time ¢, 7; > 0 for ¢ = 1, 2 represent
time delays.

The function f11(x1(t)) denotes the growth rate of the producer z; in the absence of
other species, and the functions — f;;(z;(¢)) for i = 2,3, ..., n represent the growth rate
of predators in the absence of other species. Because of the competition for resources,
territory or mating partners, d f11/dz1 < 0 and —d f;;/dz; < 0.

The function Z?:z gj(x;) represents the effect of biological matter cycle on the
producer x1 in a time unit. The greater x; is, the greater the impact on x; will be. This
implies dg; /dz; > 0.

The functions f; 1(z1) for ¢ = 2,...,n denote the effect of the predator species x;
on the prey species x; in a time unit, and the functions f1;(x;) denote the effect of the
prey species x; on the predator species x; in a time unit. The greater x; is, the greater
the impact on z; will be, and the greater x; is, the greater the impact on x; will be.
This implies dfy;/dx; > 0 and df;;/daz; > 0. All of the functions are continuous,
differentiable and positive.

Subsequently, to derive our main results, we make the hypothesis in model (1).

(H1) The following equations have a positive solution:

f11 xy(t qu zi( ))+Zgj(33j):07 _fii(xi(t))+fi1($1(t)):0-

3 Main result

In this section, one will explore the local stability and cast about for the conditions on the
occurrence of Hopf bifurcation for system (1).

In view of hypothesis (H1), system (1) has a positive equilibrium E; = (a7, z3, . ..
xk). Let Z; = x;(t) — «}. Then system (1) can be written as

)

Dzy(t) = (z1(t) + ) | f11 (Z1() + 27) Zflz zi(t) + ;)

n

+>g5(@;(t =) +a}) |, (2)
=2
Dzi(t) = (zi(t) + 7)) [~ fii (T (t) + 2F) + fir (B1(t — 72) + 27)],
1=2,3,...,n
Linearization of system (2) around the zero equilibrium reads
Dzy(t) = 27 | f11(27)Z qu z7) "‘Zgg DT (t—T1)|, 3)

Da.f?i(t) = xl* [—

lez<x:):fl( )+fi1(j”1)j”1(t_7—2)]7 1=2,3,...,n.
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Let by = —aif11(a1), ki = @7 fi;(27), b = 27 f1;(x), c1i = 27gi(x]) and diy =
xf fly(z7) fori = 2,3,...,n. Then system (3) can be rewritten as

Dafl(t) = —kl iCl £C1 th X; ) + chi;fj(t — 7-1)’

“4)
DaS_Ci(t) = 7kifi(t)+dili’1<t7’rg), i:2,3,...,n
Hence, the associated characteristic equation of system (4) is obtained as
s*+ ki bia—ci1pe™ bizg—cize” ™ oo by, —cipe”
—do1e7 572 s* + ko 0 cee 0
J: —d316_8T2 O 8a+kﬁ3 0 :07
—dp1e757 0 0 e s*+k,
which is equal to
ao na+als(n71)a+”.+an 1Sa+an
[b s 4 pogn=3e L4 p s 4 bn_l]e_”2
+ [Cls(an)a + CQS(nfi’))a ety 08 + Cnil]efs(‘rz+-r1) =0, (5)

where

n
a():l, a1:ij, a9 = Z kjhkl, RN
j=1

1<h<i<n

ap—1 = Z knkp - - py  QAp = H k]v

1<h<I<--<p<n

b= budi, b= Y budiakj, bs=Y > budaknk, ...,
=2

i=2 2<j<n i=2  h,l#i
Jj#i 2<h<I<n

bpo = Z Z bridinknkikm - - - kp,  bn_1 = Z;b“d“ 1_[2kj
1= J=

i=2 2<h<I<m< - <p<n

hlym,....p#i J#i
n n
1= — E cridi, c2 E E Chdukg, €3 = — E E criditknky, ...,
i=2 i=2 2<j<n i=2 2<h<i<n
e h,l#i

Crg = _Z Z Clidilkhklkm”'kp? Cp_1 = _chidil Hk]

1=2 2<h<l<m<---<p<n
h,lym,...,p#i ji

http://www.journals.vu.lt/nonlinear-analysis
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For the sake of discussion, one defines S; as follows:

dy d3 ds - doj 1
1 dy dy --- daj—2
di d3 -+ dpj_3
Sj: 0 1 dy --- d2j—4 5
o 0 o0 --- d;
where dy = a1, d; = a; + bj—1 + ¢;—1 for ¢t = 2,3,...,n. For convenience, one gives

the following hypothesis.
(H2) S >0,dp, >0fork=1,2,....,n.

Theorem 1. If 71 = 70 = 0, (H1) and (H2) are satisfied, then E is locally asymptotically
stable.

Proof. If 71 = 15 = 0, then (5) can be rewritten as
s"e + dls(n—l)a + dQS(n_Q)a +-- dn_lsa + dn = 0,
where dy = a1,d; = a; +b;_1 +c;_1 fori =2,3,...,n. Let A = s, one can see that

A+ d AT g D 4, A+ d, = 0.

Dueto Sy > 0anddg > Ofork =1,2,...,n, according to the Routh—-Hurwitz criterion,
one can see that all the roots of (5) have negative real parts. Then E; is asymptotically
stable. O

Assume that (5) has a purely imaginary root s = ip = @(cos/2+isin7/2)(p > 0).
Let
Py(s) =s"*+ aps" Y pogos(nDe 4y g g A,
Py(

8) = bus" T 4 bys T by s 4 by, (©)
Pg(s) = 618(n72)a -+ C2S(n73)a + -+ Cn_QSa + Cp—1.

Substituting s = ip into Pj(s), Pa(s), Ps(s), one can get

n—1 .
. a(n — m
Pl(S) = E aﬂp(”*ﬂ)a cos % +an
=0

n—1

n ; 050" sin Mi’ )

n—2 .
Py(s) = Z bi—1p" % cos M +bn1
=2

n—2 .
. a(n—g)m
+ § bj,lgo(”_”“ sin %17 (75)
Jj=2
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n—2

(M=) o a(n ; VAL e

Py(s) = cj
j=2
=2 ; aln—j)m
+ 3 eyl gin BT (73)
j=2
Let
i, ‘ aln —j)m
A= Zajgo("_”o‘ cos% + an, 81)
7=0
— ‘ aln —j)m
B=Y a;e"%sin T]’ (82)
=0
=2 - a(n—j)m
C =2 b cos == by, (83)
=2
2 - a(n —j)m
D= Z bj_1o= D sin % (84)
Jj=2
SICE)".
E= Z ;19 cos — -1, (8s)
Jj=2
=2 ; aln—j)m
F= Z cj,lap("_])o‘ sin J (86)
j=2
By (5), (6), (7) and (8), one can see that
A+ Bi+ (C + Di)( cos prs — sin ¢mi)
+ (E + Fi)(cos p(11 4+ 72) — sin (71 + 72)i) = 0. 9

In the rest of this section, the stability and bifurcation of F; are discussed under the
following cases.

Case 1: 71 > 0,75 = 0. In this case, (5) can be written as
s fapsTIY a8 ag + by s s o p s
+ b1+ [cls("_Z)a +oegs(MI 4 e s cn,l]e_‘”1 =0. (10)
By (9), one can get
(E2 + F2) (cos 1] —sin gpﬁi)
= —[AE+ CE+ BF + DF + (BE + DE — AF — CF)ji]. (11)
Separating the real and imaginary parts of (11), then it follows that
(E? 4+ F?) cos 11 = —(AE + CE + BF + DF),
(E* 4+ F?)singr; = BE + DE — AF — CF. (12

http://www.journals.vu.lt/nonlinear-analysis
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Add the squares of the corresponding sides of the above equation to get
(E* + F?)? = (BE + DE — AF — CF)? + (AE + CE + BF + DF)>2.
Let B+D=M,A+C = N,then
(E? + F?)* = M2E? + N?F? 4 N2E? + M?F? = (M? + N?)(E® + F?).

If £, F' = 0, then 7y is not included in (10), so it can be omitted.

If M2 + N? — E? — F2 = 0 has no real root, that is, (10) has no root with zero real
parts for all 7; > 0. One can see that the constant term of M? + N? — E?2 — F2 = (is
(an +bp—1)? —c2_1. If (a,, + by_1)* — c2_; < 0, then (10) has at least one positive

n—1

root. The delay 7; can be used as a bifurcation parameter. From (12) one concludes
A 1 —(AE+CE+ BF + DF) . .
i = =0 arccos P +2im|, §=0,1,2,...,n.

Let A\(11) = w(m1) + ip(71) be the eigenvalue of (10), so for some initial value of the
bifurcation parameter 71, one has w(ry) = 0, p(77) = ¢o, where 7 = min{r{ }.
Without loss of generality, one assumes (g > 0.

To establish the Hopf bifurcation at 77, one needs to prove that Re(ds/d7y )|, =+ #0.
Differentiating the characteristic equation (10) with respect to 7; by means of the implicit
function theorem, it is easy to get

ds sPs(s)e "™
dry  Pl(s) + Py(s) + Pj(s)es™ — 1y P3(s)e=s71 "

Then

ds]7" _ Pl(s)+Py(s) | Pi(s) m
dr ~ sP3(s)e~sm sP3(s)
By (6) and (10), one can see that e™5™ = —(Py(s) + Pa2(s))/Ps(s). Then

[dsr_ s(Pi(s) + P3(s)) | sPi(s)

dri| — $2(Pi(s) + Po(s)) | s2Ps(s) s
So
R[d} ke [ s(P{(s) + P3(s))  sPi(s) ]
dn =i s2(Py(s) + Pa(s))  s?2Ps(s) s=ivo
_ NiM — MyN — E\F + F,E
GCER
where

n—1 .
. n—j)a Oé(’l’L—j)Tl'
lea[éoaj(n—j)gpé 7 €08 ————=—
=

n—2 .
3 b= el o S,
j=
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n—1
M, Za[ a;(n — j)py" ) sin a(n;j)w
j=0
= ; aln —j)m
+ bj—1(n _J')@énij)a sin 2]7
j=2
= ; aln—jm
Ey = a[zcjl(n_j)%()n_])a cos 2],
j=2
S o, @00 —j)m
F1 = |: 22 cj,l(n — j)gO(()n_j)a sin 2:| .
=

Therefore, if (NyM — M;N — EyF + F\E)/(E?+ F?) # 0, the transversality condition
holds, and Hopf bifurcation occurs at 71 = 71, one has the following results.

Theorem 2. Assume that (H1) and (H2) are satisfied.

(i) If M? + N? — E? — F2 = 0 has no real root, then E is locally asymptotically
stable for y > 0, 79 = 0.
(i) If (an+bp_1)?—c2_, <0and (N\M — M;N — E\F+F,E)/(E*+ F?) # 0,

then E1 is locally cg;nptotically stable for 71 < 1, 7o = 0; E is unstable for
1 > 77, T2 = 0; a Hopf bifurcation occurs at 71 = 75, 70 = 0.
Case 2: 71 = 0,79 > 0. In this case, (5) can be written as
S s o an 1s® Fap + [bls("*Q)o‘ + bysV Y b, _gs®
+byq 48D o pgnRa 4y gy cn,l]e_‘m‘ =0. (13)
LetC+ FE=G,D+ F = H. By (9), one can get
(G? + H?)(cos 13 — sinpni) = —[AG + BH + (BG — AH)j]. (14)
Separating the real and imaginary parts of (14), then it follows that
(G* + H?) cos o = —(AG + BH), (G*+ H?)sinpr, = BG — AH.  (15)
Add the squares of the corresponding sides of the above equation to get
(G* + H?)? = (AG + BH)? + (BG — AH)? = (A* + B?)(G? + H?).

If G, H = 0, then 75 is not included in (13), so it can be omitted.

If A% + B2 — (G? + H?) = 0 has no real root, that is, (13) has no roots with zero real
parts for all 7, > 0. One can see that the constant term of A% + B2 — (G2 + H?) =0
isa? — (ch_1 +bp_1)% Ifa?2 — (¢n_1 + bp_1)? < 0, then (13) has at least one positive
root. The delay 7 can be used as a bifurcation parameter. From (15) one concludes
—(AG + BH)

I = — 49 i =0,1,2,...,n.
TS <p(0) arccos RN + 29|, n

http://www.journals.vu.lt/nonlinear-analysis
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Let A\(12) = w(7m2) + ip(72) be the eigenvalue of (13), so for some initial value of the
bifurcation parameter 75, one has w(ry) = 0, p(75) = ¢o, where 75 = min{r3 }.
Without loss of generality, one assumes (g > 0.

To establish the Hopf bifurcation at 73, one needs to prove that Re(ds/d72)|r=rs # 0.
Differentiating the characteristic equation (13) with respect to 7o by means of the implicit
function theorem, it is easy to arrive at

ds s(Pa(s) + Ps(s))e 5™

dry — Pl(s) + (Py(s) + P5)(s)e=5™2 — 7o(Pa(s) + Ps(s))es2"

Then

[d} o P{(s) R IORR (N

dry s(Py(s) + P3(s))e5™2  s(Py(s) + P3(s)) s

By (6) and (13), one can see that e™5™ = — Py (s)/(P2(s) + P5(s)). Then
{d} T P(s) , Ps)+Pis)

dr sPi(s)  s(Pa(s)+ Ps(s)) s

So

ds]_1

R -
e|:d7'2

— Re {_ sP|(s) N sP(s) + sP3(s) 7'2]
- $2P1(s)  s%2(Pa(s) + Ps(s)) s
_ AB-B/A-GH+ HG

5(A? + B?) ’

s=ipo s=ipo

where

i
L

A=« a;(n — j)ap(()"_j)a cos oln = j)m ,

3 .
Il
-~ o

@
\
o
(]

. n—jla . an*j,ﬂ
or- s

3 .
|
N ©

Gi=a cim1(n— 5 cos aoln=j)m

j T

| .

ool
N

_l_
(=

j—1(n — j)%@(()nij)a cos afn = j)m j)W] ,

<.
||
v

i
[ V)

N (n=fa . aln—7)7
H =« cj,l(n—])go(() P sm%

‘ .
vl
%)

3 N (e . aln—j)m
R
j:

[ V)

Therefore, if (A1 B — B1A— G1H + H1G)/(A? + B?) # 0, the transversality condition
holds, and Hopf bifurcation occurs at 7o = 75, one has the following results.
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Theorem 3. Assume that (H1) and (H2) are satisfied.

(i) If A2 + B% — (G? + H?) = 0 has no real root, then E\ is locally asymptotically
stable for iy =0, 79 > 0.

(i) Ifa% — (Cn—l + bn—1)2 < 0and (AlB — B1A— G1H+H1G)/(A2 + BQ) 75 0,
then E is locally asymptotically stable for 71 = 0, 7o < 75; E is unstable for
71 = 0, 79 > 755 a Hopf bifurcation occurs at 71 = 0,75 = 5.

Case 3: 71 = 7o =7 > 0. In this case, (5) can be written as

" +a15(n—1)a 4ot anilsa +a,
+ [bls(n72)a + b25(n73)a NI bn_QSa + bn_l]efsT
+ [cls("_Q)“ +epsPT L e 08 4+ cn_l}e_QST =0. (16)
It can be seen that
[Sna + als(”fl)a N an—lsa + an]esr
+ bls(n—Q)a + bzs(n—?))a NI bn72sa + bnfl
+ [018(7“2)& +esMTIY 4 e o5 4 c”_l](f” =0. (17)

Assume that (17) has a purely imaginary root s = ip = ¢(cos /2 4 isinw/2)(p > 0).
It is easy to see that

(A + Bi)(cos T +sineri) + C + Di+ (E + Fi)(cos pT —sinpri) =0.  (18)
Separating the real and imaginary parts of (18), then it follows that

(A+ E)cospr + (F — B)sinpr + C =0,
(A—E)sinpr+ (F+ B)cospr + D = 0.

Solve equation (19), one has

AD - BC - CF + DE

Sin(pT: — A2+32 _E2_F2 R (19)
_ AC+BD-CE-DF
COS YT = 1B B2
Adding the squares of the corresponding sides of the above equation, one has
(A2 4 B? — E* — F?)? — (AD — BC — CF + DE)?
—(AC+ BD - CE - DF)* =0. (20)

If (20) has no real root, that is, (16) has no roots with zero real parts for all 7 > 0,
one can see that the constant term of (20) is (@, — ¢,—1)? — (@nbp_1 — by_1¢n_1)% If
(@n —cn_1)? = (anbn_1 —bp_1¢n_1)% < 0, then (16) has at least one positive root. The

http://www.journals.vu.lt/nonlinear-analysis
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delay 7 can be used as a bifurcation parameter. From (19) one concludes

j_i arccos_(AC+BD_CE_DF)+2. 019 .
T_SD(O) A2+ B2 _F2 _ |2 JT s j=0,1,2,...,n.

Let A(7) = w(7) + ip(7) be the eigenvalue of (16), so for some initial value of the
bifurcation parameter 7, one has w(7*) = 0, p(7*) = g, where 7* = min{77}. Without
loss of generality, one can assume ¢g > 0.

To establish the Hopf bifurcation at 7* one needs to prove that Re(ds/dr)|,—,« #0.
Differentiating the characteristic equation (17) with respect to 7 by means of the implicit
function theorem, it is easy to arrive at

ds 25P3(5)e™2T + sPy(s)e™*"
dre  Pl(s) + Py(s)e™5 — 1o Py(s)e™5T + Ph(s)e=257 — 27 P3(s)e~257’

SO

o _ L

ds]™! _ Pl(s)+ Py(s)e™*" + Py(s)e™" 7
25P3(s)e=257 4 sPy(s)e*5T s

It is easy to see

ds]1™*
Re |:d7':|

=Re [S(P{(S) + Py(s)e” " + Pg(s)e—m)}

252P;(s)e=25T + s2Py(s)e~*T
il —Johh
—e5(If + 13)

s=ipg, T=7T% s=ipg, T=7%

where
= ; aln —j)m
Cq :a[ijl(n—j)goén])aCOS 2];
j=2
= Yo . a(n—j)r
Dy =« l 2:2 bj1(n — 5)f" ™ sin — |
j=

I = Ecos2por™ + F'sin 2¢07* + Dsin 7" + C cos po7™,

Iy = —E'sin 2pp7" + F cos 2p97* — C'sin po7™ + D cos po7™,

J1 = A1 + C1cos o™ + Dy sin o™ + E1 cos 207" + F sin 297",
Jo = By + Dy cospor™ — Crsinggr™ + Fy cos 2pg7" — Fy sin 297",

Therefore, if —(J1Io — JoI1) /(I3 4+ I3) # 0, the transversality condition holds, and Hopf
bifurcation occurs at 7 = 7%, one has the following results.

Theorem 4. Assume that (H1) and (H2) are satisfied.

() If(A2+B?>-E*-F?)?—(AD-BC—-CF+DE)>~(AC+BD—-CE—-DF)? =
0 has no real root, then E is locally asymptotically stable for 11 = 79 =7 > 0.

Nonlinear Anal. Model. Control, 25(5):745-765
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(>i1) If(an—cn_l)Q— (anbn_l —bn_lc”_l)2 < Oand —(J1[2—J211)/(112+122) 75 0,
then E1 is locally asymptotically stable for 1 = 19 < 7%; Ej is unstable for
T = To > T%; a Hopf bifurcation occurs at 1y = 179 = 7%,

Case 4: 11 € [0,71), 72 > 0. In this case, (5) can be written as
s" 4 asMTVY g, 5% g + [bls(”d)o‘ +bgsMTIY L p, gs®
+byp_1+ (cls("_2)“ + g8 L 4o 08+ cn,l)e_sﬁ]e_”2 =0, 21

Assume that (21) has a purely imaginary root s = ip = p(cos /2 + isinw/2), ¢ > 0.
One gets

(0* + Q%) (cos 12 — sinpmi) = —[AO + BQ + (BO — AQ)i], (22)

where O = (C'+ E cos o + F'singry), Q = (D + F cos o1 — E'sin 7). Separating
the real and imaginary parts of (22), then it follows that

(02 + Qz) cos p1e = —(AO + BQ),
(0% + Q) sinpr = —(BO — AQ).

Add the squares of the corresponding sides of the above equation to get

(23)

(0% +Q%)” = (A0 + BQ)* + (BO — AQ)* = (0% + Q%) (4% + B?).

If O,Q = 0, then 7 is not included in (21), thus it can be omitted.

If A2+ B2 — (O? + Q?) = 0 has no real root, that is, (21) has no roots with zero real
parts for all 75 > 0, one can see that the constant term of A% + B? — (0? + Q?) = 0 is
a2 —2b,c,_1cospry —b2_; —c2_ . Ifa? —2b,c, 1 —b2_; —c2_, <0, then (21) has
at least one positive root. The delay 75 can be used as a bifurcation parameter. From (23)
one concludes

= L arccos —(40+ BQ)
(0) 0% +@Q?
Let A(72) = w(7m2) + ip(72) be the eigenvalue of (21), so that for some initial value of
the bifurcation parameter 7, one has w(73*) = 0, (75*) = g, where 75* = min{7J }.
Without loss of generality, one can assume ¢g > 0.

To establish the Hopf bifurcation at 7575 one needs to prove that Re(ds/d72)|r=rs«7#0.
Differentiating the characteristic equation (21) with respect to 72 by means of the implicit
function theorem, it is easy to arrive at

ds _ s(Pa(s) + Pa(s)e T )e "
dry W — 1o(Py(s) + Ps(s)e=sm)e—5m2’

+ 27|, 7=0,1,2,...,n.

where W = P/(s) + (P3(s) + Ps(s)'e ™ )e ™ — 11 P3(s)e 5™ e *™2. So

v T2

LH - s(Pa(s) + Py(s)e e = s
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It is easy to see

ds -1

¢ $2(Py(s) + P3(s)e=sm)e=s™ g
RTy —Th Ry

 —ph(RT+ R3)

- R sv 7‘2:|

s=ipo, T275" s=ipo, T2=T5"

where
Ry = Ccospory™ + Dsinpors™ + Ecospo(m1 + 757) + Fsingg(my + 757°),
Ry = Dcospory™ — Csinpgra™ 4+ F cos po(m1 + 757) — Esingo(m1 + 757),
Ty = Ay + Crcos oy ™ + Dy singrs™ + Eq cos po(m1 + 757)
+ Fisinpo(mi +715%) — Ecospo(m +1757) — i F singg (11 + 757),
Ty = By + Dy cospory™ — Cy sinpora™ + Fy cos wo(11 + 757)
— Eysingo(m + 57) + mEsinpo(m1 + 737%) — 1 F cospo(m1 + 757).

Therefore, if —(RoT) — ToR1)/(R3 + R3) # 0, the transversality condition holds, and
Hopf bifurcation occurs at 75 = 75", one has the following results.

Theorem 5. Assume that (H1) and (H2) are satisfied.

() If A%2 + B2 — (0% + Q?) = 0 has no real root, then E; is locally asymptotically
stable for 7y € [0, 7{), T2 > 0.
(i) Ifa? —2b,cp_; — b2 2, <0and —(RoTy —ToRy)/(R3 + R3) # 0, then

E, is locally asymp?c;t;cally stable for T € [0, 7)), 7o < 75*; E} is unstable for
71 € [0,7]), T2 > 757; a Hopf bifurcation occurs at 71 € [0,7]), T2 = 75"
Case 5: 71 > 0,72 € [0,75). Inthis case, (5) can be written as
§" 4 ap s o a,_15Y 4 ay,
+ (s 4 bys I b, s by ]e T
+ [(cls("”)a 4 eI L e, g8 4 Cno1)e 2 ]e T = 0. (24)

Assume that (24) has a purely imaginary root s = ip = @(cos7/2 + isinn/2), ¢ > 0.
One gets

(V2 + W?)(cos pra —sinpmi) = = [VY + ZW + (ZV - WY)i],  (25)

where V' = (F cos pro+Fsin p12), W = (F cos pra—E sin p73), Y = A+C cos pra+
Dsinpro, Z = B 4+ D cos oo — C'sin p1o. Separating the real and imaginary parts of
(25), then it follows that

(V2 4+ W?) cospry = —(VY + ZW),
(V2 4+ W?)sinpr = —(ZV — WY).
Adding the squares of the corresponding sides of the above equation, one has

V24 W) = (VY + ZW)2 + (ZV - WY)? = (V2 + W2) (Y2 + 22).
( ) ( )(

(26)
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If V,W = 0, then 7 is not included in (24), so it can be omitted.

If Y2 + Z2 — (V2 + W?) = 0 has no real root. That is (24) has no roots with zero
real parts for all 71 > 0. One can see that the constant term of Y2 + Z2 — (V2 + W?) is
aZ — 2bycp_qcospry — b2 —c2_ . If a2 — 2apb,—1 + b2 — c2_, < 0, then (24)
has at least one positive root. The delay 7 can be used as a bifurcation parameter. From
(26), one concludes

= @(10) arccosm +2jm|, 7=0,1,2,...,n.
Let A(71) = w(71) + ip(71) be the eigenvalue of (24), so for some initial value of the
bifurcation parameter 71, one has w(7;*) = 0, o(71*) = o, where 7;* = min{r }.
Without loss of generality, one can assume ¢g > 0.

To establish the Hopf bifurcation at 7{; one needs to prove that Re(ds/d7y )| r,=77+#0.
Differentiating the characteristic equation (24) with respect to 7; by means of the implicit
function theorem, it is easy to arrive at

4 spgetine
dri @ — (11 + 7o) P3(s)e—s(mtm)’

where @ = PJ(s) 4+ Pj(s)e™°™ + P3(s)'e=*(M+7) _ 1, Py(s)e™*™. So

E -1 - ] _ T1 + T2
dn  sPy(s)e—s(mitm2) s

It is easy to see

ds ]~ { sP 71+ 7'2}
Re|— = Re _
|:d7'1] R p—— 52P3(s)e—s(m+72) s T
SoUr — Us Sy

T =R+ UR)
where
Uy = Ecos (1" + 72) + Fsin o (177 + 72),
Us = Fcos (17" + 1) — E'sinpo(7" + 72),
S1 = Ay + Cy cos pgTe + D1 sinpgre + Ey cos oo (11" + T2)
+ Fysinpo(77" + 12) — 72(C cos po72 + D sin 1),
Sy = By + D1 cos po1e — C sin 7o + Fy cos po(17" + 72)
— Eysin (117" + 12) — 72(D cos pora — C'sin poTa).
Therefore, if —(SoU; — UaS1)/(U# + U3) # 0, the transversality condition holds, and
Hopf bifurcation occurs at 7; = 71", one has the following results.
Theorem 6. Assume that (H1) and (H2) are satisfied.

() IfY? + 22 — (V2 + W?) = 0 has no real root, then E\ is locally asymptotically
stable for T > 0,72 € [0, 7).
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(i) Ifa? —2anby,—1+b2_1 —c2_; < 0and —(SeUy — Uz S1) /(U +U3) # 0, then
E; is locally asymptotically stable for 11 < 11*, 19 € [0,75); F1 is unstable for
71 > 11%, T2 € [0,75); a Hopf bifurcation occurs at v = 1%, 12 € [0, 75).

Remark 1. Comparing Theorem 2 with Theorem 6 and Theorem 3 with Theorem 5, it is
easy to know that 7; and 75 will influence each other.

Remark 2. From Theorems 2—6 one can see that all of the expression of 7, 75, 7%, 71"
and 75" contain the order .. So one can conclude that if 7; and 75 are determined, the
order will become a bifurcation parameter.

4 Numerical simulation

In this section, an example will be proposed for numerical simulations to support the
result mentioned above.
Considering the functions of system (1) as follows:

Dxy(t) = w1 (t)[1 — 21 (t) — w2(t) + 0.5 % z2(t — 1)),
Dallig(t) = ,Ig(t) [S.Il(t - 7'2) - l‘g(t)}

with initial condition & = 0.9, ¢1(0) = 0.5 and ¢2(0) = 1, then the characteristic
equation is

27)

$2% 4 1.65% + 1.2 + 1.44e ™ — (0.72e 51 +72) —

It is easy to see that (H1) and (H2) are satisfied. From Fig. 1, one can see that F is
locally asymptotically stable for 7y = 0, 79 = 0. This conforms Theorem 1.

By calculation, it is easy to know that M? + N? — E2 — F2 = ( has no real root.
From Fig. 2 one can see that F; is locally asymptotically stable for 71 > 0, 79 = 0. This
conforms Theorem 2.

By calculating, it is easy to know that a3 — (c; + b1)? < 0. One can get p(0) =
0.2915 the critical value of system (27) 75 ~ 5.2122. By calculation, one obtains that
(A1B — B1A — G1H + H1G)/(¢*(A% + B?) # 0. From Fig. 3 one can see that F is
locally asymptotically stable for 71 = 0, 7o < 75, and Fig. 4 shows that E} is unstable
for 7 = 0, 79 > 75. This conforms Theorem 3.

By calculating, it is easy to know that (az — ¢1)? — (azb; — byc1)? < 0. One can get
©(0) = 0.9494 the critical value of system (27) 7* a 1.1492. By calculation, one obtains
that —(J1 Iy — JoIh) /92 (17 + I3) # 0. Figure 5 shows that F is locally asymptotically
stable for m; = 79 < 7%, and from Fig. 6 one can see that F/; is unstable for 73 = 75 > 7*.
This conforms Theorem 4.

Let 7o = 2, one can get the critical value of system (27) 7** ~ 1.9733. By calculation,
one obtains that —(SoU; — UsS1) /(92 (UZ + UZ) # 0. Figure 7 shows that F; is locally
asymptotically stable for 71 < 71*, 75 € [0, 75), and Fig. 6 shows that F; is unstable for
1 > 7%, 72 € [0,75). This conforms Theorem 6.

Let Ty =2, 7 = 0and 7, = 0, 72 = 2, while keeping the other parameters constant,
one can get Figs. 8 and 9. Comparing Fig. 6 with Figs. 8 and 9, one can get that two
delays will effect each other.
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Figure 1. E; is asymptotically stable when 71 = 0, 72 = 0, &« = 0.9.
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Figure 2. F is asymptotically stable when 71 = 10, 2 = 0, « = 0.9.
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Figure 3. E; is asymptotically stable when 71 = 0, 72 = 5, & = 0.9.
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Figure 4. Stable periodic orbit of system (1) when 7y = 0,72 =7, = 0.9.
14 14
135 F
1.2
131
1+ 4
125
081 4 Szt
1.15
06 f
110
04+
1.05 1
0.2 1
0 5 10 15 20 25 30 35 40 45 50 0.36 0.38 0.40 0.42 0.44 0.46 0.48 0.5
t Ty
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Figure 6. Stable periodic orbit of system (1) when 71 = 2, 72 = 2, a = 0.9.

Nonlinear Anal. Model. Control, 25(5):745-765


https://doi.org/10.15388/namc.2020.25.18391

762

0.8

0.6

0.4

0.2

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.8

0.6

0.4

0.2

Y. Xie et al.

0 10 20 30 40 5 6 70 80 034 036 038 04 042 044 046 048 05
t Ty
Figure 7. E; is asymptotically stable when 71 = 1, 70 = 2, &« = 0.9.
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Figure 8. E; is asymptotically stable when 71 = 2, 72 = 0, o = 0.9.
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Figure 9. E; is asymptotically stable when 71 = 0, 72 = 2, &« = 0.9.
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Figure 10. E; is asymptotically stable when 71 = 0, 70 = 7, a = 0.8.

Letm = 0,70 =7, a = 0.8, while keeping the other parameters constant, one can get
Fig. 10. Comparing Fig. 4 with Fig. 10, one can get that whether or not the equilibrium
of system (1) is stable, it is related to a.

5 Conclusions

This paper considers a delayed generalized fractional-order biological networks with pre-
dation behavior and material cycle. The stability and bifurcation of the present model are
studied and some theoretical results are given. It shows that the stability and bifurcation
rely on time delays for the proposed system and the order also has a effect on it. In
addition, it is displayed that the time delays will effect each other. Finally, some numerical
simulations are presented for supporting them.
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