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Abstract. In this paper, we study the existence and uniqueness of weak solution for the system
of finite difference schemes for coupled sine-Gordon equations. A novel first order of accuracy
unconditionally stable difference scheme is considered. The variational method also known as the
energy method is applied to prove unique weak solvability. We also present a new unified numerical
method for the approximate solution of this problem by combining the difference scheme and
the fixed point iteration. A test problem is considered, and results of numerical experiments are
presented with error analysis to verify the accuracy of the proposed numerical method.
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1 Introduction

Wave propagation problems are studied in several areas of engineering, physics, and
applied mathematics including relativistic quantum mechanics, acoustics, biomedical en-
gineering, and field theory problems (see, [1-4,6,9,11,14,22,25,27,31] and the references
given therein). There have been extensive theoretical and numerical studies on nonlinear
wave systems such as sine-Gordon, Klein—Gordon, and coupled sine-Gordon equations
in the literature (see, [7, 10, 21,24, 30] and the references given therein). Such type of
problems attracted much attention in the last decades due to the presence of soliton solu-
tions. Solitons are nonlinear waves, which occur in proteins, signal conduction between
neurons, and deoxyribonucleic acid (DNA) [18,34].

Due to low regularity of coefficients and source functions, unique solvability in the
weak sense have drawn remarkable interest for many problems occurring in real world
phenomena, including coupled sine-Gordon equations. In the weak solvability, solutions
of complicated nonlinear systems and also linear or semilinear problems, which do not
have a corresponding mild formulation, can be obtained even under less regularities of
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data. Solutions of these problems are obtained in the space of distributions by the energy
method, also known as the variational method, which is a versatile tool in the theory of
partial differential equations.

In this article, for the first time, the unique solvability of first order of accuracy
unconditionally stable difference scheme for coupled sine-Gordon system, in the weak
sense, is proved. Compared with other existing studies in the literature, the novelty of
the present work is two fold: one is the generality of nonlinearity and damping effects
in weak solvability via finite difference method, and the other is the unified numerical
approach based on first order of accuracy unconditionally stable finite difference scheme
and fixed point iteration.

The early investigations about the convergence of difference schemes for hyperbolic
partial differential equations (PDEs) are contributed by Courant, Friedrichs, Lewy, von
Neumann, Lax, and Richtmeyer et al. In studying these problems, a necessary condition
for convergence of a finite difference scheme is Courant—Friedrichs—Lewy (CFL) condi-
tion. In the present study, the employed difference scheme provides good convergence
and stability results without the need of a CFL condition. In numerical analysis, a uni-
fied numerical method, which combines the difference scheme and fixed point iteration
with some error tolerances, is used. Combining with fixed point iteration, the numerical
experiments for the solution of the difference scheme gives accurate results.

In this study, the nonlinear system of coupled sine-Gordon equations

0%u ou ov

2 + a1 + Q2 — BrAu + 1 sin(d11u + 012v)
+priu+piev=f inR,
2 ey
00+ a2 4 0320 — By A+ 13 sin(Garu + G200)
912 Q21 ot Q22 ot 280 T 72 811021 T 022V
+ p21u+pov=g inR
with boundary conditions
u=0 and v=0 onS 2)
and initial conditions
0
u(0,2) = p1(z) inf2 and a—?(o,x) =¢1(x) in L2, 3)
0
v(0,2) = @2(x) inf2 and a—:(o,x) =1)9(x) in {2 4)

is considered. Here, {2 C R"™ is a bounded open set with piecewise smooth boundary
I' = 942, and A is Laplacian. The spaces R and S are defined as R = (0,1) x {2 and
S =(0,1) x I', respectively. The constants are given as

oij, Bi, Vi, 0ij, pi; — bounded nonzero real numbers for ¢, j = 1, 2. 5)

Let us denote
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Source functions f and g satisty the Lipschitz conditions of the form

‘f(t,%ul,v)—f(t,x,ug,v)| < My|ug — usl, (6)
‘g(t,x,ul,v)—f](t,ac,ug,v)‘ < Maluy — usal, @)
|f(t,x,u,vl)—f(t,x,u,v2)| < Ms|vr — v, (8)
‘g(t,x,u,vl) —g(t, z,u, v2)| < My|vy — v )

on R, where M;,© = 1,2, 3, 4, are positive constants.
Let A = —A be an unbounded self-adjoint positive definite operator in a Hilbert
space H. Then problem (1)—(4) can be written as

0? 0 0
87751; + au@i; + alzaitj + B1Au + 1 sin(d11u + 120)
+911U+P12U:f7 O<t<17
0% ou o
i i — A in(¢ 0
iz Tz gy Tazg + FaAv+ e sin(Sau + 6220) 10)
+pautppv=g, 0<i<I,
d
w(0) =uo €V, TH(0) =uf € H,
d
v(0) = v €V, dit’(O) = € H.

Here, V is the Hilbert space satisfying the relation V' C H. In the literature, a special
case of the system in the form

Upt — Upy = —0° sin(u — v), Vgt — Vg = sin(u — v),

which describes the open states in DNA double helices, is studied by many researchers
(see, [18,34] and the references given therein). Note that some applications and numerical
results of the present study, without proof, are presented in [32,33].

Unique solvability of problem (10) is presented as the limit of first order of accuracy
unconditionally stable difference scheme

T2 (U1 — 2up + up—1) + 011 (27) T (U g1 — Up—1)
+ a12(27) " H(Vkt1 — vk—1) + Br1Aug i
+ v sin(di1ug + d12v;) + pr1usk + P12k = fr,

fr=f(tr), th=Fkr, 1<kE<N-1, Nr=1, (1)
1

T2 (Vg1 — 20k + Vp_1) + 21 (27) " (up 1 — up—_1)
+ 22(27) " (Upg1 — Vk—1) + B2AVK11
+ o sin(a1ug + G220k) + p21Uk + P22VK = Gk
gr =9g(tr), thr=kr, 1<k<N-1, Nr=1,
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Uy — Ug
upg = ¥1, ’LL6 = = = wla
V1 — Vo (112)
=1

/
Vo = P2, Vg = -

with a modification for damped nonlinear system. The set of a family of grid points

.Qh = [0,1].,- X [O,ﬂ']hi {(tk,xn): tr :k’r, nggN, Nt = 1,
T, =nh, 0 <n< M, Mh=r1} (12)

with parameters 7 and h is considered for the approximate solution of (10). Here, fx, gk,
©v1, P2, P1, and ¥, are given nonzero functions. Convergence and unconditional stability
of undamped linear form of difference scheme (11) is presented in [2,4].

The weak solvability of nonlinear systems are widely investigated in the literature
(see [8,12,13,15-17,19,20,22,23,26-29,35,36] and the references given therein). In [8],
endemic equilibrium for the PDE model of Zika virus, which leads to a major global
public health emergency, is studied. In [15], approximate solution of coupled sine-Gordon
equations with periodic boundary conditions is investigated. Also, in [22], the global weak
solvability of coupled damped sine-Gordon equation in abstract form is proved, and the
finite element method is used. The weak solutions for nongradient coupled sine-Gordon
equations are studied in [27]. Regularity criteria of weak solutions for 3D incompressible
viscous magnetohydrodynamics (MHD) equations are discussed in [28]. Several types of
prey—predator models are investigated in [35].

2 Preliminaries
In this section, we present some preliminaries, which will be used in the theoretical

statements of this paper. Let us define the Hilbert spaces H and V as H = L?({2) and
V = H}(92), respectively. These spaces are equipped with the inner products and norms

(4, ) = / b@)d(e)de, || = ()2, Ve e LA(R),
2

0 0
| art@gms@dn, ol = (.0)"2 V6.0 € HY@).
2

(v, 0) =)

i=1

Let us define the dual spaces of V and H as V' and H’, respectively. Here, the pair

(V,H) is a Gelfand triple space with notation, V. — H = H' — V', where V' =

H *1((2). The embeddings V' € H and H C V' are continuous, dense, and compact.

The unique solvability results are presented in the setting of the triple space. The bilinear
form

a(, ) = / Vo Vodr = (6,¢) YopeV = HY(R)
0N
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will be used in variational formulation. This form is bounded, symmetricon V' x V =
H& (£2)2, and coercive, that is,

a(¢,9) = |lolI> Vo e V.

The form is associated with the operator A = —A defined by

A, ) = a(9, ),

where A is an isomorphism from V" onto V. It is an unbounded self-adjoint operator in H
with dense domain D(A) = {¢ € V | Ap € H} inV and in H. We consider system (10)
in the following vector form:

w' +aw +BAwW +vysindw+pw=Ff, 0<t<T, 13
w(0) = wy, w'(0) = w,

o B PR
dt =
S . |sinu A4 0
f= [g ’ SIMW = inw | A= 0 Al
Q11 012 Bi1 Pz 011 012
= ) = ) 6 = )
* [0421 0422] p [521 522} [521 022
=M 0 p— P11 P2 wo = |10 W — uf)
0 |’ P21 p22|’ vo |’ 0 vy
The norm |d| of the 2 x 2 matrix is defined by

> 16551 (14)

ij=1,2

with

Let us introduce the product spaces V = V x V and H = H x H equipped with the inner
products

(o, 9) = (¢1.91) + (D2, 02), @ =I[d1, 2], b =[th1,002]" €V,
(.9) = (d1,91) + (P2, 02), @ =[p1, 02", =[]t €H, (15

respectively. Here, [-,-]T is the transpose of [, -]. Then the dual space V' = V’ x V' and
the dual pairing between )" and V are

(B, ) = (d1,91) + (P2,12), D =[d1,02]" €V, b= [1,1o]" € V.

Let the operator A has a square root B such that B = v/—A. The self-adjoint positive def-
inite operator B generates a Cy semigroup in problem (13). Thus, the operator matrix A

Nonlinear Anal. Model. Control, 25(6):997-1014
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with operator entries A in (13) is a self-adjoint positive definite operator with a dense
domain D(A) = D(A) x D(A) in V and in H. It can be easily verified that A generates
a Cy semigroup [1,3,27].

By the embeddings V' < H < V’, the pair (V,H) is a Gelfand triple space with
notation V < H < V’. The norms of V and H are denoted by ||1)|| and |2)|, respectively.
The weak solvability of (13) is stated in the following form.

Definition 1. (See [22].) A function w is said to be a weak solution of (13) if
weW(0,T)=W(0,T) x W(0,T)
and w satisfies the variational (weak) formulation

(W'(), ) + (aw'(-),¢) + (Bw(), ¢))
+ (ysindw(-), @) + (pw(), ¢) = (

w(0) = wo, w'(0) = wy,
for all ¢ € V. Here, the solution space is
W(0,T)={¢ | ¢ e L*0,T;V), ¢ € L*(0,T;H), ¢" € L*(0,T; V") }.

The following theorem states the continuous dependence of weak solutions for (10),
and this theorem will be used in the proof of uniqueness.

Theorem 1. (See [22].) Suppose that assumptions (5)—(9) hold. Let w = [ua,va]T
(resp., wp = [up,vp|") be a weak solution of (13) with initial values (W 19, Wa1) €
V x H (resp., (Wpo,Wp1) € V x H)and £4 € L*(0,T;H) (resp., fg € L*(0,T;H)).
Then there exists a constant C' > 0 depending only on o, 3,7v,6 and T such that, for
eacht € [0,T),

[walt) = wi()|” +|wy(t) — wi(t)]”

< C<||WAO —waol® + [war — wei|* + / |fa(0) — fB(a)\Qdo)
0

By the properties of the operator matrix A considered in problem (13), and using
the family of grid points (2, defined in (12), we can consider system (13) in difference
form as

TﬁQ(Wk_i_l — 2w +wWi_1) + a(27)71(wk+1 — Wg_1)
+ BAwg + ysindwy + pwy =1, 0<t<T, (16)

wo = @, 7 (w1 — wo) = 1,

http://www.journals.vu.lt/nonlinear-analysis
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|k . _|sinug | fe A0
i P ER A it R I B S O
o g2 B P2 im0
> [0421 0422} ’ A= [521 522] ’ = {O ’Yz} ’
011 012 P11 P12 ©1 (1
6 = = = =
{521 522]’ P {Pm p22|’ ® p2]’ ¥ o]’

fe — f and gp — g weaklyin L?(0,T;V). 17)

and

We will obtain unique solvability results in the weak sense by constructing variational
formulation for system of difference equation (16). We use some strong convergence
properties of the sequences, which are obtained by compactness theorems. The existence
and uniqueness of weak solutions are presented in the next section.

3 Unique solvability of the difference scheme

In the present section, theoretical statements on weak approximate solution to (16) is
established by the unconditionally stable difference scheme (11). Applying variational
formulation, it will be shown that difference problem (16) converges to a unique weak
solution.

Let us consider the variational formulation of (11)

(w41, @) + (ug—1,0) + (117UR+1, 8) + (Q12TVE41, T) + (T2p11uk,ﬂ)
+ (7'261Vuk+1, va) + (7'271 sin(d11ug + d12vk), @) + (T2p121}k,ﬂ)
= (2uy, @) + (an1Tup—1, @) + (Q127vp—1, @) + (7° i, 1),
(Vk41,0) + (Vk—1,0) + (a21TUk11, D) + (Q22TVk11, D) + (T2 paruy, D)
+ (Bor? Vg1, V) + (27 sin(da1up + 6220%),0) + (72p22vk,0)  (18)
= (2uk,0) + (21 TUk—1,D) + (Q22TVL_1,D) + (ngk,ﬁ),
fe=fte), gr=9(tr), tx=kr, I<E<N-1, NT=T,
(wo, @) = (p1,u),  (v0,0) = (p2,7),
(u1,8) = (Y17, 0) + (uo, @),  (v1,0) = (Y27, D) + (v0,0),

where @ and v are test functions in V. Throughout this paper, K represents a generic
constant having possibly different values at different places.

Definition 2. The mesh functions {uy} and {vy} are said to be the approximate weak
solutions of (11) if ug, vy € V satisfies (18).

Nonlinear Anal. Model. Control, 25(6):997-1014
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Using the family of grid points (12), we introduce the Hilbert space
Lan(92) = La(£21)

equipped with the norms of grid functions

N 1/2 N
[l 20 (2) = (Z |u],| h) N O N (Zwm)
j=1 j=1

Theorem 2. Suppose that assumptions (5)—(9), (17) are satisfied. Then there exists a pos-
itive constant K such that

1/2

[We-1llZ,, )+ IWklZ,, ) + IWet1ll7,, o) < K, (19)
where K is independent of the grid parameters T and h for all k € N.
Proof. Setting 4 = ug11, U = Vg1 in (18), system
(g1, Ukt1) + (Uk—1, Uk+1) + @117 (Ug, Ugy1) + @127 (Vk, Uk +1)
+ 72 By (Atpt1, 1) + 771 (sin(S11uk + S12vk), Wit1)
+ 7211 (ks whg1) + 72 pr2 (Vi 1) — 2(Uk, Uk g 1)
- 0411T(Uk—1, Uk+1) - alzT(Uk—l, Uk+1)
= 72 (fi, uk+1),
(kg 1, V1) + (Vk—1, Va1) + @217 (g, Vg y1) + 227 (Vk, Vig1)

+ Bom? (Avgs1, Vig1) + Y277 (Sin(d21up + G200%), Vis1)

(20)

+ po1 72 (ke Vit 1) + P22 (Vky Vit 1) — 2(Vk, Vit
— o1 T(Up—1, Vg t1) — Q22T (V—1, Vkt1)
= 729k V1)
is obtained. A priori estimate will be presented by showing nonnegativity and bounded-
ness for the components of system (20). By coercivity, the system can be written as
1 (Ukt1, Uk1) — 27 (Uk, Uk y1) + Co(Up—1, Upg1)
+ c3(Vk1, Uk+1) + ca(Vk—1, Upt1)
<72 (frr ukg1) — 7271 (sin(S11up + 01208, Upgr), (21
d1(Vk+1, Vky1) — 27 (Vk, Vk41) + d2(Vk—1, Ukt 1)
+ d3(Ups1,Vkq1) + da(up—1,V41)

< 7% (g vi1) — 722 (sin(S21uk + G220k ), Vig1) (22)
with
T T
61:1+§0411+T2P11+72ﬁ1, 02:1—501117
c3 = Zoz + 72 Ccqy = zoz
3 = B 12 P12, 4 = B) 125

http://www.journals.vu.lt/nonlinear-analysis
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T T
d1:1+§a22+72p22+7252, d2=1—§0é22,

T T
ds = 521 + 72 pa1, dy = T 021

Taking the sum of (21) and (22), we get

1 (U1, Ukt 1) + di (Vg1 Vigr) — 27 (U, Uy 1) — 27 (Vk, Vig1)
+ e (up—1, uy1) + do2(ve—1, Vgy1) + c3(Vkp1, g 1) + d3(Upy1, Vet1)
+ ca(vp—1,upy1) + da(ug—1,v41)
< 72 (foy 1) — 721 (sin(S11up + S120k), Upt1)
+ 72 (gr, V1) — T2 (sin(b21uk + 0220k ), V1) - (23)

With the help of inner product defined in (15), conditions (6)—(9), (17), and the matrix
norm in (14), system (23) can be written in the vector form

(AWhp1, Wi1) — 27 (Wi, Wip1) + (AoWi—1, Wii1)

+ (AsWry1, Wt1) + (AaWp_1, Wit1)

< T2(Fk — v sin Owg, Wiy1), 24)
where
|ug _Jer O e 0
Wi = |:’Uk::| ) Al - |:O d1:| ) A2 - |:0 d2:| )
{0 ¢ N U _ ke 0
S | R A R VA

Let us denote

A= 72(Fk —Asin dwg, wii1) — (A1Wga1, Wer1) + 27 (Wi, Wra1)

—(AoWi—1, Wit1) — (AsWig1, Wip1) — (AuWp_1, Wiy1).

From (24), A > 0. An upper bound should be constructed for A. Using triangle and
Cauchy—Schwarz inequalities yields

A< (1AllLon @) + 1Al Ly (2) + T) IWeia 12, () + TIWRIT,, (2)
7 2 2 2 2 2
+ §|’Y||5|(||WkHL2,,(Q) + [[WitallZ,, @) + ?(”Fk”L%(Q) + IWit1lZ,, ()
1
+ §(HA2||L2,L(Q) + A4l Lo 2) (IWk—1llT,, 2y + 1Wrs1llT,, (2)-
Thus,

A< Cl||Wk+1||%2h,((z) + C2||Wk\|%2h(m + CBHWkAH%%(n) + C4\|Fk||%2h(n)7 (25)

Nonlinear Anal. Model. Control, 25(6):997-1014
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where

C1 = [[A1llLon ) + A3l Lo ) + 7

72 1
+ 5 (L 1118]) + 5 (A2l Lo (2) + [Adllzone),

72

72 1
Co=1+ ?|’7||5|7 Cs = §(||A2HL2}L(~Q) + ||A4HL%(Q)), Cy = 3

Using assumptions (5)-(9) and (17), we conclude that A;, ¢« = 1,2, 3,4, are invertible
positive definite matrices and the function Fy, is Lipschitz in £2;,. Let us denote

M = max{Cl, CQ, 037 04}
Then (25) can be written as
A<M (Wil () + IWell7,, (0) + 1Wi—1l1Z,, @) + IFklZ,, 2))-

Components of this system are nonnegative and bounded above. Thus, the following
energy inequality holds:

0<A<L HWk+1||2L2,L(Q) + ”WkH%%(Q) + ||Wk—1||2L2h(Q) < K.
Hence, Theorem 2 is proved. O

Theorem 3. Suppose that assumptions (5)—(9) and (17) hold. Then there exists a positive
constant K, independent of grid parameters T and h, such that for all k € N,

( Uk+1 — Uk ? + U — Uk—1 ? + Uk+1 — Uk—1 2
T Lo (£2) T Lo (£2) 27 Lo (£2)
n Vg+1 — Vg + Vg — V-1 ? Vg+1 — Vk—1 2 ) < K. (26)
T e T e 27 Lon(22)

Proof. We construct the weak formulation for the derivative terms by modifying (11).
Multiplying by 7 and taking the inner product for the first equation of (11) by (ugy1 —
ug)/7 and (ug — ug—1)/7, we get

)

Up+1 — Uk Up — Up—1 Upt1 — Uy
T T T

Uk4+1 — Uk—1 Uk41 — Uk Vg41 — Vg—1 Uk41 — Uk
+TCY11( ) )+Ta12< )

2 T 27 T
+ 75 (Au;Hl, UkHT_Uk) + 771 (sin(duuk + 61901), “kHT_“k)
+ 71 (uk-l-la M) + Tp12 (Uk-H, uk““’“)
- T<fk’ M) @7

http://www.journals.vu.lt/nonlinear-analysis
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and

)

Upil — U U — Ug—1 U — Up—1
T T T

Uk41 — Ukp—1 Uk — Ug—1 Vg41 — Vg—1 Uk — Ug—1
+T0411 5 +TC¥12 s
27 T 2T T

U — Uk—1 . U — Uk—1
+ 761 (Auk+1, T) + 71N (SIH(511Uk + d120k), 7_)
U — Uk—1 Uk — Uk—1
+ Tp11 (Uk+1, 7_) + Tp12 (Uk+1, 7_)

:T(fk,wc—;wc—l), 28)

respectively. Taking the sum of (27) and (28),

2 2
{WH—% Uk — Uk—1 }
T Lan(02) T Lan(£2)
Uk4+1 — Uk—1 Vk+1 — Vk—1 Uk+4+1 — Ug—1
+ 27011 +27 +TO¢12< +2 ) * )
T Lon(2) T T
Uk41 — Uk—1 . Up+1 — Uk—1
+ 7161 (Aukﬂ, T) +7m (sm(éuuk + 9120k, T>
Uk4+1 — Uk—1 Uk+4+1 — Uk—1
+ 711 | Ukt1, ——— | + Tp12| Vkt1, ———————
Uk4+1 — Uk—1
= T(fk7 T) 29)

is obtained. Applying the same procedure for vy,

2
{ Vk+1 *Ung Vg — Vk—1
Lop(£2)
T Laon(£2)
2
+ 27 gy Vk+1 — Vk—1 + Tas; Uk+1 — Uk—1 Vk4+1 — Vk—1
27 Lan(22) 2T ’ T

Vjpt1 — Up— , V1 — Uk
+ 752 (Avk+1, kHT“) + 772 (Sln(521uk + d22v1), kHT“)

Vk4+1 — Uk—l) Vg41 — ”Uk—1>

T

— 7-(91€7 Uk“‘l;v’f—l> (30)

+ Tp21 <Uk+1; + Tp22 <'Uk+h

Nonlinear Anal. Model. Control, 25(6):997-1014
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is obtained. Multiplying (29) by a; and (30) by o152 and subtracting these terms, we get

2 2
A~ a { U1 — U Uk — Up—1 }
1 — Q21 - -\
T Lo (£2) T Lan(£2)
2
Uk+1 — Uk—1
+ 211001 BT S
T L2y (£2)
2 2
N { Vg1 — Uk U — V-1 }
SPNID e Yk — Uk—1
T Lan(£2) T Lan(02)

2
Vk4+1 — Vk—1

+ 2720002
2T

+ 5o (Uky1, Vi—1)

LQh(Q)

+ 27 (lurtallZ,, ) + lvks1llZ,, (o)) + 51 (Uks1, vkg1)

+ 53(Up1, Uk—1) + Sa(Vkt1, Ve—1) + 85(Vkt1, Uk—1), (€29)
where
81 = Qa1p12 — Q2p21, s = a1 81 — 2111,
§3 = 011252 — (12022, S4 = (120217, S5 = —Q21012-

Using coercivity, we obtain

Ay < a2 (frr ury1) — o1 (fr, uk—1) — a12(gr, V1) + @1 (gr, Vk—1)
+ Sg (sin(énuk + 0120), uk+1) — Sg (sin(énuk + d120g), uk_l)
— 87 (Sin(égluk —+ 522Uk)7 Uk—!—l) + s7 (sin((snuk + 612Uk), 'Uk—l); (32)

where sg = ae171, ST = aq1272. Here, the coefficients s;, ¢ = 1,2,...,7,in (31) and
(32) are bounded constants by (5). Using the inequalities

(sin(d11up + 0120k, 1) < |S11uk + 0120k [upt ],

1
(Ukg1,Vp41) < §(|Uk+1|2 + |Uk+1|2)7

2
Lgh(fz) }

(31) and (32) can be written as

0421{

2
Uk41 — Uk

T

Uk — Uk—1

Lop(£2) T

2
Uk4+1 — Uk—1

27 Ly, (92)
v v 2 v v 2
k+1 — Uk k — Uk—1
W{ Uk1 ~ Uk U ~ V1 }
T Lon(2) T Lon(92)

2
Vg4+1 — V-1

5 +arllugallZ,, (o) + a2llukl?,, o)

+ 27120099

Lon(£2)
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+ as”“ﬂc—l”%%m) + a4||fk||2Lzh(Q) + blek+1”%2h(Q) + bQHUkHZLz;L(Q)

+b3||vk—1||2L2;L(_Q) +b4||gk||2L2,L(.Q)7 (33)
where
TS6
01 =4a3 = 7(|511| +1012]), a2 =7(se|011] + s7l012]), a4 = o,
TS
by = b3 = 77(|521| + |6221), by = 7(s6|012] + s7/622]), by = aqa.
We denote

N = max{asi, 2T0q1021, 2TQ120022, 012},

Then using Theorem 2, assumptions (5)—(9), and (17), the estimation for (33) can be
written as

2 2
Uk41 — Uk U — Uk—1 Uk41 — Uk—1
N{ Ukt = Uk e s o [
T Lan(£2) T Lon(92) T Lan(92)
2 2
Vk+1 — Vk—1 Vk+1 — Vk Vg — Vk—1 |2
i e — S I — [Zan2) ¢ < K.
Lap(£2) Lan(£2)
Thus, Theorem 3 is proved. O

Next theorem states that the mesh functions {uy} and {vy} are compact in Loy, (2)
topology.

Theorem 4. Under the hypotheses of Theorems 2 and 3, there exist subsequences
{uk,.} < {ur} and A{up,} C{vi},

which converge in V' to bounded measurable functions u and v, respectively. Moreover,
the limit functions u and v are unique weak solutions satisfying (19) and (26).

Proof. Estimates (19), (26) and discrete Gronwall lemma [23] imply that
{ur} and {uvx} areboundedin L>(0,T;V).

Then by Rellich theorem [9] there exists a subsequence Wy, = [uy, , vk, |T of wy =
[ug, ve]T and Wy, € L°°(0,T;V) such that

Wi € L>(0,T;V) C L*(0,T; V)
and
Wy, — Wi weak star in L°°(0,T;V) and weakly in L?(0,T; V).
By the Aubin compactness theorem [5], the above convergence results imply
Wy, — Wy, strongly in L2(0, T; H), (34)
and by (34),
sindwy, — sindwy,  strongly in L*(0,T;H),

which shows the existence of wy, a.e. in H and wg = wy.
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Uniqueness follows from convergence of difference scheme (11) and by Theorem 1.
Hence, Theorem 4 is proved. O

4 Numerical analysis

In the present section, we verify the theoretical results of our study by numerical experi-
ments. A composite numerical method based on finite difference method and fixed point
iteration is employed. The fixed point iteration is applied for nonlinear part of the problem.
We propose a unified numerical method to obtain more accurate results for the solution
of an initial boundary value problem (IBVP) for one dimensional coupled sine-Gordon
equations. We choose an exact solution

w(t,z) = {u(t,z),v(t, z)}
with

2t t

u(t,x) = e “'sinnz, v(t,z) =e 'sinmz,

and we formulate a boundary value problem that leads to this solution. Let us consider
the following IBVP:

Ut — Ugg + U +u = —sin(u —v) + (72 + 3)e” * sinTz
+sin(e ! sinme —e fsinmx), 0<t<1,0<xz<l1,

Oy — Vgg + v + 0 =sin(u —v) + (7* + 1)e ' sinmz

—sin(e” ¥ sinmz —e 'sinwz), 0<t<1,0<z<l1, (35)
w(0,2) =sinmx, w(0,2) = —2sin7mz, 0< 2 <1,
v(0,2) =sinwz, ©v(0,z) = —sinmx, 0<z <1,

u(t,0) =u(t,1) =0, wv(t0)=wv(t1)=0, 0<t<1.

System (35) is used for modelling the wave propagation on an infinite chain of elas-
tically bound atoms lying over a fixed lower chain of similar atoms. The second-order
derivative terms describe the elastic interaction energy between neighboring atoms and
their kinetic energy, respectively. The nonlinear terms containing sine stand for the po-
tential energy due to the fixed lower chain. The remaining terms are damping terms and
source functions.

For the approximate solution of problem (35), the corresponding difference scheme
(11) is considered. The modified Gauss elimination method is used for the solution of
system (11). The set of a family of grid points

“Qh = [07 1]7’ X [07 l}h
:{(tk,xn): tr=k1, 0<k< N, Nt=1, 2z, =nh, 0 <n <M, Mhzl}

is considered.
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Table 1. Errors for the approximate solution of problem (35).

€ N =M Ermrorofw Rateofconvergence @ m  CPU times

1015 20 0.1564 1.012329 9 2.8901
40 0.0785 1.003370 10 3.9512

80 0.0393 1.005520 11 5.5020

160 0.0114 0.996334 12 15.8911

10~20 20 0.1564 1.012329 10 3.1602
40 0.0785 1.003370 11 3.5925

80 0.0393 1.005520 12 5.8238

160 0.0114 0.996334 13 18.0502

Table 2. Errors for the approximate solution of problem (35).

€ N =M Errorofw Rate of convergence m CPU times
1020 20 0.1564 1.012329 10 3.7344
40 0.0785 1.003370 11 4.8879
80 0.0393 1.005520 11 8.8649
160 0.0114 0.996334 12 17.1365

Errors, rate of convergence, number of iterations, and related CPU times are presented
in tables for different values of NV and M. The numerical implementations are carried out
by MATLAB R2018b software package, by a PC System of 64 bit, Core i5 CPU, 1.80
GHz, 8 GB of RAM. Errors are computed by the following formula:

k
e |w(tk7xn) - wn‘
1<n<M—1

The numerical algorithm is performed for m = 1,2, ..., p, where p depends on a given

error tolerance ¢ such that

lptin —p—1un| <e and |pv, —p_1 vn| <e.

Here, m is the index representing the number of fixed point iteration. The exact solution is
denoted by w(ty,, 7,,) = [u(tr, Tn), v(t, 7,)]T, and the numerical solution is denoted by
ko [k ok

wk = [uk vE]T for the approximate solution of problem (35) at (¢4, x,,). The numerical

results are presented in the following tables.
Table 1 shows the errors for the approximate solution of (35) with a stopping criteria

¢ = 10715 and 10729, In the iteration, the initials are taken as vectors of the form

»=rand(N + 1, 1), (36)
0 =0(N +1, 1), (37)

n

ouk

where (36) is a random vector with dimension N + 1.
Table 2 shows the errors for the approximate solution of (35) with e = 1072°. In the
iteration, the initials are taken as the identity matrices of the form

ouf = I(N +1, M +1), (38)
0 =I(N+1, M +1). (39)
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The numerical solutions are obtained by using difference scheme (11) jointly with
fixed point iteration. The difference scheme converges for different iteration numbers m,
N = M values, initial vectors oufl, val, and termination criteria . When the maximum
difference at grid points of two successive results gets less than ¢, the iterative process is
stopped. Note that if the initials qu’, gv* in (36)=(37), (38)—(39) and ¢ are changed,
the number of iterations and the CPU times increase when the error and the rate of
convergence become constant for a certain N = M value.

As it is obvious from the tables that, if NV and M are doubled, the value of errors
decrease approximately by a factor of 1/2 for difference scheme (11). The errors and the
rate of convergence presented in tables indicate the convergence of the difference scheme
and the accuracy of the results. It is observed that the difference scheme has first order of
convergence as it is expected.

5 Conclusion

In this work, the unique solvability for the system of finite difference schemes for coupled
sine-Gordon equations is proved by using the variational formulation. A novel unified
numerical method, which combines the first order of accuracy unconditionally stable
difference scheme with the fixed point iteration, is constructed. Numerical experiments
are implemented to verify theoretical results and to show the efficiency of the unified
method.

Acknowledgment. The authors would like to thank Professor Allaberen Ashyralyev
and the reviewers for their helpful comments.
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