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Abstract. In this paper, we consider a diffusive predator—prey system with strong Allee effect and
two delays. First, we explore the stability region of the positive constant steady state by calculating
the stability switching curves. Then we derive the Hopf and double Hopf bifurcation theorem
via the crossing directions of the stability switching curves. Moreover, we calculate the normal
forms near the double Hopf singularities by taking two delays as parameters. We carry out some
numerical simulations for illustrating the theoretical results. Both theoretical analysis and numerical
simulation show that the system near double Hopf singularity has rich dynamics, including stable
spatially homogeneous and inhomogeneous periodic solutions. Finally, we evaluate the influence of
two parameters on the existence of double Hopf bifurcation.

Keywords: predator—prey, strong Allee effect, double Hopf bifurcation, two delays, stability
switching curves.

1 Introduction

In nature, population growth is limited by environmental resources, this explains why
the population cannot grow indefinitely. A proper population growth rate is crucial in
describing the population dynamics. The logistic growth proposed by Pearl and Reed
in 1920 [18] has been studied by many scholars since then. It assumes that per capita
growth rate is a monotonically decreasing function of the population density. The logistic
growth considers the intraspecific competition among individuals for limited resources.
In ecology, intraspecific competition involves competition for food, mates, shelters, and
so on. However, for many social animals, the individual can benefit from the presence of
conspecifics, the intraspecific cooperation cannot be ignored. Behaviours of intraspecific
cooperation include cooperative predation, cooperative defense against enemies, etc.
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Double Hopf bifurcation of a diffusive predator—prey system 73

The strong Allee effect growth characterizes the population growth of both intraspe-
cific cooperation and intraspecific competition [1, 8, 13], which means the growth rate
would be negative when the population density is below a threshold [15, 19]. For the
strong Allee effect, the most commonly used expression is

) =rutu-9)(1- ),

where 0 < < K is the Allee threshold. Obviously, when v < (3, the growth is
negative, and the population will eventually die out. This phenomenon is abundant in
ecology [4, 13], include inbreeding depression, failure to satiate natural enemies, failure
in mate finding, and so on.

In population dynamics, delay occurs in almost every situation, and its effect cannot be
neglected [14]. Time delays tend to destabilize the system and lead to oscillatory behavior.
Indeed, population densities of many species are known to fluctuate nearly periodically
over time [20], a phenomenon to which the delay may provide an explanation. Notice
that both the positive feedback of intraspecific cooperation and the negative feedback
of intraspecific competition can have delay to the growth of the population. Chang et
al. [5] investigated the dynamics of a scalar population model with delayed Allee effect
as follows:

u'(t) = ru(t)[u(t —7) — 1] [u(t — 7) — 6].

They obtained rigorous stability and Hopf bifurcation results for the above model. They
showed that the increasing of 7 may enlarge the basin of attraction of v = 0 and lessen
the basin of attraction of © = 1. Besides, they showed that large delay may devote to the
extinction of the population.

For many species, the delay feedback in intraspecific cooperation is not necessarily
the same as that in intraspecific competition. Jankovic and Petrovskii investigated two
models as follows [13]:

U(t) =U®)[U(t) - B][K - U(t - 7)],
Ult)y=rU®)[U(t —7)—B][K —U®)].

They found that the inclusion of delay in intraspecific cooperation term does not necessar-
ily confer instability, but a delay in intraspecific competition always results in instability,
thus leads to population cycles or even extinction. Besides, they obtained that delay in
competition term has more dominant effects on population dynamics compared to the
delay in cooperation term.

Besides, the digestion or gestation delay plays an important role in characterizing the
increase of the predator growth. Recently, many researchers consider the digestion delay
in their models [3,6,7,17,23]. Chen et al. [6] proposed a diffusive predator—prey model
with digestion delay. They investigated the effect of the digestion delay on the system and
obtained the stability of the equilibria and the existence of Hopf bifurcation.

Motivated by the previous works, we introduce a delay in intraspecific competition
in prey, consider the digestion delay in predator, and conclude a diffusive predator—prey
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system with strong Allee effect with two delays as follows:

ou u(t —71) muw
at—dlAu—l—ru(u—c)(l— I “h z €N, 1>0,

ov mu(t — T2)v (1)
— =doAv+ ——— —d 0t

T 2 v+b—|—u(t—7-2) v, xe€f2 t>0,

Ou=0,v=0, x€INR, t>0,

where © = u(z,t), v = v(z,t) denote the density of the prey and predator at location
x and time ¢, respectively; di, do mean the diffusion coefficients; 7y, 7o denote the
delay feedback of intraspecific competition in prey and the digestion delay in predator,
respectively; c denotes the Allee threshold, and K is the carrying capacity; m represents
the modified capture rate; b denotes the semi-saturation coefficient, and d the death rate
of predator. The homogeneous Neumann boundary condition is imposed so that there is
no population flow across the boundary, v denotes the outward normal to the boundary
012. For simplicity, we choose 2 as a spatial interval [0, I7].

Our purpose is to explore the joint effect of two delays on the dynamics of system (1).
The introduction of one delay may unstabilize the equilibria, lead to the occurrence
of Hopf bifurcation [24]. The dynamics of the system with two delays would be more
complex. There are several related studies on systems with two delays [2,21,22]. Most of
the works regard one delay as a constant and the other as variable. To evaluate the joint
effect of two delays, it is necessary to take two delays as variables. Gu et al. [11] and
Wang et al. [16] provide methods in studying the stability of a system with two delays
vary simultaneously. Du et al. investigated a diffusive Leslie-Gower model with two
delays [10], they performed the stability analysis and explored the existence of double
Hopf bifurcation.

The highlights of this paper are as follows. For one thing, the Hopf bifurcation curves
and double Hopf bifurcation curves on a two-parameter plane are given. For another, the
calculation of the norm forms near the double Hopf singularity need subtle analysis, since
two simultaneously varying delays make the calculation process more complex. Besides,
the stable spatially homogeneous and inhomogeneous periodic solutions are theoretically
proved and illustrated near the double Hopf singularities.

Our paper is organized as follows. In Section 2, we obtain the stability switching
curves of the positive equilibrium and present the Hopf and double Hopf bifurcation
theorem. In Section 3, we calculate the normal forms on the center manifold near the
double Hopf singularity. In Section 4, we carry out some numerical simulations for
illustrating the theoretical results. Finally, conclusions are made to sum up the paper.

2 Stability switching curves and the existence of double Hopf
bifurcation

In this section, we perform the stability and bifurcation analysis of the system.

http://www.journals.vu.lt/nonlinear-analysis
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2.1 Stability switching curves

By direct calculation, system (1) has three constant steady states Fy(0,0), Ei(c,0),
E»(K,0) and a possible positive constant steady state E (., vs), Where u, =bd/(m—d),
Ve = (s — ¢)(usx + b)(1 — ux/K)/m. To guarantee the existence of F,, we make the
following assumption:

(HO) c < bd/(m—d) < K.

Since the study of boundary equilibria is of little biological significance, in this paper, we
focus on the study of E, and assume that (HO) is always true.
The linearization of system (1) at E, is

G () = () s s (i) e (st 2 ).
where

D:(d1 0)) A:(ru*(l—k)(%ﬂ’:c) —d),

0 do 0 0
_r _ 0 0
B = ( Ku* (OU* C) 8) ) C = < mbu, 0) .
(b+us)?

Then the characteristic equation of E, is
det(A\, — M, — A— Be ™™ — Ce *™) =0, )

where I is the 2 x 2 identity matrix, and M,, = —(n?/I?)D. For simplicity, denote

aj] = ru 17% 72u*—|—b—c
11 — * K b—|—u* )

By = — (uyx — ) Cop = _mbv,
11 — K * * ) 21_(b+u*)2'

Then (2) is equivalent to
Dp(X;71,72) i= Pon(A) + PLa(Ne M + Py y(A)e ™™ =0, neNp, (3)

where

712 1’L2
P()’n(>\) = <)\ + dlﬁ — a11) ()\ + d2l2>,
4

n2

Pl,n(>\) =—b1 ()\+d2l2), PQ,nO\) =dcoy.

To maintain the stability of E, at 71 = 15 = 0, we further make the hypothesis
HD) (K —u)us +b—0¢)/(b+ ux) < ux —c.

Then we can easily get the following theorem.
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Theorem 1. If (HO) and (H1) hold, E. is locally asymptotically stable for 1y = 19 = 0.

Now we will investigate the joint effect of 7; and 7 on the stability of E, under
(HO) and (H1). To apply the method of the stability switching curves, we first check
assumptions ()—(IV) in [16] for all n € Ny. Obviously, ()—(IV) are true for Py, ()),
Py ,(N) and P2, (\) in Eq. (4). Particularly, assumption (IV) maintains feasible w’s to
be bounded.

To proceed the analysis, we introduce the following lemma [21].

Lemma 1. As (71, 72) varies continuously in Ri, the number of zeros (with multiplicity
counted) of D,,(\; 11, 72) on C4 can change only if a zero appears or cross the imaginary
axis.

Since A = 0 is not a zero of (3), we will seek purely imaginary zeros of (3) to explore
the stability switching curves. Assume A = iw (w > 0) is a zero of (3), then

PO,n(iw) + le(iw)e—iwﬂ — _P27n(i(U)e_iWT2.
Since |e71“T2| = 1, after simplification, we obtain
. 2 . 2 . 2
|PO,n(lUJ)| + |P1,n(IUJ)| - |P27n(1w)‘
= 2[A; (W) cos(wTy) — By pn(w) sin(wry)], )

where A; ,,(w) = Re(—Pyn(iw) P1,n(iw)), B1n(w

Without loss of generality, assume A7, (w)
continuous function ¢1 ,(w) € Arg{—PO (i
comes

=Im ( Poﬂ,,(iw)ﬁl,n(iw)).

+ b, 2 .(w) > 0, then there exists some
W) Py, (iw)} N (=, 27] such that (5) be-
| Pon (i) | + | Prn (i) |* = | Po.n (i)

=2/ A2 ,(w) + B, (w) cos(wri + 61.(w)), (©6)

then the existence of 7 € R in (6) equals

[[Pon i) * + | Prn(i)[* = | Pon(i0)]*] < 24/42 () + B2o(w). (D)

Obviously, Eq. (7) contains the special case A?(w) + Bf(w) = 0. We denote {2 to be
the collection of positive w’s such that (7) hold. Let ¢ ,,(w) € [0, 7] satisfies

Cos(wlm(w)) = COS(WTI + d)l,n(w))
_ Pon(w)? + [Py (iw)[? — [ Pon (iw)]?

2\/43,. (@) + B, ()

TiA — :|:1/}17n(w) - ¢1,7L(W) + 2j17'l'
1,j1,n w ,

then we have

J1 € L. ®)

http://www.journals.vu.lt/nonlinear-analysis
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Similarly, we can get that

+ — 27
T2i,j21n - w27n(w> ¢:)27H(W) + .7271-’ .72 E Z?
Vi n i 2 P ,n i 2 + P, ,n i 2
o)) = o)~ | < )+ P’ o
2\/A271 27l(w)

Ay p(w) = Re( P (iw) Pa,p (iw ) By (w) = Im(—PO’n(iw)ﬁg)n(iw)),
p2n(w) € Arg{ Py (iw)Pa.p 1w)} N (—m, 27,

where w satisfies the following condition:

[1Po.n (i) [* = [Py, (1) + | Pon (i) 2] < 20/ A2 (w)? + Ban(w)2.  (10)

Denote Q,QL as the collection of all w’s such that (10) hold, by squaring both side of (7)
and (10), we can get that £2} = 2. For simplicity, denote £2,, := 2} = 2.

To clarify that the stability switching curves of a finite region contains all the stability
switching curves in that region, we present the following lemma.

Lemma 2. (2, consists of a finite number of intervals of finite length.

The above lemma can be easily proved, here we omit the proof.

In the following, we will investigate the relationship between different stability switch-
ing curves. From Egs. (8) and (9), for any w € {2,,, on the corresponding stability
switching curves, one can obtain either T; o OF Ty ., foragiven Tff j1.n- With the aid of
MATLAB, we verify that when 71 = Tff o T2 = ey 2 similarly, when 7 = Ti o
Ty = 73, n- Therefore,

7;:1‘:];2% = {(Tli(w)77—2q:(w))7 w € Qk,n}
_ {(i¢1,n(W)—¢1,n(w)+2jm $¢2,n(w)—¢z,n(w)+2j27r> }
- , W E ka s

)
w w

and

U U Th.nE)

J1,J2€Z k=1,2,...,ry,

Proposition 1. 7, is the set of all stability crossing curves on T1,ma-plane for D, (\;
T1,72) = 0. For any (11,72) € Tn, Dn(A;71,72) = 0 has at least one root iw with
w € 2.

Notice that F,(axn) = Fn(bkn) = 0, then ¥ n(ak,) = 65" m, ¥in(brn) =

bi,n n sbk,n
5k A, 6k

m, where §; = 0,1 (z = 1, 2). By direct calculation, we can get that

(Tl—zkl n(ak n) Tifz,n(ak,n)) = ( (k]lJr(;a)n(ak TL)7 ;(,32 58).m (ak,n>)7

+k —k _ —k
(Tl J1, n(bk:n)77—2,j2,n(bk’n)) - <T17(j1+5i>)7n(bk’ﬂ)7T27(j2_5}21)7n(bk,n))'

(1)

Nonlinear Anal. Model. Control, 26(1):72-92
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: +k . —k —k .
Obviously, (11) means 7;1,j2)n connects with ’7;1”(117]»2_637” and 7;1%%7].2753’” at its two

ends. In (11), we denote §¢, &6 instead of §;*™, 6? " one should in mind that the values

of 6% or 67" might be different for different k, n and i.

2.2 Crossing directions

To present the Hopf bifurcation and double Hopf bifurcation theorem, we define the
crossing directions of the points on the stability switching curves in this subsection.

Let A = o +iw. By the implicit function theorem, 77, 75 can be expressed as functions
of ¢ and w under some non-singular condition. For convenience, denote

Re(0D(X\; 11, 72)) Im(0D(A\; 71, 72))
Ry = 5 , Iy := ,
- A=iw do A=iw
and for [ = 1 and 2,
Re(OD(A; 11, 72)) Im(0D(\; 71, 72))
Ry = 3 , I =
Ti A=iw o A=iw
We can easily verify that
Re(0D(\;11,72)) Im(0D(A\; 71, 72))
9 = —Iy, = Ry.
w A=iw Ow A=iw

Since 7}17 J».n are piecewise differentiable, by the implicit function theory, we have

ot or -
(7 &) (" m) (R ok
(8 ) (B D

€k

as long as the nonsingular condition Ry I5 — RoI; # 0 holds.

For any crossing curve 7;?’;2”, we define the direction of the curve corresponding
to the increasing w € (2, j, the positive direction. The region on the left-hand (right-
hand) side when we move in the positive direction of the curve the region on the left
(right). By direct calculation, we get that the tangent vector of 7;:1H_;2n along the positive
direction is (011 /0w, 072 /Ow), the normal vector of 77;’;2 ., pointing to the right region is
(012/0w, —0T1 /Ow). Besides, a pair of complex characteristic roots across the imaginary
axis from the left to the right of the complex plane as ¢ increases from negative to positive,
thus (71, 72) moves along (971 /00, 012/dc). We can deduce that if

(01 Om o, 0m _%%_@@_
5(w)'_<3o”80> (&u’ 8w>_80 Ow 0o 8w_detA(w)>0’

then the region on the right of 7;f§2n

has two more characteristic roots with positive real
parts. If 6(w) < 0, then the left region of 7,

jf’;(z_n has two more characteristic roots with

http://www.journals.vu.lt/nonlinear-analysis
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positive real parts. Since det (Rg 7%[") = R3 + I3 > 0, we get that if RZ + 12 # 0,
sign d(w) = sign{RyIs — RaI; }. One can also verify that

Rllg — RQIl = :I:wQ\ngg — POP1| Sin(¢17n).

Hence, sign 6(w € f?k,n) = +sign(w?|PyPs — PyPi|sin(¢1,,)), where ka,n denotes
the interior of {2, ,,.

Lemma 3. Forany k =1,2...,r,, we have

S(w € n) >0(<0) Y[r(w),mw)] €T  ([nw),nw)] €Tk )
Therefore, the region on the right (leff) of the crossing curve THE (T~

Lo, K . J1,J2,m thn)hastwo
more characteristic roots with positive real parts.

2.3 Hopf and double Hopf bifurcation theorem

Now we introduce the Hopf bifurcation theorem [10] and conclude the double Hopf
bifurcation theorem.

Theorem 2. Forany j = 1,2...,r,, T/ is a Hopf bifurcation curve in the following
sense: for any p € T and for any smooth curve I intersecting with T transversely at p,
we define the tangent of I at p by L If ORe A/aﬂp # 0 and the other eigenvalues of (3)
at p have nonzero real parts, then system (1) undergoes a Hopf bifurcation at p when
parameters (11, 72) cross T,) at p along I

If there exist wj, %, and wj, r, such that 7;]11 and 77322 intersect, then there are two
pairs of pure imaginary roots of (3) at the intersection. Thus, system (1) may undergoes
double Hopf bifurcation at this intersection under certain conditions. Here we summarize
the following double Hopf bifurcation theorem.

Theorem 3. If two Hopf blfurcatlon curves TJ ' and T] ? intersect at q, we define the
tangent of 7'] ' and T] > at q by l1 and lg, respectlvely In addmon if 11 and 12 are linearly
independant, namely, for a,a € R, alll + aglg = 0 can only arrive at oy = ag = 0,
then system (1) undergoes a double Hopf bifurcation at q.

Now we can summarize the following theorem about the stability of E..

Theorem 4. Assume that (HO) and (H1) are true. For any point ]5(7"17 To) on the T1,To-
plane, if there exists a curve segment | connecting P and the origin such that | does not
intersect any stability switching curves, then F, is stable when 11 = Ty, To = To.

This theorem can be easily proved with the aid of Lemma 1. For a better understanding
of this theorem, please refer to Fig. 7(a).
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3 Normal form of double Hopf bifurcation

From Section 2 we get that system (1) may undergo double Hopf bifurcations near
E.(ux,v,). To investigate the dynamics near the double Hopf singularity, we will cal-
culate the normal forms on the center manifold near the double Hopf singularity by the
method derived in [9].

Assume that 7o > 71, let a(x, t) = u(z, 7at) — s, 0(z,t) = v(z, 72t) — v, and drop
the bars. System (1) can be written as

o () =mpa o () <0 (101 5)
t—
t—

D) e
where

(z,
fi = fuu(x,t) + frou(z, t)v(e,t) + flgu(gc,t)u<ac7 t— Tl)

T2

+ frau®(z, t)u ( t— T) + fisu?(z, t)v(z, t) + freu®(z,t) + O(4),

2
fo = foru?(x,t — 1) + foou(z,t — Dv(x,t) + fozu®(x,t — 1)
+ fogu?(z,t — Doz, t) + O(4),

and
Uy mbu, mb r(2u. — c)
— ]_ JEE— _— = —-—— = -
Jin 7‘( K>+(b+u*)3’ fi2 bt u)? fis K )
r mb mbuv,
f14——?, f15—m7 f16__mv
mbu, mb mbu, B mb
f21——m, fZQ_W’ f23—m7 f24__(b—|—u*)3'
Define the real-valued Hilbert space
0 0
X = {( 0)T € H2(0, 1) x H2(0, I7), 82 - az:Oatx:O,lﬁ}
and the complexfication space of X by X¢ := X @ iX = {U; + iUy, U;,Us € X}
with the general complex-value L? inner product (U, V) = Olﬂ(ulvl + Tavg) dx for

U = (u1,u2)T, V = (v1,v2)T € Xc. Let C := C([—1,0], Xc) denote the phase space
with the sup norm. We write u*(0) = u(t +6), =1 < 0 < 0.

Denote the double Hopf singularity by (71, 75 ), introduce two parameters ¢ = (01, 02)
with oy = 71 — 77 and 09 = 79 — 75, denote U (¢) = [u(t), v(t)]", then system (12) can
be written as

d({iiit) = D(r{ + 01, 75 + 02)AU(t) + L(7{ + 01, 75 + @)(Ut)

—I—F(Tl*—i—al,TQ*—i—Ug,Ut), (13)

http://www.journals.vu.lt/nonlinear-analysis
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where

D(Tl* +01, T +0’2) =75D + 09D,

L(Tl* +o01, Ty +02) = (15 —|—0§)(AUt(O) +OU (1) +BUt(—Ti)>
T2
(7 + a;)(BUt (-Tl* +Ul) — BU (-Tl»
Ty + 02 Ty

Linearizing system (13) at (0, 0), we have

0 = [DAU@) +AUY(0) + U (-1) + BU(‘)]

£ DoAU(t) + Lo(U"Y), (14)
It is well known that the eigenvalues of DA on X are —d;n? /1% and —dyn? /I? with cor-
responding normalized eigenfunctions ,87(11)(;1:) = v (2)(1,0)7T, () () = yu(z)(0, )T
with 7, (z) = cos((n/l)z)/|| cos((n/l)x)| 2. Define the subspace of C as B,,, where B,

is defined by B,, := span{(v(-), 53)> 7(3), veC,j=1,2,...,n,}. System (13) can be
written as

d%t) = DoAU(t) + Lo (U") + G(o,U"), (15)

where

G(o,U") = o5 {DAUt(O) +AU'(0) + CU'(~1) + BU' (41* )}

w4 onp{vt (<222 ) o)
Ty + 02 Ty
+ F(1{ + 01, 75 + 02, U").

Formulating (15) in the extended Banach space:
BC := {z/J : [-1,0] — X¢, v is continuous on [—1,0),391im P(0) € X(C},
—0-

rewrite (15) as an abstract ordinary differential equations on BC, then
d
&Ut = AU" + XoG (o, U"), (16)
where A is the infinitesimal generator of the Cy-semigroup of solution maps of the linear
equation (14) defined by
A:CyNBC — BC, Ap =+ Xo[DoAd(0) + Lo(¢) — ¢],

with dom(A) = {¢ € BC: ¢ € BC, $(0) € dom(A)} with Xo(0) = 0 for § € [—1,0)
and X((0) = I. On B,, system (14) is equivalent to the retarded functional differential
equation

3(t) = ——2 Doz(t) + Loz (17)

Nonlinear Anal. Model. Control, 26(1):72-92
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on R2. Thus, there exist matrix functions 7, € BV([—1,0],R) such that —(k2,/I?) x
Dop(0) + Lo(p f dn.m, (0)p(0). Let A, denote the infinitesimal generator of the
semigroup generated by (17) A denote the formal adjoint of A4,, under the bilinear form

0o 0
(0, B)m = a(0)5(0) — / / a(€ — 0) di (0)B() de.
-1 0

System (14) has two pairs of pure imaginary eigenvalues +iw;75 and +iwe7s at the
double Hopf singularity and the other eigenvalues with nonzero real parts. Here we do
not consider the strongly resonant cases, i.e., wi:ws # p:q for p,g € Nand 1 <
pg < 3. Let ¢1(0) = (1,p12)Te 20, ¢3(0) = (1,ps2)"e272? (0 € [-1,0])
are the eigenvectors of A, (m = 1,2) corresponding to the eigenvalue iwy 75, iwaTs,
respectively. Let 11 (s) = Dy (1, ply)e 1725, 4h3(s) = D3(1,phy)e w2725 (s € [0, 1))
are the eigenvectors of A* (m = 1,2) corresponding to the eigenvalue iw; 75, iweTy,
respectively. Choose P, and )}, as the basis of the generalized eigenspace of A, A},
corresponding the the eigenvalues {+iw; 75, +iws 73 }, respectively, which

B1(0) = (61(0), 62(0)),  B2(0) = (03(0),64(0)),  B(0) = (B1(6), B2(0)),
Wi(s) = (i), v2(s))", Wals) = (da(s)svhals)) ", W(s) = (¥1(s), ¥a(s)) ",

with ¢2(0) = (;51(9), ¢4(9) = ¢3(9), 1,[}2(5) = 1/)1(8), ¢J4(S) = 1/}3(5) and satisfy
AP, = Py Biey s AW = Biy Wiy, (Ui, @) = I with By, = diag(iwy 75, —iw; 75)
and By, = diag(iwa7y, —iws7y ). By direct calculations, we get that

621efiw17'2 N —d 02167&)272 . —d
P12 = 5y Pi2 = 5y P32 = 35 P32 = ° 2
iwp + dgn iwg + dgn iws + dgn 1w + dg%
D 1
1= : > : *
1+ phopia + THCa ploe 173 4 T¥by e W17] )
12 2 12 1
1
Dy =

L+ p3ops2 + T5Ca1p5e™ 92 + Tbye T
Now decompose BC into a direct sum of center subspace and its complementary space:
BC = P&Ker m, where 7 : BC — P is the projection defined by 7(p) = an:l D (U,
{@(), Br))m - Br,,- Then we decompose U'(0) € C§ into U'(0) = ¢1(0)z17k, +
b1 (0) 227k, + H3(0) 237k, + B3(0) 247k, + w(O) £ B(0) 2, + w(H), where w(f) € Ci N
Ker 7 := Q! for any ¢. Then in BC, system (16) is equivalent to

21 = iwl’TQ*Zl + ¢1(0)<G[U Qp( )Zm + U}( ):I 6k1>7

Zo = —iwiT9 20 + E(O)<G[U D(0)z, + w(9)] , ﬁk1>,

Z3 = iwaTs 25 + 1/}3(O)<G[a, ®(0)z, + w(f )] ﬁk2>, (18)

Zy = —iwats za + P3(0)(G o, D(0)2, + w(B)], Brs, )

= A'w + (I — m)XoGlo, D(0)z, +w(9)],

where A! is the restriction of 4 on Q! C Kerm — Kerm, Al¢ = A¢ for ¢ € Q.
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Consider the formal Taylor expansion G(o, ¢) = Z;’;Q(l /iNG, (o, ¥), where G is
the jth Fréchet derivation of G. Then we can rewrite (18) as

z':Bz—&—Z%fjl(z,w,o), w—Alw—i—Z f (z,w,0), (19)
=2

j= 2

where 2z = (21,22, 23,24)T € CY,w € Ql,and f; = ( ,ff),j > 2, are given by

G10)(Gjlo. D(0)z + w(®)). Br)
Fomo) — | P0G (0, 20)z +w(0)), Br,)
T (0)(Gyo, D(0)z, + w0)), i) |
B3(0) (G (0, 2(0)z + w(0)), Br)

ij(z,w, o) = (I—-m)XoG;jlo, D(0)z +w(0)].

For a normed space Y, V4+2(Y) denotes the space of homogeneous polynomials of
degree jinz € C*, 0 = (01, o2) with coefficients in Y, we have

Vi) = { Y cunels (@) € NG, e € Y}
I(¢,1)[=3
and the norm |}y _; cgn2iot] = > i(a.b)=j €.y Define the operator M; =
(M}, M?), j > 2,by

M VT S v,
(Mjlp) (z2,0) = D.p(z,0)Bz — Bp(z,0),
M? Vj4+2(Q1) C Vj4+2(Ker ) — Vj4+2(Ker ),
(szh) (2,0) = D h(z,0)Bz — A*h(z,0).
By a recursive transformations of variables (z,w,0) = (2,w,0) + (1/3")(U}(2,0),
U?(2,0),0) with U; = (U},U2) € V;F2(C*) x V;***(Q'), we can obtain the normal

forms of (19). We conclude that this recursive process transforms (19) into the following
equation:

o0

1
2:Bz+zﬁgjl-(z,w,a), w—Alw-i-Z gjzwa)

j=2"" J2

where g; = (g} % g7) have the following form g;(z,w,0) = f; (z w,0) — M;U;(z,0),
and U; € V;'* ((C4) V4+21(Q;) satisfying U;(z,0) = (M) PO 1in(a11) x m(a12) ©
fj(z,O,a) Where f; = (f;,f;) stand for the terms of order j in (z,w), which are
obtained after the computation of normal forms up to order ;7 — 1. The normal form
truncated to the third order has the form

. 1 1
Z2=Bz+ ig%(z,o,a) + ggé(z,(), 0) + h.o.t.

Nonlinear Anal. Model. Control, 26(1):72-92


https://doi.org/10.15388/namc.2021.26.20561

84 Y. Liu, J. Wei

Here, g}(2,0,0) = Projieus) f3(,0,0) and F5(2,0,0) = f3(2,0,0) + (3/2) x
[D, f3(2,0,0)U3(2,0)] + Dy fs(2,0,0)U2(Z,0) — D,Us(2,0)g4(2,0,0)]. The calcu-
lations of g3(z,0,0) and gi(z,0,0) are the same as the calculation in [10]. After the
calculations, the normal form truncated to the third order on the center manifold for
double Hopf bifurcation can be obtained. By making the polar coordinate transformation

Z1 = pP1 COS 91 + lpl sin 91, Z2 = pP1 COS 01 — 1p1 sin 01,

z3 = pg cos By + ips sin O, z4 = pacosfy —ipysinbs,

where py, p > 0. Take p1 = p1v/|K2100]s P2 = p2y/|Koo21|, €1 = sign(Re Ka100),
€9 = sign(Re Koo21), t = te; and drop the hats. We obtain the simplified system

p1 = p1(v1 + pi +bop3), p2 = p2(v2 + copi + dop3), (20)

where v; = 61(Re Kii101 + Re K210'2), Vg = el(Re K301 + Re K23(72), bp = €162 X
Re K011/ Re Koo21, co = Re K1110/Re Ka100 and dg = €1 €.

As was discussed in [12, Chap. 7.5], there are 12 distinct kinds of unfoldings for (20).
In Section 4.1, three cases arise, thus we will draw the bifurcation sets and phase portraits
for the unfoldings of case VIII and VIb for illustration.

4 Numerical simulations

In this section, we will do some numerical simulations to check the previous theoretical
results. Besides, we will qualitatively analyze the influence of the small perturbations of
cand K on the existence of the double Hopf bifurcations.

Now we carry out some simulations for system (1). Choose

r=12, K=3, m=18 b=2, c¢=1,
21
d=1, di=1, da=1, l=
One can verify that (HO) holds and E, is (2.5,0.75). Since a1 + b11 = —0.8333 < 0,
(H1) holds, and E is locally stable for ; = 7 = 0.

When 7, 19 vary simultaneously, we follow the process presented in Section 2.1.
As is shown in Fig. 1(a), Fp(0) > 0 and Fy(w) = 0 has four zeros a; o = 0.06146,
bl,() = 016390, azo = 122056, b2’(] = 144592, the CI'OSSiIlg set is ‘QLO @] 92_’0 =
[CLLO, bLO] U [ag,o, bgyo]. For the two ends of QLO, we have wl’o(al’o) =, ’(ﬂg}o(al}o) =
0, wl,O(bl,O) = 0, and 1#270(1)170) = m, thus (5% =1, (511) =0, 5% =0, (53 = 1. From
Eq. (11) we get that ’T(le)jz connect 7 . ;, at the left point ai,0 and 7, . _; at the
I'ight pOil’lt b170. As to 9270, we get 1/)1,0((1270) = O, 11)2,0(&2_’0) = T, 1,[)170(17270) = 0, and
P2,0(b2,0) = 0, thus 6¢ = 0, 8% = 1, 65 = 0, 85 = 0. From (11) we get that 75"
connect 75}17 jp—1 a2 and 76}1, j, at ba,0. From Lemma 2 we obtain all the stability
switching curves of n = 0 given by 7' and 7, which are showed in Figs. 1(b) and (c),
respectively. To give a clearer description of the stability crossing curves, we take the
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(a) (b) (©
Figure 1. (a) Graph of Fp(w). (b) Stability switching curves ’751. (c) Stability switching curves ’762.
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Figure 2. (a) The detailed structure of the lower left portion of 761. (b) The detailed structure of the left-most
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curve of 7. The blue (red) arrow represents the positive direction of 7}1 2,0 0T le 0"
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Figure 3. (a) Graph of F; (w). (b) Stability switching curves '7'11. (c) Stability switching curves '7'12.

lower left portion of 7' and the left-most curve of 7 as examples and draw the detailed
figures in Fig. 2. The numerical results in Fig. 2 coincide with the theoretical analysis.

When n = 1, Fi(w) = 0 has three zeros b1 1 = 0.08886, as 1 = 1.28106, by 1 =
1.48906, and the crossing set is §21 1 U {251 = [0,b1,1] U [a2,1,b2,1]. Then we get the
stability switching curves 77! and 772, which are shown in Figs. 3(b) and (c).
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Figure 4. (a) Graph of F»(w). (b) Graph of F3(w). (c) Graph of Fy(w).

() (b) (©

Figure 5. (a) Stability switching curves ’7—21. (b) Stability switching curves 731. (c) Stability switching
curves Tl

When n = 2, Fp(w) = 0 has two zeros a12 = 1.39120, by 2 = 1.56591, thus
2= [a172, bl,g]. The stability switching curves 7;1 are shown in Fig. 5(a). Whenn = 3,
F5(w) = 0 has two zeros a1,3 = 1.3822, by 3 = 1.5362, thus {21 3 = [a1 3,013, the
stability switching curves 73" are shown in Fig. 5(b). When n = 4, Fy(w) = 0 has two
zeros ay,q4 = 0.9052, by 4 = 1.1001, thus 21 4 = [a14,b1,4], the stability switching
curves 7' are shown in Fig. 5(c). When n > 5, F,,(w) > 0 for all w > 0, thus there are
no stability switching curves on the 74,72-plane.

Combining the stability switching curves shown in Figs. 1, 3, and 5 together, zooming
them in one figure in [0, 1.3] x [0, 14], we get the stability switching curves shown in Fig. 6.
By Lemma 2, we have plotted all the stability switching curves in [0, 1.3] x [0, 14].

We focus on the lower bottom region bounded by left-most curve of 7!, 77! and the
lowest curve of 7 in Fig. 6. By Lemma 1, E, is stable in the bottom left region, since
the crossing directions of the three stability switching curves are all pointing outside
of this region. These three stability crossing curves intersect at HH; (0.7717,9.8717),
HH,(0.8413, 7.9598), and HH3(0.9011, 7.6982). By the normal form derivation process
in Section 3, we obtain the parameters in Table 1. For HH;, we get that case VIII oc-
curs [12]. Near the double Hopf singularity HH;, there are six different kinds of phase
diagrams in six regions, which are shown in Fig. 7(a). The six regions are divided by
ll, AN .,l4 with lli 09 = 1.53790’1, 125 O = 62672001, l32 09 = 58547201 (0'1 2 0),
ly: 09 = —15.145401 (o1 = 0). For HHy, we get that case VIb occurs. There are also
six different kinds of phase diagrams in six regions near the double Hopf bifurcation
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Table 1. Parameter values at the double Hopf points.
Point ni w1 no w2 do bo co Type
HH1 0 0.1622 0 1.3639 —1 —6.7643 —72.9979 VI
HH»> 0 1.3999 1 1.4755 —1 0.0947  —7.5179  VIb
HH3 0 1.2480 1 1.3925 1 0.0521 4.1036 Ia
o
Stable Region
4t RS
/
2 s
I/
0 : : : T
0 02 0.4 06 1 1.2
™
Figure 6. The stability switching curves and the intersections.
o, i ARy . ks 7
4 —R;
D, \ DV‘DDAP %L&—/ \Rl// Peg z“\k
Ds s
a; ——— o
= o AN =
gt L '
| M{ 74 VAN
(a) (b
Figure 7. (a) Bifurcation diagram near HH; . (b) Bifurcation diagram near HHs.
point HHs, which are shown in Fig. 7(b). The six regions are divided by ki, ..., k4

with k1: 09 = —3.748001, ko: 09 = —8.066001, k3: 09 = —7.515701 (o1 < 0),
ky: 09 = —7.3311071 (01 < 0).
When (71, 72) are chosen as P;(0.72,9.7) in region D1, the positive equilibrium is
a sink, which is shown in Fig. 8. When (71, 72) are chosen as P5(0.775,9.7) in Do or
P5(0.775,9.87) in D3, or P4(0.775,9.7) in Dy, there exists a stable periodic solution
originating from the Hopf bifurcation. We only draw the case for Py, € D, in Fig. 9.
When P5(0.84,7.95) falls in region R;, E, is a sink. When P5(0.84,7.9662) is
chosen in Ry or P7(0.84,7.9692) in Rs, there exists a stable periodic solution. We only
draw the case for P; € R3 in Fig. 10.
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Figure 8. When P; € D1, the positive equilibrium is asymptotically stable, where the initial values are
up(z,t) = 2.55 4 0.5cosz, vo(z,t) = 0.75 — 0.3 cos z.
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Figure 9. When Py € Dy, the spatially homogeneous periodic solution is stable, where the initial values are
ug(x,t) = 2.55 + 0.5 cosz, vo(z,t) = 0.75 — 0.3 cos .
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Figure 10. When P; € Rs, the spatially inhomogeneous periodic solution is stable, where the initial values are
ug(z,t) = 2.55 + 0.5 cosz, vo(z,t) = 0.75 — 0.3 cos .
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Figure 11. When P; € Rs, (0, 0) attracts the solution initiating from ug (x,t) = 2.5540.5 cos z, vo(z, t) =
1—0.3cosz.

Stable Region

(©) (d)

Figure 12. Stability switching curves with different parameters: (a) ¢ = 0.9 and ¢ = 1, drawn by dotted
lines and solid lines, respectively; (b) ¢ = 1.1 and ¢ = 1, drawn by dotted lines and solid lines, respectively;
(¢) K = 2.9 and K = 3, drawn by dotted lines and solid lines, respectively; (d) K = 3.1 and K = 3, drawn
by dotted lines and solid lines, respectively.
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Since the strong Allee effect is considered in system (1), the over-predation phe-
nomenon will occur when the initial value of the predator is large enough compared to
the prey. We only take one example to show the over-predation phenomenon, which is
revealed in Fig. 11.

Now we use parameters in (21) as a baseline to show the sensitivity of ¢ and K on
model (1) by numerical simulations.

First we consider the sensitivity of ¢ on the stable region of F,. We draw the left-most
and bottom stability crossing curves and zoom them in [0.65,1] x [0, 14] in Figs. 12(a)
and (b). Then K is chosen as the perturbation parameter with all other parameters fixed
as the same in (21). We also draw the left-most and bottom stability crossing curves and
zoom them in [0.65, 1] x [0, 16] in Figs. 12(c) and (d).

From Fig. 12 we can conclude that although the influence of a slight perturbation
of ¢ or K on the stability region cannot be evaluated quantitatively, the double Hopf
bifurcation still exist, which indicates that the double Hopf bifurcation in the system has
strong anti-interference ability.

5 Conclusion

A diffusive predator—prey system with two delays and strong Allee effect is investigated
in our paper. This system considers both the delay feedback of intraspecific competition
in prey and the delay feedback of digestion in the predator. By applying the method of
stability switching curves, we study the joint effect of the two delays on the stability of
the positive constant steady state. With the aid of the crossing directions, we present the
Hopf bifurcation theorem and give sufficient conditions for the existence of the double
Hopf bifurcation.

To explore the dynamics of the system near the double Hopf singularities, we cal-
culate the normal forms on the center manifold near the double Hopf singularities. The
calculation formulas of the normal form we give here are at a double Hopf singularity with
k1 =0, ko = 1. Then we get the corresponding unfoldings and the bifurcation sets. With
a set of parameters, we theoretically prove and illustrate the existence of homogeneous
and inhomogeneous periodic solution. Besides, heteroclinic orbits are found near the
double Hopf singularity.

Populations with strong Allee effect can be wiped out by the over-predation phe-
nomenon, we prove this phenomenon numerically. Finally, we carry out the sensitivity
analysis to show the impact of two parameters on the dynamics of the system. Numerical
simulation shows that small changes of ¢ or K normally won’t affect the existence of
double Hopf singularities of the system.

Acknowledgment. The authors thank the two anonymous referees for their very helpful
comments which greatly improve the manuscript.
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