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Abstract. In this paper, we get the existence of two positive solutions for a fourth-order problem
with Navier boundary condition. Our nonlinearity has a critical growth, and the method is a local
minimum theorem obtained by Bonanno.
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1 Introduction and main result

In this paper, we consider the following fourth-order problem:
Ay = )\(|u|2*_2u + plulfu) in 2,

P
u=Au=0 on0df2, (P2)

where 2 is a nonempty bounded open subset of the Euclidean space (RY, |-|), N > 5,
with sufficient smooth boundary, 2* = 2N/(N —4),1 < ¢ < 2, X and p are positive
parameters.

Bernis, Garcia-Azorero and Peral [3] study a fourth-order problem with a critical
growth, which presents several difficulties. Indeed, the Palais—Smale condition, as well as
the weak lower semi-continuity of the associated functional, may fail because the Sobolev
embedding is not compact. To be precise, consider the problem

A%u = |u* “2u+ plul*"2u in 2,

(D)
u=Au=0 ondf2,
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228 L. Li, D. O’Regan

where ;1 > 0 is a parameter. Bernis, Garcia-Azorero and Peral [3] study this problem
following the idea of Ambrosetti, Brezis and Cerami [2]. They proved the following result.

Theorem 1. (See [3].) Fix 1 < s < 2. Then there is A > 0 such that for each 11 €]0, A,
problem (D) admits at least two positive solutions.

Moreover, they also proved that if ;¢ > A, the previous problem admits no solution
(see [3, Thm. 2.1]). Their proof is combination of topological and variational methods.
Precisely, they determine the existence of a first solution by using the method of sub- and
super-solutions and then prove that this solution is the minimum of a suitable functional
and apply the mountain pass theorem so ensuring the existence of a second solution.
For other result of fourth-order problem and variational problem, we refer the reader
to [1,5,8,10-16] and references therein.

In this paper, we investigate a fourth-order problem with critical growth (Py). Our
approach is due to Bonanno [4, 6]. Using the variational method, we will ensure that
problem (P)) has one positive solution when the parameters A and p are in a suitable
interval. Furthermore, when A = 1, we can get another positive solution, where p is in
a suitable interval, and give the estimate of the parameter p.

At first, we give the variational framework of this problem. As usual, put X :=
HL(2) N H%(£2) endowed with the norm

Jull = ( [ |Au(z)|® de v
(fastoraz)

D(u) = M, U(u) = / (Hu(m)’r + u;|u(x)’q> dz (1)
o)

and

2

for all u € X. Obviously, |[£|>"/2* + u|¢|?/q = 0 for all £ € R.
By the Sobolev embedding,

[l

LS(Q) < CSH’U,”7 u e X, s e [172*]’

and by Talenti [17] we obtain

N 2/N
P ( T(3) ) @)
ﬁNQTF (22*) ((%) (22*))
Due to (2), by the Holder inequality it follows that

_ (2|<2*—s>/2*s< )W
cs < ’
V2N \T(Z)T((5) — (55))

where “|{2|” denotes the Lebesgue measure of the set {2 and that the embedding X —
L#(f2) is not compact if s = 2*.

3)

http://www.journals.vu.lt/nonlinear-analysis


http://www.journals.vu.lt/nonlinear-analysis

Fourth-order elliptic problems with critical nonlinearities 229

Fix r > 0 and put
A= ! A = !
T Be(ar)e ¢ BT c3e (rN )/ (N=4)”

Ar = min{\*, A, },

where cy+, ¢, are given by (2) and (3).
Now, we give the first result of this paper.

Theorem 2. Fix q €]1,2|. Then there exists u* > 0, where

2R . o 2/(1-2) g q \(N-0/ay\ @02
=\ gwore ) MM e g v\ ’

and cq, cy« are given by (3) and (2) such that for each A €]0,\.[ and p €0, u*[,
problem (Py) admits at least one positive weak solution. Let A = 1 and u,, be the positive
solution. Then
g%\ 1/(27-2)
i <(Z) -

2*
Moreover, the mapping

1 1 .

iy 18w = 5 [ de =2 [lupras
2 Q o)

is negative and strictly decreasing in |0, p*|.

Next, we obtain the following existence result of two solutions. At the same time, an
estimate of parameters is also obtained.

Theorem 3. Fix q €]1,2|. Then there exists u* > 0, where

. 1 o 2(2=2) o ;1\ (N-9)/4y\ 2-0)/2
= (o) (M (wwm) o l®) )

and cg, co+ are given by (3) and (2) such that for each p €)0, u*|, problem

A%y = [ul* 2u4 plu|T %0 in 02, )

u=Au=0 ondf2 .
admits at least two positive solutions u,, and w,, such that ||u,|| < (2*/c3:)*/? =2 and
Wy > Uy

We observe that the solution obtained in Theorem 2 is a local minimum for the
considered functional. To obtain the second solution, we will use the mountain pass
theorem of Ambrosetti and Rabinowitiz. This argument is the same in the part of [3,
Thm. 1.1].
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Example 1. Fix N =5 and let {2 = {x € R®: |z| < 1}. Then the problem

A’y =1 +2u"? in0,
u=Au=0 ondf?

admits at least two positive solutions u,, and w,, such that w,, > u,. In fact, it is enough
to apply Theorem 3 by choosing ¢ = 3/2 and taking into account that c. < 3*/(22! -
52076), ¢ < 33/5 /(263/20 . 537:9/10) for which p* > 37/80 . 271/40 . 559/1651/40 5 o

2 Preliminaries

We present some definitions on differentiability of functionals and refer the reader to [4,
Sect. 2]. Let X be a real Banach space. We denote the dual space of X by X*, while
(-, -) stands for the duality pairing between X * and X. A functional I : X — R is called
Giteaux differentiable at u € X if there is ¢ € X* (denoted by I’(u)) such that

lim I(u+tv) — I(u)
t—0+ t

=TI'(u)(v) YveX.

It is called continuously Gateaux differentiable if it is Gateaux differentiable for any u €
X and the functional u +— I(u) is a continuous map from X to its dual X*.
Let @,V : X — R be two continuously Gateaux differentiable functionals and put

I=9-VU.

Fix 1,79 € [—00,4+00] with 1 < 7. We say that the functional I verifies the Palais—
Smale condition cut off lower at r; and upper at 75 (in short (PS){:?}—condition) if any

sequence (uy,) such that

(i) (I(uy)) is bounded,
(iii) 7 < D(uy,) <rgforalln € N

has a convergent subsequence.

When we fix 71 = —oo0, that is, $(u,) < ro for all n € N, we denote this type of
Palais—Smale condition with (PS)[”}. When, in addition, ro = 400, it is the classical
Palais—Smale condition.

Now, we recall the following local minimum theorem.

Theorem 4. (See [6, Thm. 3.3].) Let X be a real Banach space, and let &,V : X — R be
two continuously Gateaux differentiable functionals such that inf x & =(0) =¥ (0)=0.
Assume that there are v € R and @ € X with 0 < &(4) < r such that

SUPyed—1(]—oo,r|) Jl(u) g’(a)
T d(u)

http://www.journals.vu.lt/nonlinear-analysis
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and, for each A €]P()/¥ (i), 7/ SUPyep-1(—oo,r) (W[, the functional Iy = & — \¥
satisfies (PS)"\-condition. Then, for each \ €]®(u)/¥ (i), r/ SUPyep—1(|—oo,r)) P (W]
there is uy € ®71(]0,7[) (hence, uy # 0) such that I\(uy) < I\(u) for all u €
&=1(J0,7[) and I' (uy) = 0.

3 Proof of the main results

Firstly, we establish the following result.

Lemma 1. Let ¢ and ¥ be the functional defined in (1) and fix r > 0. Then, for each
A €]0, \,|, the functional Iy =  — NV satisfies the (PS)I")-condition.

Proof. Let (u,) C X be a(PS)[rl sequence, that is,

(i) (Ix(uy)) is bounded,
(i) Tims o 174 () - = 0,
(iii) @(un) < rforalln € N.

From ®&(u,) < r, forall n € N, (u,) is bounded in X. Going to a subsequence if
necessary, we can assume

Up — ug in X, Up —> ug in LI(£2),

U, — Up a.e.on f2.

Taking (i) into account, for a constant ¢, lim,, _, o Ix(u,) = ¢. Moreover, (u,, ) is bounded
in L2"(£2). Now, we proof our result by many steps.

Step 1. ug is a weak solution of problem (Py). Since (u,,) is bounded in L2 (£2), we
get that (u2 ~1) is bounded in L2"/("~1)(£2). Indeed, we have

/\usj—lf*/@*—” dx:/mnﬁ* dz.
2

2

Therefore, we get that
ui RN ug BT ACH

In fact, since u,, — ug a.e. x € {2, we obtain u2 ~' — w2 ~!ae. z € £, and that,

together with the boundedness of (u2 ~') in L?"/(2"=1) ensures the weak convergence
of u2 " tou ~Lin L¥/(2=1) (see [7, Rem. (iii)]).
Moreover, since w,, — ug in L9({2), taking into account [18, Thm. A.2], one has that

wl™t 5 ud™ in L9V (0).

n

In particular,
wl™t — @7 in L9/ ().
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One has
lim. ( / A (2)Av(x) da — A / ()2 Lo (z) dz — A / ()7 o () dx)
(%} (%} (P

:/Auo(x)Av(z) dxf)\/u()(x)z*flv(x) dx—)\,u/uo(:v)qflv(x) dz
0]

0 2

for all v € X. Therefore, due to (ii), we obtain that

0= /Auo(x)Av(a:) dz — A/ug*—lv(z) dz — )\,u/ug_lv(x) da
2

0 0

for all v € X, that is, ug is a weak solution of (P}).
Step 2. We prove that
I)\ ('LL(]) > —r. (4)

Let us consider the nonlinear term

1 . 1 1 1 "
v = [ (G + i3l ) do = Sl + g il
q q
(9]
< Petful) 4+ 2 )
q 2*
So,
D(u) < Petflull? + L uf” Ve X
Tq 2% 2 '

It follows that for all u € X, |lu|| < (2r)'/2, we obtained

u

2
1 .-
In(u) = D(u) — \U(u) > @ - A<ch||u||q + 5

2»«>
r
= > T

A*

w 1 o .
2 _)\(qCZ(Q'f')q/Q + 2763* (2”’)2 /2> =)\ .
Noting (iii) and @ is sequentially weakly lower semicontinuous, we have

l[uo|| < liminf [ju, || < V2.
n—oo
That is,
In(uo) > —r.

Step 3. Let v, = u, — ug. We get that

2%
0

¢ = P(ug) — AP (up) + lim (;mnn? — )\/ ! |un|* dx). (5)

http://www.journals.vu.lt/nonlinear-analysis
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In fact, ||u,||? = ||vn + w0l = v l* + |luol|* + 2(vy, uo), so, we obtained
[unll® = flonll? + l[uol® + o(1).
Moreover, by the Brezis—Lieb lemma (see [7, Thm. 1]) one has
/|un|2 dr = / lun | dz + / lug|>” da: + o(1).
Q N Q

Finally, since u — [(1/¢)|u|?dx is locally Lipschitz in L%(§2) (see, for example, [9,
2
Thm. 7.2.1]) and u,, — ug in L({2), we obtained

/|un|qu:/|u0|qd:c+o(1).
0] 0]

Hence,
c= nhﬁngo (D(un) — AN (un)),
that is,
¢ =P(un) — N (uy) + o(1)
1 1 x 1
= 5Hun\|2—/\2—*/\un|2 dx—/\uf/\un\qda:—i—o(l)
1 «
= ol + 3 ol - / 0af? da Ao / ol da
1
—)\,uf/|u0|qu+o(1)
7%
1 1 .
:Qi(uo)—/\W(uo)Jr§||’un\|27/\2—*/\vn|2 dz + o(1).
o
We get (5).

Step 4. The following equality is satisfied:

lim (|vn||2 - /\/ lon|* dx) =0. (6)
n—oo

9]

From (ii) we have lim,, oo I’ (uy,)(uy,) = 0. We get

/AunAun dz — )\/ |y, dae — )\,u/ [t |9y, dzz = o(1).
2 2 Q

Nonlinear Anal. Model. Control, 26(2):227-240
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Therefore, seen in the proof of (5) and

/|un|q_1undaz:/|uo|q_17,todac+o(1)7
Q Q

we get that |u,, |71 — |ug|?~ 1 in L9/ (=1 (2) (see the first step) and u,, — ug in L9(£2).
One has

onl2 + [[uo? fA/|U,L|2* dxf/\/|u0|2* dz—)\u/|u0|qu:o(1),
(9] 2 (9]

that is,

||vnH2—)\/\vn|2* dx:_||u0|\2+A/\uo\2* d:c+)\u/|uo|qu+o(1).
i) o) o}
Since uq is a weak solution of (P, ), one has
Juol? = A [ fuol?” o~ v [ fuof?dz =0,
Q 1)

We get,
mmeA/hdez:mn,
(93

that is, (6).

Conclusion. Finally, we observe that ||v,,||? is bounded in R. Thus, there is a subse-
quence, still denoted by ||v,, |2, which converges to b € R. That is, lim,, o [|v,||? = b.
If b = 0, we have proved the lemma. In this situation, we have lim,,_, ||u, — ug|| = 0.

We assume that b # 0, arguing by contradiction. From (6) we obtain

lim )\/ lon|?” da = b.
n—oo
2

By the Sobolev embedding, ||v, || 2+ (o) < ca«||vn,
b/\ < c2b*" /2. Since b # 0, we get

. l (N—4)/4 1 N/2
- A Cox ’

c@(uo)ALl?(uo)+1blb>r+(1)br+b

, and passing to the limit, we obtained

Due to (4) and (5), one has

2 2*

http://www.journals.vu.lt/nonlinear-analysis
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that is, ¢ > —r + 2b/N. On the other hand, since

1 w 1
27|§2 +p=[¢]T >0
q

for all £ € R, we obtained
D(up) — AW (up) <7

forall n € N. Thatis, ¢ < r. Thus, —r + 2b/N < ¢ < r. It follows that 2b/N < 2r, that
is, b < rN. Therefore, one has

1 (N—-4)/4 1 N/2
() () e
A Cox

s0, it follows that 1/\ < (rNcé\i/Q)‘l/(N"‘). Hence, we get

1 1 ~
AZ I g =

and this is a contradiction. O
Now, we give the proof of Theorem 2.

Proof of Theorem 2. Let

o 2/(2°-2) o ;1\ (V-4
ol (erg) wlg) )

(a1 (2-0)/2
= (cg 2(q+2>/2>’“ '

Fix 0 < p < p*, and one has )\, > 1. Indeed,

1 1
r= Z
c3e (rN)HIN=4 7 LN (N=D [ (5

3N 2
B 3 4/(N—4) -
- \2
1
T Befoa/2 i 4 B G202

1

u c9924/29 %5 227/2 ox 2% 2/(2%—2)1(2*—2)/2
994/2p°5" 4 5 62*[(2(2*+2)/205i) /(2"=2))(2"-2)/

and

) (N=0)/4]1/(N-1)

and

\\/

1
> — =1.
%032‘1/27“(172 + %
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Therefore,_from Lemma 1 the functional I\ = @ — AV satisfies the (PS)M condition for
all A €]0, )""L
Fix A < A,. We claim that there is a vy € X, with 0 < &(vg) < r, such that
SUP e (|—oo,r) P (1) W(vp)
< .
r D (vg)
< csllull, u € X, we get

Consider [|ul| s ()

SUPyed—1(]—o0,r() w(u)

_ SUPyegp—1 (|—0,rp) (§ Hu||L<I(Q) + 5 (Q))
r h r
o SWPuco1(- oo, (G Clllul? + 33 fJul|)
= r
Bel(2r)1 + =3 (2r)%
b T
Hence, we get
SUPyep-1(|—oo,r)) P (1) < .1
r A A
Let R = sup,cp d(z,0(2), and let 2y € {2 such that B(z, R) C {2. Moreover, put
0 ifx e 2\ B(zo, R),
vs(x) = { 164:(R — )25 if x € B(zo, R) \ B(xo, R/2),
) if x € B(xo, R/2),
where [ := /SN (¢ — 2)2. Clearly, vs € X, and since

O?vs(x) 296 2(N +2)I12 - 3R(N + 1)l + NR?
2 e T R

for every © € B(xo, R \B(sco, R/2), we get

/ |Av5 dx

210 N/262 212 N_1

where I' is the gamma function. Moreover, we get

1 N S |
709 = [ (el +uqlva<x)\q) arz [ (Gl el as
[0}

B(zo,R/2)
1 Liga) ™% RY
> 1)
(2* +“q| | )F(1+N/2) 9N

http://www.journals.vu.lt/nonlinear-analysis
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and so,

(o) B2 50 +ugldl
D(vs) ~ 22N —1) 52 '

From lim,_,o+ [t|9/t? = +00 we get that

hmsup M =400
t—0+ t2
So, by
910 N/2 52 i )
P(vs) = ) / |2(N +2)s* — 3(N + 1)Rs + NR*|"sN " ds
R/2

there is a & > 0 such that

R gl +pglél” 1
2(2N —1) 52 A
and @(vs) < r. Therefore,
SUPyed—1(]—oo,r|) Lp(u) < 1 R? 2% 5|2* +:U‘%|S|q < W(U )

< _ )
r AT 202N —1) 52 )

with 0 < §(vz) < r. Hence, the claim is proved.

Finally, from Theorem 4 then functional ¢ — A¥ admits a critical point uy_, such
that ||uy ,||?/2 > 0, which is a positive weak solution for problem (Py). In particular, by
choosing A = 1 a positive weak solution u,, for problem (P)) is obtained. Moreover, one
has [|u,,||?/2 < r from which |ju,[|2/2 < (2% /(22" +2)/2¢3.))?/("=2) that is,

it < (Z)
u v .
ol <\Z

Since w,, is a global minimum for ; in #~*(]0, 7[) again from Theorem 4, and vs €
&~1(]0, r[), one has I (u,) < I1(vs). So, by ¥(vs)/®(vs) > 1/X > 1 we get

Il(u#) < Il(’l)g) < 0.

Next, fix 0 < p1 < po. We get

. 1 1 . 1
) = i, (5 180 ar 5o [ ar = [lueas)
2 [0} 2

1 1 . 1
i Z | AufPde — — 2 dx — ps— |
>u€¢m}(f]10m[)<2/ ul|”dx > /Iu\ x uzq/IU\ w)
(93 (9] (9]

= Il(ultz)v

and the conclusion is achieved. O
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Proof of Theorem 3. Fix p €]0, u*[. From Theorem 2 there exists a positive solution u,,
of (P») such that u,, is a local minimum for the functional

I(u) =P(u) —¥(u) = @ — /F(u(a:)) dz,

Q
where F is the primitive of f(¢), and

21 et if e >0,
f(t) = .
0 ift < 0.

We consider a new problem

2= 4 w4+ 0)T7 = g™ in 02,

A2y = (u, +v)2 P —u
( H ) I " (7)

v=Av=0 ondf2.
Clearly, if v, is a positive weak solution to (7), then w,, = u, + v, is a weak solution

of (P,) such that w, > u, > 0. Now, our aim is to prove that (7) admits at least one
positive weak solution. Consider the functional J defined as

£
2
J(v) = @ — /L(mm(m)) dz, L(z,§) = /l(x,t) dt,
o) 0
and
() + 12" = [ ()
@)=+l (w) + 097 — plu (@) ifE> 0,
0 ift <0.

Clearly, nonzero critical points of .J are positive weak solutions of (7). Since u,, is a local
minimum of I, one has

I(uy +v) —I(u,) =20
for all v € X such that ||v|| < § for some § > 0. So, taking into account that
1,
Tw) = gl 1P+ T+ )~ I(p) >0
for all v € X (see [3]), we get J(v) > O for all v € X such that ||v|| < 6. Thatis, 0 is
a local minimum of J.

By using the same proof in [3], the functional J admits a positive critical point v,, for
which w,, = u,, + v,, is the second weak solution of (7), and the proof is complete. ~ [J
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