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Abstract. In this paper, we find fractional Riemann-Liouville derivatives for the Takagi—Lands-
berg functions. Moreover, we introduce their generalizations called weighted Takagi—Landsberg
functions, which have arbitrary bounded coefficients in the expansion under Schauder basis. The
class of weighted Takagi—Landsberg functions of order H > 0 on [0, 1] coincides with the class
of H-Holder continuous functions on [0, 1]. Based on computed fractional integrals and derivatives
of the Haar and Schauder functions, we get a new series representation of the fractional derivatives
of a Holder continuous function. This result allows us to get a new formula of a Riemann—Stieltjes
integral. The application of such series representation is a new method of numerical solution of the
Volterra and linear integral equations driven by a Holder continuous function.

Keywords: Takagi—Landsberg functions, fractional derivatives, Schauder basis, Volterra equation.

1 Introduction

Our aim is to get a broad class of continuous functions on [0, 1], which are nowhere differ-
entiable but have fractional derivatives. The prominent example is the Takagi—Landsberg
function with Hurst parameter H > 0 introduced in [10], given by

0o 2m—1
() =3 2mO/2 N e (1), tel0,1],
m=0 k=0
where {€,, k, m € Ng, k =0,..., 2™ — 1} are the Faber—Schauder functions on [0, 1].

In the present paper, we find the fractional derivatives of the Takagi—Landsberg functions,
and for other properties, we refer to the surveys [2] and [9]. In the case H = 1/2, the
function 27 is known as the Takagi function.
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There are several generalizations of the function 2. In the paper of Mishura and
Schied [13], the signed Takagi—Landsberg functions of the form

o) 2Mm—1
> omO2T N G kemi(t), € [0,1] with Oy, 5, € {—1,+1}
m=0 k=0

are considered. Their results concern the maximum, the maximizers, and the modulus
of continuity. Particularly, it was shown that maxe(o,1) ™ (t) = 1/(3(1 — 27)). The
case of H = 1/2 is considered in [16], where the connections to the Folmer’s pathwise
Itd calculus (e.g. [5]) is also described. The signed Takagi—Landsberg functions form the
wide class of continuous nondifferentiable functions with finite pth variations.

We want to extend this class further and introduce so-called weighted Takagi—
Landsberg functions for which we let 6,, ,, be arbitrary bounded coefficients. We study
the continuity properties of such functions and show that they are H-Hoélder continu-
ous on [0, 1]. Moreover, we prove that every Holder continuous function is a weighted
Takagi-Landsberg function, which immediately gives a new series representation for the
Holder continuous functions, which we call a Takagi—Landsberg representation. Then
we compute the fractional Riemann—Liouville derivatives and integrals of the Faber—
Schauder functions, and therefore we obtain the fractional derivatives of the (weighted)
Takagi—-Landsberg functions. Such a new series representation of the fractional derivative
for Holder continuous functions is very promising for further development of the con-
tinuous functions without derivatives. Particularly, the Takagi—Landsberg representation
gives a new method for numerical solution of the integral equations involving Holder
continuous functions.

As an example, we consider the Volterra integral equation with fractional noise, called
also fractional Langevin equation, e.g. [4,12]. This equation is of interest for modelling of
anomalous diffusion in physics (e.g. [8,11]) and financial markets (e.g. [17]). Our method
of its numerical solution allows us to reduce it to the system of linear algebraic equations,
which is computationally effective. We prove that the numerical solution of the fractional
Langevin equation, due to our method, approaches the theoretical solution, and illustrate
this by numerical examples.

We also obtain the series expansion of the Riemann—Stieltjes integral applying method-
ology based on fractional Rieman-Liouville integrals introduced in [18] and developed
in [14]. As an illustration, we consider the linear differential equation driven by Holder
continuous function and prove that its numerical solution, due to our method, tends to the
exact solution in the specific norm. Moreover, the method gives directly the coefficients
in the Takagi-Landsberg expansion of the solution in contrast to other procedures. This
result is also supported by numerical examples. Nonlinear equations can also be solved
by the application of the Takagi—Landsberg representation and will be covered by further
research.

The paper is organized as follows. In Section 2, we recall some basic definitions from
fractional calculus and Schauder basis. In Section 3, we compute fractional Riemann—
Liouville integrals and derivatives of the Haar functions (Section 3.1) and the Faber—
Schauder functions (Section 3.2).
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In Section 4, we introduce the weighted Takagi—Landsberg functions and obtain the
series representations of their Riemann-Liouville derivatives. The series expansion of the
Riemann-Stieltjes integral is given in Section 5. In Section 6, we consider the application
of the Takagi—Landsberg representation for the solution of the Volterra integral (Section
6.1) and linear differential (Section 6.2) equations. The numerical results are presented in
Sections 6.3 and 6.4.

2 Preliminaries

First, we recall the definitions of fractional Riemann-Liouville integrals and derivatives
and their basic properties. Let f € L;([0,77]). We define left- and right-sided fractional
integrals of order & > 0 on (0,7T) by

1840 = 7oy / (t = u)* () du

T
- t a—1
o 0
t
respectively (cf. [15, Def. 2.1]).

Define the spaces of functions that can be represented as fractional integrals:
I$(Lyp([0,T1)) == {f € L1([0,T]): 3 € L,([0,T]) such that f = I§, ¢},
I%(Lp([0,T7)) := {f € L1([0,T]): 3¢ € L,([0,T]) such that f = I _¢}.

From [15, formula (2.19)] it follows that I (L,([0,T1)) = I¢(L,([0,7T7)) for 1 < p <
1/a.

For the functions from I (L1 ([0, T])) = I1*(L1([0,T7)), we define the left- and right-

sided fractional Riemann-Liouville derivatives on (0, T") of order @ by

‘ -

(7 f(t

—

t
D511 = ey =0 Tl
0

T

(D§_1](1) = —F(ll_a)i Jw-n-swa

Recall that the Faber—Schauder functions are defined as
: + —m m
ep(t) :=1t, epolt):= (mln{t, 1-— t}) s emk(t) =2 /26070 (2 t— k)

fort € R, m € N, k € Ny. They can be expressed in terms of Haar functions H,, . as

em k /Hm k dS = [I(H_Hm k] (t)
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where H,, x(s) = 2™/21; , (s)—2™/21, ., .(s),and J, ¢ == (t/27, (t+0.5)/2™],
méeNy, k=0,...,2m —1,¢t € [0,1].

The Faber-Schauder functions form a Schauder basis in C([0, 1]) and produce the
following expansion of a function f € C([0,1]) (e.g. [7]):

co 2M_1

F@&) = FO0)+ (F1) = FO)t+ D D 2" Pam pemi(t), te[0,1], (1)

m=0 k=0

e (585) () ()

3 Fractional derivatives of the Takagi-Landsberg function

with coefficients

3.1 Haar functions

In this section, we calculate the fractional integrals and derivatives of the Haar functions.

Lemmal. Lera > 0,7 >0, k,m € Ngand 0 < k < 2™. Then fort € (0,1), we have

2m/2 E A\ k+0.5\ E+1\“
1§ Hm,k(t) = ((t_ ) - (t_ ) + (t_ ) >7 (2)
0+ I‘(1+a) om . om n 9m .

and fort € (0,T),

N om/2 k+0.5 “ k “

+ +
1 «
—(T/\k—; _t) ) 3)
2 +
Proof. Ift < k/2™, then I§, Hy, 1.(t) = 0. Let t € Jp, 1, then
2m/2 l 2m/2 k «
I¢ H,, () = =—— t—uw)* tdu= t—— | . 4
Settmatt) = oy [ (- u= s (oo o) @
k/2m

Lett € Jpn, k+0.5, then

g2 (k+0.5)/2™ ¢
I Hp i (t) = o) ( / (t—u)* du— / (t —u)>! du)

k/2m (k+0.5)/2m
om/2 @ k+05\¢
A LR Y P EATAY 5)
T(1ta) gm om
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Ift > (k+1)/2™, then
(k+0.5)/2™ (k+1)/2™

m/2
I€+Hmak(t) = 12—‘(04) < / (t - 'U/)a_l du — / (t - U)a_l du)

k/27n (k+0 5)/2m

gm/2 E\® kE+0.5 k+1
“ s ((aw) 2(-50) +(-50) ) o

Summarizing (4)—(6), we get statement (2).
Now prove relation (3). Obviously, if T < k/2™ or t > (k + 1)/2™, then
I%_Hm7k(t) =0.Lett € Jm7k+0_5, then

TA(k+1)/2™

N 2m/2 o 2m/2 k+1 «
IT—Hm,k(t) = —m / (u—t) 1du = _F(1+C¥) (T/\ om —t) . (7)

Lett € Jp, x, then

2m/2 (k+0.5)/2™ (k+1)/2™
17 Hp k(1) = ( / (u—)*""du — / (u—t)*" du>

I'(a)
t TA(k40.5)/2m
m/2 k+0.5 “ k+1 “
_ 2 A0S ) (A B ) ). (8)
F(1+a) 2m 2m
Ift < k/2™, then
IS Hp (1)
TA(k+0.5)/2™ TA(k+1)/2™
2m/2
= () ( / (u—t)*'du — / (u— t)a_ldu>
TAk/2m TA(k40.5)/2m
2m/2 k “ k+0.5 \“ E+1 0 \“
=— |\ —(TN—-1 21T —t) —(TAN——-—t )
reira (77 3o t) w27 5tr) < (ra ) ) o
Summarizing (7)—(9), we get statement (3). O]

Form € No, k=0,...,2™ — 1, H > 0, denote by

(t—5m)% — 20t — BR2)% + (¢t — BE)¢

I'l+ca) ’

Tom () = €0,1], a=0, (10)

Toom k(. T)
(T/\k+05_t) (T/\k—) (T/\k+1_t)oz

om om =+
- , te[0,1], a>0.
T(1+a) [0, 1], «

Then I§, Hyp, k(t) = 2/ 27 . (t) and I§_ Hypy 1 (t) = 27278 0 (8, T).
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Remark 1. We give immediate bounds for 77'5.. , ;, and 75'5.. . For instance, for any
m€ENpandk =0,...,2™ 1, we have

’Tlof2m+k(t)| = ’I((Jl+2_m/2Hm7k(t)‘ < Ig+[1Jm,k + 1Jm,k+0.5](t)
(k+1)/2™

1
— (1 —w)* tdu

I(a)

k/2m
:r<11+a><(1‘k2+5> ( )) 1+a>
< I

Similarly, we get that |77y, . (¢ W< IF_ 15, 0T ko5 (t)
27 [T (14-w).

< Ig+ [1Jm,k + 1Jm, k+0.5] (1)

1Jm kUIm, k40, 5(0) <

Remark 2. One can observe that functions 7{",.. ,  and 75", , ;. can be written in terms
of a fractional Gaussian noise with Hurst index H € (0, 1), that is a centered Gaussian
process with the covariance function

E[Y?t)YH(0)] = Cu(t) = %(|t+1|2H 20t + |t — 1[*), teR.
Indeed, )
Tom i (t) = ﬁq}/g (27t — 2k — 1)
ift > (k+1)/2™, and
8 om i (6,T) = —mca/g (2k +1 —2mt1t)

ift <k/(2")and T > (k +1)/(2™).

Since /2 € (0,1/2),if o € (0, 1), we can study properties of the integrals I§", H,, i
and I$_ H,, j using the known results about Cy with H < 1 /2. For instance, it is known
that Cy(t) < 0ift > 1 and H € (0,1/2). Further, we use the fact that function C'gy
in the case H < 1/2 is absolutely integrable and monotonically increasing on [1, 400),
e.g. [3, Sect. 3.2]

Remark 3. We provide some auxiliary bounds for functions 71 5. ;. and 75" 9. ;.. Let

€ (0,1), then C,5() is negative and monotonically increasing for z > 1, which
gives that [C/2(2)| < [Cay2(lz])], @ = 1. Therefore, 71" 5 (%) is negative for k& <
|2t] — 1, and

2meT(1+a), . .

) ()] = [Coa (27128 -1) | < | (2[27] ~26-1) |
Similarly, if 2] +1 < k < [2™T| — 1, then

2meT(14q)

sia |2k (6 TN = [Cap2 (142k =27 1) < [Caya 2k 27 ~1) .
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3.2 The Faber-Schauder functions

Here, we find the fractional integrals and derivatives of the Faber—Schauder functions.

Lemma 2. Ler o € (0,1), T > 0, k,m € Ngoand 0 < k < 2™, Then for t €
(0,1), we have I, ey, 1.(t) = Iéjrr”‘H k(t) and IS _ey 1 () = em i (T)IF_1ioq)(t) —
LY H,, (), t € (0, 7).

Proof. It follows from [15, formula (2.65)] that I, e, x = I{ﬁ]&em,k = IéiaHm,k.
Consider I _ ey, p = I¢_1§, Hy, 1. It equals

1_‘(10[)/T </Hmk(2) dz) (s —t)*'ds
¢ oT .
= ﬁ /Hmk(z)< /(s —t)et ds) dz
0

zVt

I'l+ow)
€m k(T) 1+«
= . T-H)%-1 H,, ,(t).
F(1+Oé)( ) T— JC( )
Finally, we note that (1/T'(1+a))(T — t)* = I$_1j0,1)(t) O

Proposition 1. Let o € (0,1), T > 0, k,m € Ngand 0 < k < 2™. Then fort € (0,1),
we have

2m((x—1/2) _ _
Dgyem i (t) = m((z’nt — k), -202mt—k—05), "
+ (@t —k 1)), (1)

and
D emik(t) = emp(T)DF 1 1)(t) = I “Hpm(t), t€(0,T).  (12)
Proof. Formula (11) follows directly from Lemma 2 and formula (2) since D, e, 1 =
D§ I8 Hyn gy = 137" Hyp o, e.g. [15, formula 2.65].
We obtain the derivative DS from the relation D$_ ey, 1 (t) = —(d/dt) [I7.-% € 1] (t).
Thus, we have from Lemma 2 and formula (3) that

d _ _
DS _epi(t) = _&(emk(T)I%_"‘l[oJ] (t) — 3" Hp, 1 (1))

€m k(T) —« d l—a 7l

= T — '+ —Ierh H
F(l—a)( 07+ g =" e Hm (1)
emk(T) - 1

= T—8)"*—D% IL H,, 1t
F(l—a)( ) T—4T— 7k( )

= emk(T)DG_1191)(t) — 17 - Hp 1 (t).
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O
Remark 4. We can write the fractional derivatives D, €y, 1 and DF_ey, 1 as
Diyemn(t) = 2727504 (1), (13)
« €m¢(T) - m
DS _emi(t) = o) (T —t) = 2m2r) 0 (4 T). (14)

Lemma 3.

(i) Let a series Y ja,(t), t € [0,T], be uniformly bounded by a nonnegative
function A € L1]0,T), then

Is, ( > an> ()= (Isran)(t), te[0,T].
n=0

n=0

(i) Let > an(t), t € [0,T], be a convergent in L1 [0, T series, a,, € I$(L1[0,T)),
n > 0. If the exists a summable sequence b,, > 0, n > 0, such that |(Dg ay)(t)] <
by forall t € [0,T), then

Dy, ( 3 ) (1) =3 (Dgean)(t), tel0,7).
n=0 n=0

Proof. (1) The first statement follows from the Lebesgue dominated convergence theo-
rem, that is

t t

/(t —z)ot Z |an(2)] dz < /(t —2)* 7 A(z) de = T(a) (I, A) (1),

0 n=0 0

where I, A(t) is finite for almost all ¢ € (0,7') due to |[I§ AL, 0,7] < o0, e.g [15,
Thm. 2.6].

(ii) Note that (D§,a,)(t) = (d/dt)(Iy; “an)(t). Since Y07 ja, € L1[0,T], we
have from the first part that I)7* (30", an)(t) = > one o (1o “an)(t). Then

 (EJo S (E) -2 G o

Since Y07 o [(d/dt) (1o %an) ()] < Do by < 00, we have

i<§(1§+ an)>(t):z_:0§(ll “a,L)(t):Z%(Dngan)(t), tel0,7]. O

http://www.journals.vu.lt/nonlinear-analysis
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Consider the partial sums of the fractional derivatives of the Faber—Schauder functions
D[ emi(t) and DG [Sa_ ot e, (). Due to (12)(14), we have

|27t 1

D0+ [ Z €m k‘| = 2m/2 Z Tl 2m+k + 2m/2 1127?f+[2mtj (t)

and
277171 2771 1 LngJ
D%—[ Z em,k] < Z emk >DT—1[O 1]( :*2m/2 Z T22m+k )
k=0 k=0 k=[2mt]
Proposition 2. If m > 1, then
< e ()2™ Y uniformly on [0,1], (15)
c1()2™ Y uniformly on [0, T7, (16)

where ¢1(a) = (2“/1“(2—04))(2,@1 \C(l_a)/g(k)\ +2).
Proof. From Remarks 1 and 3, it follows that

2" -1 2m(a—1)+a [27¢] -1 m(a—1)
Z 71 2m+k < m |C(1—a)/2 (2 pmﬂ — 2k - 1)‘ + r2—a)
k=0
Qm(o/ D+a
< (Z |Claay/2 (k)| + Ta) < er(@)2m Y,
k>1

where the series Zk21 |C(1—a)/2(k)| converges due to integrability of C(;_q) /2, €.g. [3,
Sect. 3.2].

Consider the case of D3_. Let [2™¢] + 1 < [2™T]| — 1, then it follows from
Remarks 1 and 3 that

2m—1 [12mT|-1 2m(a N
Z 7'2 2m+k < Z ‘7'2 2m+k (t,T) ‘ +2 f@ )
k=[2mt]+1
gm(a—1)ta 271171 i e
) m’ﬂ:mmtJﬂ’C(lia)ﬂ(%_Zp { _1)‘+2F(2—a)
m(a—1)+a
s 2r§2_:) (kZ;l |Cti—ayj2(k)| + 21a),

Let |2™¢] +1 > |2™T]. Then there are at most two nonzero 721752 4+t T). Thus, we
get the upper bound | 32" ' 7} sk (BT < 227D T (2—a)). O
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It follows from Proposition 2 that the series  _, - om(1/2=H)| pg. [Zzzal em. k) (t)]
converges uniformly on [0,1] for « < H. This ensures that Lemma 3 holds for the
Takagi—Landsberg function z and yields

2™m—1

« m(1—H)
Dg ™ ( Z 2 Z m am i (t

Take the expansion z (t)—z (T) = S 2m@/2=H) S22 (e (1) —ep 1 (T)).
Since the series >, o, 2™ (/27D | i gl(em t — em.k(T)](t)| converges uni-
formly on [0, T for « < H, then it holds by Lemma 3 that

2m—1
Dg_x"(t) = 2™ (T)DF_11,1( Z =) Z Ty om i (6 T).

Now consider the special case &« = H and the values of D, z¥ (¢) at points of the
moth dyadic partition of [0, 1], that is the set T,,, := {k27™°|k =0,...,2™°}.

Proposition 3. Let ko, mg € Ny and kg < 2™° — 1. Then

om_1

Z2m 1/2—H) Z D0+€mk(2]f,?0> = —o0.

Proof. In the case o = H, m > my, it follows from Remark 2 that

< ki
d. = gm(i/2-H) Z D0+emk<2w?o>

k=0
2H 2MTMO g — 1 2m+1k0
= T > C<1H>/2(2mo — 2k — 1). (17)
k=0

Forall k < 2™ ™0k, — 1, we have 2™~ ™0+l — 2k —1 > 1 and
Ca—my2(2m ™ kg — 2k — 1) <0, (18)

which gives that the right-hand side of (17) is negative.
Now we show that the sequence d,,, is monotonically decreasing if m > mg. Consider
the difference d,;,+1 — d;,, which equals

gmH1p, /9mo _1

oH 2m+1+1k0
oom| L Come( Tt -1
k=0
2 /20 1
2m+1k
- > Cua- H>/2<02k1>]
k=0

2H 2MTM0 g —1

= S m—mo—+2 _ .
" T(2-H) kZZO Ca—my2 (2" ko — 2k — 1).

http://www.journals.vu.lt/nonlinear-analysis
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We get from the last relation and (18) that d,, 11 — dp, < 0,80 dpg1 < dpy, < dipy < 0
for all m > myg. This means that Zf:;zmu d,, < Zfr‘;zmo Ay, = —00. [

4 A weighted Takagi-Landsberg function

In this section, we consider the extension of the class of the Takagi—Landsberg functions.
Namely, for constants ¢, € [—L,L], k,m € Ny, we define a weighted Takagi—
Landsberg function as y. g : [0,1] — R via

om_1

Yo (t Z gm(1/2—H) Z cmpemi(t), t€10,1]. (19)

Since |y m(t)] < Lot (t),t € [0, 1], the series in (19) converges uniformly and y. 7 €

Ll([oal])'

Lemmad. Let H > 0. Any H-Hélder continuous function f on [0, 1] can be expanded as

2m—1
ft) =) —t)+ f(1)t + 22”‘(”2 NN cppemn(t), te[0,1. (20)
m=0 k=0

We call formula (20) the Takagi—Landsberg representation of function f.

Proof. To show this, we first provide the relation between coefficients a,, ; in expan-
sion (1) and ¢y, . in (19), that is

Cm,k = af’m,kaH 2mH |:2f(k+0 5) f(k;;}) f<2]fﬂ>:| . (21)

Theorem 3 on p. 191 in [7] states that f is H-Holder continuous if and only if
coefficients a,,_ in expansion (1) satisfy |a., x| < C(2™ + k)=H, m > 0, for a constant
C > 0. Thus, if f is H-Holder continuous, then |, kx| = |am k|2™7 < C =
and f is a weighed Takagi-Landsberg function. If y. m admits representation (19), i.e.
Cmk € [—L, L], then a,, x = ¢ x2~ ™ from (21) satisty |a,, 1| < L27™7 < 2L x
(2™ + k)=, m > 0. Hence, Ye,r s H-Holder continuous. O

Now let us establish that y. p admit fractional derivatives of order av < H.

Theorem 1. Let 0 < o < H then

oo 2™m—1
DG ye.n (t) 22““ N emrmigm (1), (22)
k=0
0o 2M—1
D} [ye,ir = Ye,u (T Z gm(1=1) Z CmaTaze (6 T).  (23)
=0

Nonlinear Anal. Model. Control, 25(6):1079-1106
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Proof. Due to (11), the fractional derivatives of summands in (19) equal

2”1_1 2771_1
De, {2m(1/2H) 3 Cm,kem,k:|( LI R N ()
k=0 k=0

From (15) we have the following uniform bound

2m—1 2mM—1
Dg+ l27rb(1/2—H) Z Cm,kem,k‘| ( ) < L2'rn (1-H) Z |7-1 2m+k(t)|
k=0 k=0

< Ley(a)2mie—1),

Analogously,

om_1

D%_ [QM(l/z_H) Cm,k (em,k - em,k(T))
k=0

om _1

< L2010 Z ’Tz ok (1t

< Lcl(a)Qm(a H).

(t)

Thus, from Lemma 3 we get the existence of D', y. g and D7 _y. g. Consequently, the
statement of the theorem holds. O]

5 The Riemann-Stieltjes integral in terms of weighted Takagi-
Landsberg functions
Let o € (0,1). Denote by H[0, 1] the space of a-Holder continuous function on [0, 1].

In this section, we consider the Riemann—Stieltjes integral of f € H1[0, 1] with respect
to g € HH2[0,1] if H; + Hy > 1, which can be defined as

/ fdg=— / Dg, f(5)D}" [g() — g()] (s) ds

forany a € (0,1) such that o« < Hy, 1 — oo < Ho, see, e.g. [18].
We use the Takagi—Landsberg representation of functions f and g (19) to give the
series expansion of integral fot f dg. Denote by

o o I . 140.5
A2m+k,2"+l(t) = Tl,2m+k <t A\ 27),) — 27—1,27”+k (t A\ 2n>
+1
T Com (t Ao > teo,1], 24)

fora >0,n,meNy,1=0,...,2"—1,k=0,...,2m — 1.
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Theorem 2. Let f ¢ HY1[0,1] and g € HY2[0,1] with H; + Hy > 1 possess the
following Takagi—Landsberg representations:

0o 2m—1

flty =" 2m/2=t) N ) e 1), te0,1],
m=0 k=0
oo 2™ —1

g(t) = Z gm(1/2—Hz) Z cg?kemk(t), t €10,1],
m=0 k=0

where |cm el |c(2) < Ljforsome L > 0. If 1 — Hy < o < Hy, then

/ £(s) dg(s) = / Dg, f(s)DI2[g() — g(t)](s) ds
0 0

0o oo 2M—12"-1

_Z Z Z Z (1= n(= ) (1) (2)A2’"+k on1(t). (25)

n=0m=0 k=0 [=0

Proof. Due to Theorem 1, we have that D§, f and D;~*(g(-) — g(t)) exist and converge
uniformly as series (22) and (23). Therefore, D§, f(s)D;=*[g(-) — g(t)](s) converges
uniformly on s € (0,¢) as well with the followmg bound

oo o0

’ng_f(s)Dtl:o‘ [g() N g(t)] (S)| < Z Z 2m(o¢fH1)+n(lfa7H2)L2cl(a)cl(1 _ a)

n=0m=0

for all s € (0,t). So, we apply the Lebesgue dominated convergence theorem to the
integral fg D§. f(s)D;=[g(-) — g(t)] ds, which equals now

o oo 2M—-12"-1

Z Z Z 2m(1/2 Hi)4n(1/2—H>) g)kcig

n=0m= 0 k=0 [=0
x / Dy em i (s)D{=% [ent — eni(t)] (s) ds. (26)
0

Compute the integral in (26) using Proposition 1:

[ PEuema)DI ena) = ena(®)] () s
0

= —/I&I“Hm,k(s)lf‘_Hn,l(s) ds

0

[ S T B B VPR
r(1_a>r(a>o/0/8/( 1) Ho i () (2 = )7 Hy 1 (u2) dup dug d
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t U2 U2

1
= B ey | Ha) [ o) [ s =) = dschus
0 0 w1
t Uz t
= —/Hn,l(uz)/Hm,k(ul)dul dus = —/Hn,z(u)em,k(u) du.
0 0 0

Obviously, if t < k/2™ \ 1/2™, the last integral equals zero.
Lett € J, i, then

t

/Hnl )em.i(u )du—2"/2/ Chm (u)du2n/2<I§+Hm,k(t)I§+Hm,k<;n>)-

1/2n
Ift € Jy, 1405, then
t (140.5) /2™ t
/anl(u)emk(u) du = 27/2 / em,k(uw) du — / em.k(u) du
0 1/2n (140.5) /2

. 14+0.5 !
= on/2 <218+Hm,k <2n> — 1§ Hn <2n> _IngHmvk(t)) :

The case ¢ > (I + 1)/2" is similar. Thus, we have
¢
/H7L l em k ) du
0

140.5 l I+1
:2"/2(213+Hm,k<t/\—;n)_IngHm,k(t/\Q ) IOJerk( ;_ )>

Note that

t
/Hn,l w)em k(u) du
0

t u2 t
= /Hn,l / mk(u1) duy dug = /Hm e(ur) /Hn,l(UQ) dug dug
0 uy
= /Hm,k(u) [en,i(t) — €n(w)] du.
0
Then the statement follows from Lemma 1, relations (10) and (24). O]
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Remark 5. The Riemann-Stieltjes integral in Theorem 2 can be written as

/ £(s) dg(s / D8, 1(5)D}=2 [g() — g()] (5) ds

on t

-3 e / Hoa ()£ () du
n=0 [=0
co 2M-—1

=3 3 gm/ami ) /H —g(u)] du
m=0 k=0

"1-12"2-1

— i i 22 Z on1(1/2—Hi)+n2(1/2—Hs) 5111)110222)12

n=0m=0 ;=0 I5=0

X

t
/ o 1y (w)em 1, (u) ds
0

Remark 6. Particularly, we have
t
/f )ds = — /D0+f ()DL [(-) = £](s) ds = Ib, (1),
’ t
[ aste) = - / D3 1j01(5) D= [9() — 9(0)] () ds = (1) — g(0).
0
0

From [18, Prop. 4.4.1] it follows that [ f dg € H>[0,1].
R

dg(s / Dg, [())(s)DI=*[g() — g(t)] (s) ds = tg(t) — I¢,g(t).

1093

27)

Corollary 1. The coefficients zf', =%, ¢ in Takagi-Landsberg representation of the

Riemann—Stieltjes integral in Theorem 2 equal x§ = 0,

co 2M1—-12"2-1

n n 1 2
Z ST Y gmtememO-m D @z )

n1=0n2=0 [;=0 [2=0

co 2M1—1

Z Z . Z on1 (1/2—H1)+(na—m)(1/2—Hs)
7741,1

n1—0 l1—0 na= 0

2"2 1

2
5;2)712/€n1 ll 712 12( )Hm,k(u) du
1o=0
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St 2n1 27L1 1/2 Hl)

mH.
=2y Z o Y Son (7T
n1=0 [;=0 no=0
Rl k k+0.5
x Z n2 l2 A2”1+1172"2+l2 Qm 2A2”1+11 2"2 41 QT
15=0

k+1
+ Ag"l +11,2"2+12 (2m>> )

Proof The value of 2% follows from (25). Denote by R(t) the value of the integral
fo f dg. The function R € H2[0, 1] possesses the representation as a weighted Takagi—
Landsberg function with coefficients ¢/ given by ¢} , = 2™ [2R((k + 0.5)/2™) —
R((k+1)/2™) — R(k/2™)]. Then for m € Ny and k = 0,...,2™ — 1, we have from
(27) that

co 2™ -1

Cﬁk _ omH> Z Z ngll),ll Z gn1(1/2—Hi)+n2(1/2—Ha)

n1=0 ;=0 no=0
_— (k+0.5)/2™
2
> c&2l2< [ oo
1o=0 0
k/2m (k+41)/2™
- [ enn@Hnn@an- | enhh<u>ﬂz%b<u>du>
0 0
oo 2M1—1
2n1(1/2 H,y)
Z Z Cnaly Z (m—nz2)(1/2— Hy)
n1=0 [;=0 no= 0
on2 1
x Z Cha, lg/enlyll n2,l2( )Hﬂ%k(u) du.
lo=0

We can rewrite the last integral as

m k k+0.5

k+1
+ Ag"l"rlh2"2+l2 <27n>> O

Remark 7. Let g(0) = g(1) = 0. The integral fot sdg(s) possesses the following Takagi—
Landsberg representation:

t

/mm@:m@—@w@,

0
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t 0o 2"_1 oo 2M—1
foan =5 T ey 5 o
J n=0 1=0 m=0 k=0
ke (2)k oo 271
[ m 2mH2 Z Z 2n(1/2 Hz) )D2ﬂ+l omyk |,
n=0 [=0

where Dan g om g := (1/2™)en i ((k+0.5)/2™) — (1/2™)en 1 ((k +1)/2™) + 27/2 x
A%n+l,2m+k(1)-

6 Applications to fractional integral equations

In this section, we solve integral equations, involving fractional integrals and derivatives,
with the help of the Takagi—Landsberg representations of the Holder continuous functions.
To do so, we use the uniqueness of the Schauder expansion.

Let H € (0,1) and g € H[0, 1] have the Takagi—Landsberg representation (20) with
coefficients go, g1, c? = {c?, k} Denote by S, the operator that gives the partial sums of
the Takagi-Landsberg expansion of g by

m 2"—1

[Smgl(t) = go(1 —t) + grt+ > 2"0/2Hed e (1), te0,1].

n=0 [=0

From the properties of the Schauder system we get that g(k/2™) = [Sp—19](k/2™),
0 < k < 2™ — 1. In this section, it is also convenient to make the new indexation of ¢9.
Wewrltecgforc klfn—2m+k m=>=0,k=0,. m—1.

Remark 8. Let X : [0,1] — R be a H;-Holder continuous function. Consider a function
f : R — R such that f(X) € H"2. If X admits representation (19) with coefficients

Cy x> then f(X) has representation with coefficients 07’;7 «» Where
[ k+0.5 k+1 k
@, =2mih 2X< —;m ) - X(J) - X(Qmﬂ (28)

and

o (3 (529) (5 (2) /(x(2))
i, _Qf(SmX(k;£'5)> —f(Sm 1X(k+1)
(o))

Thus, coefficients ¢, are determined by coefficients {c%,n < m}.
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6.1 Volterra integral equation

Let H < a € (0,1), & # 0and g € H[0,1], that is g has the Takagi—Landsberg
representation with bounded coefficients ¢f = {c?, } Consider the Volterra integral
equation given by

X(t) =z +0[I°X](t) +g(t), tel0,1]. (29)

Equation (29) is called also as the fractional Langevin equation, e.g. [4].

It follows from the general theory of integral equations that (29) has a unique solution
in C[0,1], e.g. [6, Sect. XI1.6.2]. Indeed, the operator I, has the norm |I§, | =
(1/T () maxepo, 1) fo (t—s)*"tds) = 1/T(1+a). Moreover by [15, formula (2.21)]
its powers equal [Io+] = I§7 with ||[I§ ]|« = 1/T'(an + 1). Denote by § = o + g.
A solution X of equation (29) can be expanded as a power series X = g+ 01§, g+---+
0"13%g + - - -, which converges for all 6 with

o] < Jim | [15]"]] 07" = lim (D(an +1)""

n—oo

= lim (27r)1/(2”)670‘(7104)‘171/(2”) = 00,
n—oo

where the asymptotic behavior of the Gamma function is given by [1, formula 6.1.39].
Since operator I, maps C0,1] into H*[0,1] (e.g. [15, p. 58, Cor. 2]), the solution
of (29) belongs to HH [0, 1].
Thus, X posses the Takagi—-Landsberg representation (20) with z; € R and bounded

coefficients ¢* = {cZ,, m > 0}

oo 2"—1

X(t) =wo+ (z1—zo)t + > > 2" g eni(t), te(0,1].

n=0 1=0
Then we apply Lemma 3 and formula (22) to get that [/*X](¢) has the following series
representation:

o 2"—1
« Lo « T1—Zo «a n H 1
X)) = Fyay T Tangyt T2 2 2T ez (0, e 0.1)
n=0 [=0

We introduce a truncated fractional integral I, S, : H*[0,1] — H®[0, 1] of order
p € Nas

e Lo e T1 — 20 ,14a
I X =
[16:+5pX] () 1“(1+o<)t * F(a+2)t

2" —1

+ Z D7 g2t (1), tefo1].

n=0 [=0

Denote by X, the solution of the following truncated equation:
X,(t) = o + 015, 5pXp| (t) + g(t), t€10,1]. (30)

Obviously, ||/ Spllec < [[1§|/oc> thus (30) has a unique solution in C'[0, 1]. By con-
struction I, S, X, € H*[0,1], so X, is H-Holder continuous on [0, 1] as well.

http://www.journals.vu.lt/nonlinear-analysis


http://www.journals.vu.lt/nonlinear-analysis

Fractional integrals and derivatives with weighted T-L functions 1097

Here we give the solution of (30) by finding the coefficients ¢ and z} in the Takagi—
Landsberg expansion (20) of X,.

Denote by
agm g zn 41 = —02m T H)Aémz am (1), @D
azm 0 = 2" 50 (0,1), (32)
b2m+k = anL+k + 2mH9$07'§2m+k(07 1) - 2mH91,07_21-5g+k(0’ 1)7 (33)
Oxg )

by — _ 34
0 =20+ 91+ T T Ty’ (34)

9 n(1l—-H) 14+«
ap,0 = T(a+2)’ ag onyy = 02 ( )le”-l(l)' (33)

Lemma 5. Letp > 1, P = 2P*' —1 and denote by Ap = (a.1)i 1—¢ Cp = (1,61, ...,
)T, and b, = (bo,...,bp)T, where ay,; and by, are given by (31)~(35). Let C, be
a solution of

C,=A4,C, + b,
and let P, = b, + ¥ 10m.0 + Zn 1 2 am n, m > P. Then the function

oo 2M-—1

Xp=mo(l—t)+aft+ > Y 2mW2Hd e i(t), tel0,1],
m=0 k=0

is the solution of equation (30).

Proof. Since the Takagi—Landsberg expansion is unique and its coefficients are deter-
mined by (28), we have the following relation:

C§m+k = cgm+k. + 2mH9xOT2Ome+k(O, 1)+ 2mHt9(x’f - x0)7'21742','fi_~_k(07 1)

p 2"—1
N k+0.5
270 Y | g2 <2 1153+z<2m>

n=0 1=0
() - (;fn))
p 2"-1
= bomyp + 2haom i + Z Z Con 1 Qm 4 jon 41 (36)
n=0 1=0

At point t = 1, equation (30) gives the next relation:

p 2"—1

Oz O(2f —
P __ 1 n(l— H) 1+«
Ty —-T0+gl+1_‘(1+a) + O[—|—2 +6nz:0 lz(:) 2”+l2 12n+l(1)
p 2"-1
=bo+2fao0 + 3 Y Chuyah sy (37)
n=0 1=0
Then relations (36) and (37) yield the statement of the lemma. O]
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Lemma 6. Let X, be the solution of equation (30), then X, tends to the solution of (29)
in the supremum norm on [0, 1].

Proof. Let X be the solution of (29). Denote by err, = X, — X. Note that
erry(t) = 01§, Sp X, (t) — 01§, X (t) = OI erry(t) + 0I5, [Sp X, — X, (t).  (38)

Due to the power series expansion of err), as a solution of equation (38), we have

lerrpllee < (1 2 l9l"!|15‘fH> 1075 [Sp X = Xo] |
n=1

Then | X,,(£) — S, X, (£)| < X1 ST Lom /2= e ey, 1 (8) < L(xH (t)—
S,2H (t)), where 2 is a Takagi-Landsberg fU.IlCthIl The second term in the right-hand
side of (38) is bounded by

ol | [ 8% — X
r<a>0/ T

L (1850 - Xl L[ 2w - Sew)
St/ e gr<a>0/ (e

Lt sup (acH(u)fprH(u)). 39)

S D(l+a) u€(0,1]

Thus, ||1§,.[SpXp — Xp|(t)|[cc — 0 as p — oo. This yields that || X — X[ — 0,
P — 00. O

6.2 A linear differential equation

Let 8,7y € Rand 8 # 0,y # 0. Let g : [0,1] — R be a Holder continuous of order
H > 1/2 with g(0) = ¢g(1) = 0, that is g be a weighted Takagi—Landsberg function with
bounded coefficients ¢/ = {c] ,, m >0,k =0,...,2" —1}. Leta € (1 — H, H).
Consider the linear equation

t
X(t) = 20 + BIL, X +v/X
0
t

—xo—i—ﬂ/X dz—'y/ Dy X](2)[D;=%(g(-) — g(t))](2)dz,  (40)
0

where t € [0, 1].
Denote by U : H” — H* the operator U(z) = I, x + v [, #dg. It was shown
in [14] that U is a compact linear operator on Banach space W™ with respect to the
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norm || f|la,co 1= Supseo,1 (| f ()| + fo |f(t) — f(s)|/(t — s)**1ds), and for X > 0,
an equivalent norm is defined by || flla.x = sup;epo1y e (£ ()] + fo |f(t)— f(s)|/
(t — s)>*T1 ds). Moreover, there exists A\g > 0 such that ||U(z) — U(y)|la.x, < (1/2)
lz = @llax, forall 2,y € U(Bo) € Bo = {u € Wy"™: |luflan, < 2(1 + [ao])}-
This ensures that there exists a unique solution X € W of equation (40), e.g. [14,
Thm. 5.1].

Let us apply the Takagi—Landsberg expansion to solve (40). Using notation (10), we
get that the first integral in the right-hand side of (40) has the following representation:

on

t o _
1 — X9
/X(S) ds = a0t + —5 t* — E E e e (1), te[0,1],
, n=0 1=0

The Riemann-Stieltjes integral in (40) is H-Holder continuous and admits the following
representation due to Theorem 2 and Remark 7:

/ X (s) dg(s) = zog(t) + (z1 — z0) (tg(t) — I, 9(t))

o oo 2M—-12"-1

B Z Z Z Z 2 (mtn)(1- H 'm kcn lA2m+k: 2"+l(t)

n=0m=0 k=0 [=0

where t € [0, 1].
Denote by X, the solution of the following truncated equation:

Xp(t) = 2o + B[I§ S Xp] (1)

t

- ’y/ [D§,. S, X](2)[D{ZSp(9 — 9(1)](2) dz,  t€[0,1]. 41)

0

Denote by

a27n+k72n+l == 72mHﬁ2n(17H)A§n+l 2"'L+k(]‘)

22 -1

k
+,_y Z 2 n+n2)(1 H +mH Z ng,lz( 2"—‘,—l,2"2+l2 <2m>

ng=0 lo=0

k+0.5 k+1
28 s () + Shiens () ) @)

ﬁxOQm(H72) kcfnk
+ ;
4 2?’)’1/
p 2"2-1
+ Z Z 2mH2n2(1/2 H) oyl 2D2”+12 2m 4k (43)
no=0 ly=0

agmyg,0 = —
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on2 1
a072n+l /62 n(HJrl ,Y Z 2(n1+n2)(1 H) Z Ci27l2A2n+l72n2+l2(1)7 (44)
nog = =0 l2:O
6 p 2"2-1
b2m+k = —aom40 +'yajocfn’k7 ap,0 = 5 -7 Z Z 2= na(1+H)—2 Zz Iy 45)
n2=0 13=0
p 2"2-1
bo= o +amo Y, Y 2T (46)

na=0 l>=0

Lemma7. Letp > 1, P = 2PT1 — 1 and denote by A, _(akl)kl o Cp=(al,d,...,

)T, and b, = (by,...,bp)T, where ay,; and by, are given by (42)~(46). Let C,, be
a solution of

C, = APC:D + by
and c? = by, + J;lam o+ Zn 1 B am n, m > P. Then the function

co 2™ —1
Xp=ao(l—t)+aft+ > > om2id e (t), telo,1],
m=0 k=0

is the solution of equation (41).

Proof. From Remark 7, Lemma 5 and Corollary 1 we have the following relations for the
coefficients ¢ in the Takagi—Landsberg expansion of X,

sy, = B0 — af)2m D=2

p 2" -1
mH n1(1—H) A2
-2 52 Z Con 11,2 Adni g1, 2m k(1)
n=0 [;=0
kc?
g P m,k
+woch,  + (2] — o) S
272 -1
o mHono(1/2—H) g
o) Z Z 2772 Cra o D2p2 15 2m 41
na= =0 lz 0
2”11 p
+ v E E 2”1+[ 2 2(n1+n27m)(1/27H)
n1=0 [;=0 no=0
on2 1
X E : nz l2/en17l1 nz,lQ(u)Hm,k(u) du
15=0
p 2"-1
— D p
- bgm_t,_k; + T7a2m 4 k.0 + E E cg”+la/2m+k,2n+l7
n=0 [=0
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and
- +:L' p 2"-1
0 _
xl—l'o—f—ﬁ 1_’_55 § —n(H+1)-2
n=0 [=0
2"2 -1
_ _ n2(1+H
Zo Z Z 2" n2712
n2=0 [2=0

p 2n1_19272_1
_ n1 1 H)+n2 1 H) 2
v E E E E 2 1 Cy 1A% 41y 2241, (1)
n1—0n2 0 ll 0 12 0
p 2"1-1

[ p
= by + T1a90,0 + E E Cgr,L1+llao,2rrL1+ll~ O
n1=0 [;=0

Lemma 8. Let X, be the solution of equation (41). Then X, tends to the solution of (40)
in the norm ||| o co-

Proof. Let X be the solution of (40). Recall the operator U (x) = 15,z +7 [, zdg, x €
H*[0, 1] and consider the norm ||-||,.» with A > 0. Then

HXp - X”a,)\ = Hﬂl(%+stp - ﬂI&+X +’7/SPXPd[Spg] - ’Y/ng‘
a, A
0 ) ’
<[ UXp) —U@X)|,,
+ Hﬁj(%Jr[Spo — X, +'Y/Spod[Sp9] _’V/Xp dg
a, A
0 ,
<||U(Xp) - UX) H + HU (S,X,) — U(X,,)HCW\
H /SX d[Spg] — ’y/Spodg
0 0 A
Since [ U(z) — U(g)llan < (1/2)]2 — ylla, . then
X, — X/ '
1%, 5 e < 5 2 +WIH/5pod[Spg—g] (47)
a, A
A ,

By [14, Props. 4.2 and 4.4] there exist constants d; and ds such that the second norm in
the RHS of (47) is bounded above by

dy 1+ ||5pXpllax
e sy DI (S, - g - 5,0+ 9(0])0)

do
= \l2a | NG

Z gmi=a=H e (1—a) =0, p— oo,

where the last inequality follows from (16).
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Similarly to (39), consider the norm

”SPX:D - Xp”oz)\
t
— sup e |stp—Xp|(t)+/ 19Xy = Xpl(t) = 195 Xp = X))l
0<t<1 J (t )a+

— At Lt H H
Soilzgle (F(1+a)“$ - Sz Hoo

N ZQmm my, / | R0 (em (1) = em s (5))] ds)_

(t — s)ott

Consider the last integral in more detail. At first, note that

2m—1

D emp(t) =272 — k) A (1+k—271))
T s ) A (L (2] - 2))
=2""2¢oo({2mt}), te(0,1],

leo.0({z}) —eo,0({y )] < 1. eoo({2}) —eoo({y})] < {a} —{y}], 2,y > 0. Therefore,

/ 520 ena®) = emn (DI,

(t — s)ott

_ g-m/2 |€o 0({2t}) — eo0({2"s})]
(t —s)ott

— gma-— m/2 |60 0 {2mt} — €0 0({2})|
(2mt — z)otl

[2™t]—0.5 (2] ™
(Jo +fL2mtJ70.5+fL2mtJ)('“)dz
= om/2—ma : (48)

dz

The first integral in the RHS of (48) is bounded by [\*" 707 1/(2m¢ — z)at1dz <
(2™t — |2t +0.5)"/a < 2%/a. If z € (|2™¢t] — 0.5,[2™t]), then z = |2™¢] — 1+
{z}, 2™t — z = {2™t} + 1 — {z}, and the second integral in the RHS of (48) is less or
equal than

2™t
[{Zme} A (L= {2m8)) - (1 —{=D)]
({2mt} +1 = {z})>*!

|2mt]—0.5
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[27mt]
dz

(@ +1- (=)

[2m¢t]—0.5
< (05 {2me)) T - ({2 T <

If z € (|2™mt],2™t), then 2™t — z = {2™t} — {2z} and |eg,0({2t}) — e0,0({z})| <
{2t} — {z} = 2™t — z. Thus, the third integral in the RHS of (48) equals

<

2&—1

1—a “49)

2™
m m j e
/\eoo (2ol g, o [ @2 L,
2mt—z)atl (2mt—z) -« -«
[2mt] (27

Hence, we get from (49) and (50) that the upper bound for the right-hand side of (48) is
gma=m/2(2% Jq (2971 41)/(1—c)). Finally, the norm || S, X}, — Xp||«.x is bounded by

Lt 2 20‘ 1+1>
—At H H m(a—H)
sup e —||z" = Spz OO+L( 2 . (5D
O<tI<)1 (F(1+ ) | H Z
Note that &« < H in equation (40). Therefore, the right-hand side of (51) tends to O as
p — oo. It was shown in the proof of Lemma 6 that the first term in (47) tends to O as
p — oo. Thus, || X, — X|la,c0 = 0,p — 0. O

6.3 Numerical experiments: the Volterra integral equation

In this section, we illustrate our method of solution of (29) by numerical examples.

Let0 < H < a € (0,1) and put g(t) = (1 — t*), ¢t € [0, 1]. Then the solution of
equation X (t) = (I'(a+ H +1)/T(H +1))Ig, X (t) + t7 (1 —t*), t € [0,1], obviously
equals { X (¢) =t ¢t €[0,1]}.

We solve truncated equation (30) by Lemma 5 for several combinations of o and H.
For each case, we compute the norm of the error || X — X, ||, where X, is the solution
of truncated equation, and present them on Table 1.

Table 1. Volterra integral equation: norms of the error || X — Xp||oo-

H =0.01 H=0.2 H=0.2 H=0.2 H=0.5 H=0.5 H=0.8 H=0.8

p a = 0.05 a=0.3 a=0.5 a=0.8 a = 0.51 a=0.8 a =0.81 a=0.9
3 2.33e—01 6.76e —02 5.83e —02 5.04e —02 2.38¢ —02 2.04e —02 5.60e —03 5.39¢ — 03
4 1.92e —01 4.32e —02 2.66e —02 2.25e —02 9.02e —03 7.56e —03 1.78¢ —03 1.7le — 03
5 1.62e —01 2.83e —02 1.53e —02 9.96e —03 3.34e —03 2.76e — 03 5.50e —04 5.28¢ — 04
6 1.39e — 01 1.89e —02 9.16e — 03 4.37e — 03 1.23e — 03 9.97e — 04 1.68e —04 1.6le — 04
7 1.2le—01 1.28¢ —02 5.53e —03 1.91e — 03 5.97e — 04 3.58¢ — 04 5.06e —05 4.85e — 05
8 1.07e — 01 8.75e — 03 3.35e —03 8.35e —04 2.92¢e —04 1.28¢ —04 1.5le —05 1.45¢ —05
9 9.48¢ — 02 6.02e —03 2.04e — 03 3.64e —04 1.43e —04 4.54e —05 4.50e —06 4.3le — 06
10 8.50e — 02 4.17e —03 1.25e —03 1.7le —04 7.07e —05 1.6le —05 1.33e —06 1.27e — 06
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6.4 Numerical experiments: linear integral equation

In this section, we consider the numerical solution of (40).

First, we put g(t) = 0.5 —|t—0.5%,¢ € [0, 1], for H € (0.5,1),and 8 = —2,y = 3,
xo = 1 in (40). We take p = 6, H € {0.51,0.6,0.7,0.8,0.9}, solve truncated equation
(41) by Lemma 7 and get the Takagi—Landsberg representation of the truncated solution
X, with coefficients z¢, 2, ¢,. We present the values of the error’s norm || X — X, ||« in
Table 2, where X (t) = xg exp(Bt+g(t)), t € [0, 1], is the exact solution. Moreover, we
compute the difference between the exact coefficients x1, ¢* in the representation of X
and 2%/, ¢P. The values of max;,,<or+1 | — ¢%| are given in Table 2.

Second, we illustrate our method with the function g(¢) = Z:n:O Zi;a lcffn wem.k(t),
t € [0,1], where ¢9 are some bounded coefficients (we simulate them randofnly). The
example of function g, the corresponding exact X and truncated X, (p = 6) solutions
of (40) with H = 0.51 are presented on Fig. 1. One can observe that the small difference
between the exact and truncated solution. Moreover, if we increase the value of p = 7,
then the graphs of X and X, for H = 0.501 become visually indistinguishable, and the
computed norm of the error | X — X || is 0.01888 for this example.

From the other hand, the wrong value of H, which is greater than the Holder exponent
of g, affects on solution X, and the error between X, and X increases. We illustrate such
mis-specification of H on Fig. 2, where one clearly see the difference between the exact
solution X and numerical solution X, when H is significantly larger than true value 0.5.

Table 2. Linear equation: description of the error X — X,.
H=051 H=06 H=07 H=08 H=09 H=0.99

X — Xp|loo 0.18934 0.08398  0.03218  0.01142  0.00325 0.00047
max; ¢, <op+1 |Cf, — chl 0.03701 0.01305  0.00409  0.00124  0.00043 0.00028

W —
© o
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[T} Q
o 7 o
=
o oo
) —
o
2
o -
o
~ | n |
o o
o |
o
T T T T T T T T T T T T
0.0 0.2 04 06 08 1.0 0.0 0.2 04 06 08 1.0

(@) (b)
Figure 1. (a) Function g; (b) solutions X (black) and X, (red) for H = 0.51.
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Figure 2. The mis-specification of (a) H = 0.6 and (b) H = 0.8: graphs of X (black) and X, (red).
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