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Abstract. In this paper, we adopt D-type and PD-type learning laws with the initial state of iteration
to achieve uniform tracking problem of multi-agent systems subjected to impulsive input. For the
multi-agent system with impulse, we show that all agents are driven to achieve a given asymptotical
consensus as the iteration number increases via the proposed learning laws if the virtual leader has
a path to any follower agent. Finally, an example is illustrated to verify the effectiveness by tracking
a continuous or piecewise continuous desired trajectory.

Keywords: iterative learning control, multi-agent systems, impulsive consensus tracking.

1 Introduction

Multi-agent systems (MAS) have been widely used in various disciplines such as un-
manned vehicles, wireless sensor networks, and communication networks in the past
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decade. For example, every satellite in GPS is an agent, and the whole GPS is a multi-
agent system. Information can be exchanged between them, and information can be trans-
mitted to the ground to guarantee accurate positioning. The consensus problem is a fun-
damental issue for MAS because of its wide applications in formation control, distributed
estimation, and congestion control. In fact, consensus tracking over networks indicates
that outputs of all agents track a given objective synchronously. We note that abrupt
changes of states may exist at some time instants in biological and physical systems.
For example, the migration of birds is subject to abrupt changes due to harvesting and
diseases. For this scenario, MASs with impulse can well describe the inevitable interfer-
ence during the actual system operation. When GPS suffers from solar storm and other
external interference, their trajectory may shift, which is a pulse phenomenon. This paper
only discusses the case of instantaneous pulse; that is, the time of pulse generation is
very short compared with the whole process. To study the problem of uniform tracking of
impulsive MAS is to study whether the agents can return to the predetermined trajectory
through the information exchange after being disturbed by external environments. In
this regard, Cui conducted related research in [6]. However, very few existing papers
considered the consensus problem of MASs with impulse, for examples, [8, 14, 16, 21,
32,35,36,38], in the conventional consensus framework. In addition, impulsive control
approach is advantageous in simplicity and flexibility for such kind of systems because
the standard continuous state information is not required. As a consequence, this approach
has been offered to study uniform tracking problem [9-11,15,27,28,31,39] and adaptive
consistency and synchronization problems [5,7,22-25,29] for MASs.

For a robot performing a trajectory tracking task over a finite time interval, iterative
learning control (ILC) uses the error information measured during the previous or previ-
ous operations to correct the control input, such that the operation performance can be
improved along the iteration axis. Consequently, the desired trajectory can be precisely
tracked over the entire time interval by the inherent mechanism of learning. ILC was first
proposed in [2] for a robot, whereas Ahn and Chen [1] applied ILC to the consensus
tracking of a MAS. Recently, ILC laws have been extensively studies for various types
of MASs such as fractional order MAS [4, 17-20, 26, 33, 34,37]. Note that MASs with
impulse can generate discontinuous inputs, thus it is still challenging to consider whether
ILC can be successfully applied to collect the sampled error data from each agent and
track continuous or discontinuous trajectory, i.e., achieving leader-following consensus
for nonlinear dynamics of MAS with impulse. In addition, [12,13] use Lyapunov stability
theory to analyze the coordination performance of MAS.

In consideration of all above discussions, we address the application of learning type
consensus tracking algorithms for MASs in this paper. In particular, we use D-type and
PD type ILC laws to derive the formation tracking performance of impulse MAS under a
fixed topology. The D-type ILC update law refers to a differential learning law, which uses
the derivative of error signals from the previous iteration to correct the input signals for the
next iteration. The PD-type ILC update law is the superposition of a proportional learning
law and a differential learning law. It uses error signals from the last iteration and their
derivatives to correct the input signals for the next iteration. A fundamental challenge
in this paper is how to design an effective ILC by using information of the tracked
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trajectory and the specified agent’s neighbors. This challenge is resolved by providing
flexible control inputs according the changes of system states at fixed points. The output
can be used to track a piecewise continuous trajectory by using continuous-time topology
connections involving some instantaneous information exchanges.

The rest of the paper is organized as follows: Section 2 provides the problem formu-
lation and preliminaries. Section 3 provides the main results of this paper. An illustrative
example is presented in Section 4.

2 Preliminaries and notation

Consider a weighted directed graph composed of set of vertices V = {1,2,3,..., N},
N represents the number of agents in the system, the set of edges £ C V x V, and the
adjacency matrix Z. Set @ = (V, E,Z). V represents the set of multi-agents. Set of
edge E is composed of directed sequence pairs (i, j), where (7, j) means that agent ¢ can
pass information to agent j, that is, ¢ is called the parent node of j, and j is called the
child node of 7. All the sets adjacency with the ¢ agent are called the adjacency sets of the
i agent denoted as M; = {j € V| (j,i) € E}. Z = (z;j)n is the weighted adjacency
matrix of Q, which is composed of nonnegative elements z; ;. In particular, z; ; = 0; if
(4,4) € E, z; ; = 1, it is means that agent j can pass information to agent ¢; if (i, j) ¢ E,
;.5 = 0, it is means that agent j can not pass information to agent 7. The Laplace operator
of Qis defined as u = D — Z, where D = diag(dy,ds,...,dy). d; represents the entry
degree of vertex ¢, that is, d; = Zj-vzlzi,j. If a directed graph has one node that has no
parent and all other nodes have only one parent, the directed graph is called a spanning
tree.

In this paper, ||al| is used to represent the 2-norm of vector a, and || A|| is used to
represent the matrix norm compatible with it. The A-norm of the function v is expressed
as [|[v[x: [0,a] — R™and [|v]|x = sup,¢(g,q] e M|lv(t)]l, A > 0.

The standard Kronecker product is defined as

hi1L -+ hiL
H@L: 6IRachd7
hatL -+ hgL
where H = (hjj)ac € R*¥¢, L € R4,
Consider a system with N agents, each agent with T pulse points. @ = (V, E, Z) rep-

resents their interaction topology. The ith agent is controlled by the following nonlinear
impulsive systems:

Xi(1) = (X, 7) + Bus, 7#m, t=12,...,T,
X(rH) = My(X(77)), T=m, t=1,2,...,T, (1)
Yi :C(T)Xz

foralli € V, 7 € [0,«]. This system is right-continuous, where X; € R" is the state
vector of the ith agent, u; € RP is the control function of the ith agent, B is R"*P
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matrix, y; € R™ is the output vector of the ith agent, A(-,-) : [0,a] x R™ — R™ and

M, : R™ — R™ are continuous, C'(7) is a continuous R™*™ matrix function. Impulsive

time sequence isdenoted by 0 < 7y < 73 < -+ < 77 < a. X(7;7) = limy, 0+ X (7 +h)

and X (7, ) = X(7¢) represent the right and left limits of X'(7) at 7 = 7, respectively.
We need the following conditions:

(H1) h(-,-) satisfies the Lipschitz condition

[A(Xit1,5,7) = WX g, D] < Op[|Xigry — Xigll 0 >0, @
forany 7 € [0, o] and X4 ;, X; ; € R™.
(H2) M;(-) satisfies the Lipschitz condition
||Mt(x)7Mt(y)|| <075”‘172/”’ 0t>07 t:]-anvTv 3)

for any z,y € R™.

Under assumptions (H1) and (H2), following [30, Remark 4.1], system (1) with X' (0) =
Ao has a unique solution in a piecewise continuous functions space

T

Xi(1) = Xy —|—/ [(X;,s) + Bu;(s)] ds + Z M(X;(r)), T€[0,a]. 4
0 0<me <

Let yq(7) be the expected consistent trace of the MAS on the time interval 7 € [0, o],
0 < a < oo. Here, yq4(7) is not necessarily continuous on the whole time interval
[0, «]. We regard the desired trajectory yq(7) as the virtual leader in the communication
topology and mark it with vertex 0. Then, the information exchange among agents can
be represented by an extended communication topology graph Q* = (V U {0}, E*, A*),
where E* represents the edge set, and A* represents the weighted adjacency matrix. The
control objective is to design appropriate iterative learning laws such that the output of all
agents can asymptotically converge to the desired trajectory yq(7).

3 Controllability results

We use the symbol o; ;(7) to represent all the information received by the jth agent in
the 7th iteration. Then, it can be expressed as the sum of the information transmitted from
other agents to the jth agent and the possible information transmitted from the leader to
the jth agent

0;,(1) = Z Zj,h(yi,h<7-) - yz‘,j(T)) +d; (yd(T) - yi,j(7)>'

heN;

The jth agent can get information directly from the desired trajectory. That is, if
(0,7) € E*, then d; = 1; otherwise, d; = 0. Where the first subscript of o and y indicates
the number of iterations, and the second subscript indicates the sequence number of the
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agent. The subscripts of z and d are explained in Section 2. The derivative of the o; ;(T)
function is defined as follows:

T

. 04, (To+AT)—04 (T
w lim g, o 2ol 80000 - 7y £y g =1,2,..., T,
9i,5\T0) = § ..

hmTHTJ 04,5 (1), To=7,t=12,...,T.

In order to make the intelligent body track the target trajectory iteration number
increases, the following D-type learning laws are employed:

Uiy1,5(T) = u; (1) + P(1)04 5(7), (5)

where P(7) is a RP*? matrix function and is differentiable during the interval [0, «]. The
initial state learning rule is as follows:

XiJr],j(O) = XZJ(O) + BP(O)UZJ(O) (6)
Set v; j(7) as the tracking error of the agent; that is, ¢; ;(7) = y4(7) — v, (7). The
learning law (3) can be written as
0ig () = > 20 (i (T) = Yin(r)) + djii (7). (7)
hGNj

We set all involved quantities of all agents of arbitrary iteration into vector form
as X;(7 ) = (X ()" Xzz(T)T7~-~aXz',N(T)T)T’ ui(1) = (win(m) wio(m)", ..
UzN( )T, s ) (1/%1( )  io()T, N (1)) 0i(T) = (001 (1), 042(7) T,

,oun(T)T)T, where (-)T is the transpose of (-). Then, (5), (6), and (7) can be written
as follows

wis1 (1) = wi(7) + (1 + D) ® P(7))i(7), ®)
Xi1(0) = Xi(0) + ((u + D) @ BP(0)):(0), ©)
O'Z‘(T) = ((u + D) ® Im)d)i(T).

To study the multi-agent consensus problem with pulse points, (H1), (H2) and the
following assumptions are necessary in this paper.

Assumption 1. The desired trajectory y, is trackable; that is, there exists a state Xy
satisfies yg = CXy.

For brevity, let 6y = max(6;) and

B1 = sup HI ® C(7)||,
T€[0,q]

Ba = Sup (h+D)® <ddTBP(T)>

By = sup |(u+D)® (BQ(M)]
T€[0,q]

|,
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and
®(C, B, P) := || I;my — (1 + D) @ (C(7)BP(7))]|
+ > O(u+D)®C(r)BP(7)

0<m<a

; (10)

where 6, is the Lipschitz constant in (3).

Theorem 1. Consider the multi-agent system (1) based on fixed topology communicate
with (H1), (H2), and Assumption 1 holding, and apply the D-type learning control law (5)
and the initial state learning rule (6). As the iteration number approaches infinity, the
tracking error 1;(T) converges to zero, i.e., im;_,o y; ;(T) = ya(T) for all T € [0, ] if
the desired trajectory has a path to any follower agent and
&(C,B,P) < 1, an
where @ defined by (10).
It should be noted that each iteration will update the parameters of the entire system,
and the value range of the system’s independent variable 7 is bounded, but the number of
iterations is not be limited. In other words, the convergence meaning here indicates that

a pointwise convergence over the entire time interval as the iteration number increases to
infinity.

Proof. The tracking error of the jth agent in the (¢ + 1)th iteration is
Vit1,5(7) = Ya(T) = Yit1,5 (1) = i (1) — (%‘H,j(T) —Yij (7))
Set yi(7) = (yi,1 ()", wi2(T) ", win (7)) T, then

Yir1 (1) = 4i(1) = I @ C(7) (Xiy1 (1) — Xi(7)), (12)
and
Yig1(1) = Yi(1) = L @ C(7) (X (1) — Xi(7)). (13)

From (4) it can be known that
Xipa (1) — Xi(7)
= Xi41(0) — X5(0) + Z [Mt (XiJrl(Tt)) - M, (Xi(Tt))]

0< e <1
-

+ / [F(X;41,8) — F(Xi,8) + (In ® B) (uig1(s) —ui(s))] ds, (14
0

where F(X;,s) = (h(X;1,5)T, A(X;2,8)T, ..., m(X;n,s)T)T, and Iy is an N x N
identity matrix.
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8) and (9), (14) can be written as

X1 (1) — Xi(7)
= (u+ D) ® BP(0)4;(0) + Z (M (Xig1 (1)) — M (Xi(71)) ]

O< T <T
JF/T [F(Xig1,5) — F(Xi,8) + (n+ D) @ BP(s)(s)] ds, 15)
0
where .
[+ D) & B as
0 = (p+ D) @ BP(1)¢i(7) — (1 + D) @ BP(0)1(0)
- /T(,u +D)® (isBP(s))z/)i(s) ds. (16)
0
Then,

Xiv1(1) — Xi(7)

=(+D

)@ BP(r)¢i(r) + > [My(Xisa(7e)) — My (Xi(7))]

0< e <1

+] [F(Xi_;,_l,s) —F(X,s)— (u+D)® (;SBP(S))%(S)} ds. (17
0

Taking norm to bo

th sides of (17), according to the (2) and (3), we can get

(| X1 () = X (7)]|
< ||(w+ D) @ BP(7)|[[[¢]xe™ + Z Oc]| X1 (1) — Xi(m) |
0< e <T
AT 1
+ 0| Xis1 — Xz‘”ACT
d M —1
+or s (s8r0) s S 13
In a similar way, we can get
[ Xi1 (75) — i(7s) |
< ||(w+ D) @ BP(7)|[[[4s]|ae™™ + Z Oc|| X1 (7e) — Xi(7) ||
r 1 0< 1 <Ts
AT _
+ 0| X = Xl ——
d Ao
+wsoye (f5rm) S5 (19)
T A
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Multiply both sides of the inequality (19) by e=*7s:
(| Xig1(rs) = Xi(rs)|[e™ 7

<|[(m+ D)@ BP@)|[lbilla+ > 0 | X (1) — Xi(r) e

\ 0<1:<Ts
1—e "\
+ 0yl Xip1 — Xi”/\f
d 7)\75
o oye (fmrm) |t =5 0)
Substituting (15) into (13) and taking norm to it. According to (3) and (2), we can get
|[Vir1(T)|| < |[Imn = (1 + D) @ (C(7)BP(7))|||lvi(7)
+ b1 Z 0y [Xi+1(7't) - Xi('rt)] H
o< <1

10,8 / 1Xiss — ]| ds + 51 / o)) ds. @D
0 0

Multiply both sides of inequality (21) by e=*"

[ (M7 < [ Tmn = (p+ D) @ (C()BP@)) [[|[¢i(r)]e™*

5 Y 6 (ut D)o BPE)| i

o< <1

Do 0 D 0T X — Xl

o< <T 0O<Tt<T

according to (20):

1— ef/\oc
> 00l = Xl ———
o< <7
d 1 —e A
> 0|(u+ D)@ (—BP(r) )||l[thils———
dr A
o< <1

+9f516_M/||Xi+1 —Xi\|d8+l31326_’\7/Hl/)i(S)Hd& (22)
0 0

Then, taking A-norm to (22), we have
[$itillx < |[Imn = (14 D) @ (C(1)BP(7)) ||[l4i]|x
+ Y 0[(u+ D)@ BP(7)||[¢illx

0<m <

+ Y 0 Y 0T X — Xy

0<mi<a 0<mi <
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+ Z 0,04 X1 — X ﬂ
tVf i+1 AP B\
O<m<a
d 1—e A

£y g <M+D>®(dTBPv))HmnAA

0<m<ax

1 —e A

+9ffﬁl||xi+l X\|/\+5152 ||'(/)z||)\ (23)

According to (18) and impulsive Gronwall’s inequality (see [3, Lemma 4.2]), we can
get

|%(r) = ()] < [+ Dy & BPO] ()]

w+0)o (870 |l

X H (14 6;)e?re. (24)

0<m<a

+«

Then, taking A-norm to (24), we have

[ Xir — il < [n(uw) ® BP()] + a

(u+D)® <;TBP(T)) ‘H
] (04600 il - (25)

0<mi<a

Substitute (25) into (23) and then set A\ — oo,

Z 0 Z g0~ Ma—m) | Z 091767)\&4_01767)\&6
t t 10 ¢ 3 I \ 1

o< < O<m<a O<m <
(e
(]. + 9,5)6

[||M+D @ BP()|| +of|(

(b+D)® (ddTBP(T)> ‘

0<m<a
d 1—e 1—e
+ > b|(n+D)e (dTBP(T)>H v Al 0
0<m<a
and
[Vig1]ln < HImN —(p+D)® (C(r)B )||||1/’z‘||,\
+ > Ol(u+ D)@ C)BP@)[l¢illx- (26)
0<m<a
By (26) and (11),
lim |4i41][x = 0.
1—> 00
The proof is completed. O
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Further, we consider the PD-type learning law
Uig1,4(T) = ui () + P(7)6i;(7) + Q7)o 5(7), 27)

where P(7) and Q(7) are p X p matrix functions and differentiable during the interval
[0, «]. The initial state learning rule is as follows:

XiJr]’j (0) = Xi’j (0) + BP(O)UZ‘J (O) (28)
From above one has the following result.

Theorem 2. Consider the multi-agent system (1) based on fixed topology communicate
with (H1), (H2), and Assumption 1 holding, and apply the PD-type learning control
law (27) and the initial state learning rule (28). As the iteration number approaches
infinity, the tracking error 1;(T) converges to zero, i.e., lim; o y; j(T) = ya(7) for
all T € [0, o] if the desired trajectory has a path to any follower agent and

$(C,B,P) <1,
where @ defined by (10).

Proof. The proof is similar to Theorem 1. So we mainly express the differences.
Clearly, the tracking error is

Vi1 (1) = $i(T) = In @ O(7) (Xig1 (1) — Xi(7)). (29)

We need to compute the state error (X;41(7) — X;(7)) similar to (14), and by (15) and
(16), we obtain

Xip1(1) — Xi(7)

= (u+ D) ® BP(1)i(T) + Z (M (Xig1(re)) — My (Xi(7))]

o< <1
—i—/ [F(Xi41,8) — F(X;, )] ds
N / [m iD)e (BQ(S) - iBP@))W)} ds. (30)
0

Taking norm to both sides of (3) via (2) and (3), we can derive
(| i1 (7) = Xi(7)]]

<l(u+D) @ BP@)|[[willae® + 3 6| Xisa () — Xi(m)|
0<e<T
e —1

A
d e’ —1
T R e T ) [ an

+ 0¢[|Xip1 — Xillx
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Similar to (19), we can get
[ Xis1(s) = Xi(7s) |

< |l(p+ D) @ BP(7)|| i llxe*™ + Z 0| Xis1 (7e) — Xi(7) ||

0<T4<Ts
ATs _ 1

A

(§]
+ 0f (| Xip 1 — Xilx

+ o+ pre (o - Lore) oS5 (2

Multiply both sides of inequality (32) by e *7s:

HXi—i-l(Ts) — XZ‘(TS)HG_)\TS

<[+ D)@ BP@)|leils + > e | Xiga (7) — i) e

N 0< 1t <Ts
1—e "7
+ 05| Xy — Xi”Af
d 1 — e ATs
+ o+ pye (Baw) - Lop@) w5 3

Substituting (3) into (29) and taking norm to it. According to formula (2) and (3), we
can get

||1Pi+1(7)” < HImN —(n+D)® (C(r)BP(t )HH%(T)H

E 01& i+1 Tt Tt H

0< e <

+ 51

+9f31/||Xi+1 —XinS‘F/Bl(ﬁz+53)/H%(S)Hd3- (34)
0 0

— AT

Similar to (22), multiply both sides of inequality (34) by e according to (33):

[isa(T)]|e™
<[ my = (p+ D) @ (C(r)BP(7)) |[[[w(7)[[e™*
+ f1 Z 04| (e + D) ® BP(7)||[|13]»

o< <1

B D0 O Y 0T X — X

o< <1 o< <1
—Aa

1—e
> 005X — XiHAf

0< e <1
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d ef/\a

(n+D)e (BQ(T) - dTBP(T)> H”@Z’i“l_x

+ B Z 0;

o< <1

+ 0fﬁ1€_)\7— / ||Xi+1 — XzH ds + 51(52 + 53)6_)\T / le(s)H ds. (35)
0 0

Then, taking A-norm to (35) and A — oo, we have
[is1llx < | Imn — (n+ D) @ (C(r)BP())][|[%i]1x
+ Y 0/(n+ D)@ C(r)BP(T)|[||vilx (36)
0<m<ax
By (36) and (11),
lim [4;41][x = 0.
71— 00

The proof is completed. O

4 An example

We can use the following procedures to carry out computer simulation experiments:

Step 1. Give the expression of the target trajectory yq, the expression of the multi-
agent system (1), and the initial parameters of the D-type or PD-type learning laws.

Step 2. Generate the system output y;.

Step 3. Calculate the tracking error ¢ and its norm ||¢||. If ||¢|| < e, the program
ends. If ||¢)|| > €, go to Step 4. Here, € is a given positive real number.

Step 4. Update the input according to the learning law using tracking errors and the
communication topological relationship between agents, then go to Step 2.
We consider the following MAS consisting of five agents:

. _ (sin(X;1(7) — Xi2(7)) 4 -2
XZ(T) — ( COS(XLQ(T)) _9 ) + (_3 9 ) Ui, T 7é 274? (37)
Xi(T;L) = 0.01)@'(7}5)7 T = 2,4, Yi = < _21 _35> A;

foralli € V, 7 € [0,6], where X 1 represents the first state of the ith agent, and X; o
represents the second state. Initial value as follows:

o= (). wo-(2) xo-(). xo0-()

The communication topology is shown in Fig. 1, where O represents the leader. Ac-
cording to Fig. 1, the Laplace matrix is

1 -1

Nonlinear Anal. Model. Control, 26(1):130-150


https://doi.org/10.15388/namc.2021.26.20981

142 X. Cao et al.

Figure 1. The topological graph for (37).

and D = diag(1, 2,2, 1). The target trajectory, i.e., the trajectory of vertex 0, is as follows:
Ya = (Ya1,Yaz) ", where

Ya1 = 2cos(27) — 7, T €10,6],
and
7 sin(7), T €[0,2],
Yaz = { Tsin(7) +1, 7€ (2,4],
Tsin(t) +2, 1€ (4,6].

Here, y41 and y4o represent the first and second dimension of the target trajectory,
respectively. The D-type learning control law is

wiia(7) = wi(r) + (1 + D)@ (09645 19'175) gilr),

while PD-type counterpart is

ui1(7) = ui(r) + (u+ D) ® <09645 Bli%) hi(7)

~(p+D)e <00_'645 19'175> bilr),

where u1(7) = [0,0]T. &(C, B,P) = 0.8918 < 1, which satisfies the condition of
Theorems 1 and 2. Therefore, the multi-agent system can uniformly track the target
trajectory under the given learning control. Figures 2 and 3 show that the error between
the output value and the target trajectory gradually converges to O (both D-type and PD-
type).

Figures 4-7 show the iterative learning process of two output trajectories with D-type
learning law. Figures 8—11 show the iterative learning process of two output trajectories
with PD-type learning law. Figure 12 shows the iteration profile of the initial values.

As the number of iterations increases, the output trajectory gradually converges to
the desired trajectory. When the iteration reaches 250th, the consensus errors of P-type
learning law and PD-type learning law are shown in Table 1.
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The output error of state 1(D-type) The output error of state 2(D-type)
a0 T T T T T T 120 T T T T T
agent 1 agent 1
agent 2 H agent 2
agent 3 agent 3 H
agent 4 H agent 4
3
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iterative times iterative times
Figure 2. The output error (D-type).
The output error of state 1(FD-type) The output errar of state 2(PD-type)
140 T T T T 180 T T T T T
agent 1 agent 1
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el agent 3 | agent 3
agent 4 agent 4 H
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Figure 3. The output error (PD-type).
Qutput (1) at 1st iteration(D-type) Output y(2) at 1st iteration{D-type)
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agent 2 i
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e 3 +  leader
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time: time:

Figure 4. The trajectory of the first iteration (D-type).
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Output y(1) at 12th iteration(D-type)
T T T

Qutput y(2) at 12th iteration(D-type)
T T T

T T 4 T T
agent 1 agent 1
+  agent2 ¢ agent2 q
N NI IS, S % agentd
agent 4 agentd | |
leader +  leader &
+
e
"y, -

-0 i i i 12 i i i
0 1 2 3 4 5 B 0 1 2 3 4 5 B
tirme: time:
Figure 5. The trajectory of the 12th iteration (D-type).
Qutput (1) at 36th iteration(D-type) Qutput y(2) at 36th iteration(D-type)
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Figure 6. The trajectory of the 36th iteration (D-type).
Qutput (1) at BOth iteration(D-type) Output y(2) at B0th iteration(D-type)
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time:

Figure 7. The trajectory of the 60th iteration (D-type).
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PD-type)

Qutput y(1) at 1st iteration{PO-type)
T T T T 10 T

agent 1
agent 2
agent 3 g
agent 4
leader

0

Output y(2) at 1st iteration(]

20 i I I i 1
0 1 2 3 4 5 B
tirme: time:
Figure 8. The trajectory of the first iteration (PD-type).
Output y(1) at 50th iteration(PD-type) Qutput y{2) at S0th iteration(PD-type)
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Figure 9. The trajectory of the 50th iteration (PD-type).
Output y(1) at 150th iteration(PD-type) Output y(2) at 150th iteration(PD-type)
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Figure 10. The trajectory of the 150th iteration (PD-type).
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Output y(1) at 250th iteration(PD-type)
T T T

Output y(2) at 250th iteration(PD-type)
T T
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2 " ; 3 : o, .
\ agent 1 E “\ agent 1
gl ‘;ﬂ .............................. agent 2 H N * agent2
Y +  agent3 +  agent 3 H
op A agent 4 H agent 4
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I Ne ¥alue of ourput
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B
time time
Figure 11. The trajectory of the 250th iteration (PD-type).
Initial state learning x(1) . Initial state learning x(2)
Ag;em 1 4 25l : ; B
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. : T sk i Agémt 1]
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4 Aggm 4
3 0 E B 0 G & 70 3i0 0 By & 70
interation interation
Figure 12. Iteration of the initial state.
Table 1. Tracking errors of each agent.
agent 1 2
component 1 2 1 2
D-type 5.72e—04 8.00e—04 9.70e—04 1.12e—03
PD-type 2.63e—03 4.28¢—03 6.02e—03 8.24e—03
agent 3 4
component 1 2 1 2
D-type 1.25e—03 1.36e—03 1.47¢—03 1.57e—03
PD-type 1.11e—02 1.46e—02 1.95e—02 2.61e—02

As can be seen from the table, when the number of iterations reaches 250, the system’s
convergence error under the control of the D-type learning law is significantly smaller
than the PD-type learning law. For this numerical example, a more complex learning law
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does not necessarily lead to better control effect. However, we should remind that the
introduction of a proportional term may help stabilize the system dynamics.

5 Conclusion

To solve the problem of uniform tracking of impulsive MAS, this paper uses two kinds
of iterative learning laws to control the system and finds sufficient conditions for the
system to converge to the target trajectory under the control of two kinds of learning laws
respectively. The conditions show that when the initial parameters of the system meet
certain conditions, we can adjust the initial parameters of the learning law. After finite
iterations, the error between the output and the target trajectory can be sufficiently small.
Compared with the single agent, MAS can exchange information between agents, which
can better ensure the effectiveness of tracking. Compared with the continuous system,
a pulse system is more general and more in line with real cases. Finally, a numerical
example is given to demonstrate the effectiveness of the conclusion. Furthermore, we will
construct a fractional iterative learning law to control the impulsive MAS and study its
consistency tracking.
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the manuscript and their valuable comments. We thank the editor also.

References

1. H.-S. Ahn, Y. Chen, Iterative learning control for multi-agent formation, in 2009 ICCAS-SICE,
Fukuoka, Japan, August 18-21, 2009, SICE, Tokyo, 2009, pp. 3111-3116.

2. S. Arimoto, S. Kawamura, F. Miyazaki, Bettering operation of robots by learning, J. Rob. Syst.,
1(2):123-140, 1984, https://doi.org/10.1002/rob.4620010203.

3. D. Bainov, V. Covachev, Impulsive Differential Equations With a Small Parameter, Ser. Adv.
Math. Appl. Sci., Vol. 24, World Scientific, Hackensack, NJ, 1994, https://doi.org/
10.1142/2058.

4. Y. Cao, Y. Li, W.Ren, Y. Chen, Distributed coordination of networked fractional-order systems,
IEEE Trans. Syst. Man Cybern., Part B Cybern., 40(2):362-370, 2010, https://doi.org/
10.1109/TSMCB.2009.2024647.

5. Y. Cao, L. Zhang, C. Li, M. Chen, Observer-based consensus tracking of nonlinear agents in
hybrid varying directed topology, [EEE Trans. Cybern., 47(8):2212-2222, 2016, https:
//doi.org/10.1109/TCYB.2016.2573138.

6. B. Cui, Y. Xia, K. Liu, Y. Wang, D. Zhai, Velocity-observer-based distributed finite-time
attitude tracking control for multiple uncertain rigid spacecraft, IEEE Trans. Ind. Inf., 16(4):
2509-2519, 2020, https://doi.org/10.1109/TI1.2019.2935842.

7. L. Ding, P. Yu, Z.-W. Liu, Z.-H. Guan, Consensus and performance optimisation of multi-
agent systems with position-only information via impulsive control, /ET Control Theory Appl.,
7(1):16-24, 2013, https://doi.org/10.1049/iet-cta.2012.0461.

Nonlinear Anal. Model. Control, 26(1):130-150


https://doi.org/10.1002/rob.4620010203
https://doi.org/10.1142/2058
https://doi.org/10.1142/2058
https://doi.org/10.1109/TSMCB.2009.2024647
https://doi.org/10.1109/TSMCB.2009.2024647
https://doi.org/10.1109/TCYB.2016.2573138
https://doi.org/10.1109/TCYB.2016.2573138
https://doi.org/10.1109/TII.2019.2935842
https://doi.org/10.1049/iet-cta.2012.0461
https://doi.org/10.15388/namc.2021.26.20981

148

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

X. Cao et al.

Y. Han, C. Li, Z. Zeng, Exponential consensus of discrete-time non-linear multi-agent systems
via relative state-dependent impulsive protocols, Neural Netw., 108:192-201, 2018, https:
//doi.org/10.1016/j.neunet.2018.08.013.

Z. Hu, C. Ma, L. Zhang, A. Halme, T. Hayat, B. Ahmad, Formation control of impulsive
networked autonomous underwater vehicles under fixed and switching topologies, Neuro-
computing, 147:291-298, 2015, https://doi.org/10.1016/j.neucom.2014.06.
060.

H. Jiang, J. Yu, C. Zhou, Consensus of multi-agent linear dynamic systems via impulsive
control protocols, Int. J. Syst. Sci., 42(6):967-976, 2011, https://doi.org/10.1080/
00207720903267866.

D.Li, Y. Pian, Z.-W. Liu, Z.-H. Guan, G. Feng, Consensus of second-order multi-agent systems
via impulsive control using sampled hetero-information, Automatica, 49(9):2881-2886, 2013,
https://doi.org/10.1016/j.automatica.2013.06.014.

J. Li, J. Li, Adaptive iterative learning control for consensus of multi-agent systems, IET
Control Theory Appl., 7(1):136-142, 2013, https://doi.org/10.1049/iet-cta.
2012.0048.

J. Li, J. Li, Adaptive iterative learning control for coordination of second-order multi-agent
systems, Int. J. Robust Nonlinear Control, 24(18):3282-3299, 2014, https://doi.org/
10.1002/rnc.3055.

J. Liu, J. Zhou, Distributed impulsive containment control for second-order multi-agent
systems with multiple leaders, J. Vib. Control, 22(10):2458-2470, 2016, https://doi.
org/10.1177/1077546314547377.

X. Liu, K. Zhang, W. Xie, Consensus of multi-agent systems via hybrid impulsive protocols
with time-delay, Nonlinear Anal., Hybrid Syst., 30:134—146, 2018, https://doi.org/
10.1016/7j.nahs.2018.05.005.

X. Liu, K. Zhang, W.-C. Xie, Impulsive consensus of networked multi-agent systems with
distributed delays in agent dynamics and impulsive protocols, J. Dyn. Syst. Meas. Control,
141(1):011008, 2018, https://doi.org/10.1115/1.4041202.

D. Luo, J. Wang, D. Shen, Learning formation control for fractional-order multiagent systems,
Math. Methods Appl. Sci., 41(13):5003-5014, 2018, https://doi.org/10.1002/mma.
4948.

D. Luo, J. Wang, D. Shen, Consensus tracking problem for linear fractional multi-agent
systems with initial state error, Nonlinear Anal. Model. Control, 25(5):766-785, 2019,
https://doi.org/10.15388/namc.2020.25.18128.

D. Luo, J. Wang, D. Shen, PD“-type distributed learning control for nonlinear fractional-
order multi-agent systems, Math. Methods Appl. Sci., 42(13):4543-4553, 2019, https:
//doi.org/10.1002/mma.5677.

Z. Luo, J. Wang, Consensus tracking for second order multi-agent system with pure delay
using the delay exponential matrices, Bull. Iran. Math. Soc., 2020, https://doi.org/
10.1007/s41980-020-00417-2.

T. Ma, B. Cui, Y. Wang, K. Liu, Stochastic synchronization of delayed multiagent networks
with intermittent communications: An impulsive framework, Int. J. Robust Nonlinear Control,
29(13):4537-4561, 2019, https://doi.org/10.1002/rnc.4637.

http://www.journals.vu.lt/nonlinear-analysis


https://doi.org/10.1016/j.neunet.2018.08.013
https://doi.org/10.1016/j.neunet.2018.08.013
https://doi.org/10.1016/j.neucom.2014.06.060
https://doi.org/10.1016/j.neucom.2014.06.060
https://doi.org/10.1080/00207720903267866
https://doi.org/10.1080/00207720903267866
https://doi.org/10.1016/j.automatica.2013.06.014
https://doi.org/10.1049/iet-cta.2012.0048
https://doi.org/10.1049/iet-cta.2012.0048
https://doi.org/10.1002/rnc.3055
https://doi.org/10.1002/rnc.3055
https://doi.org/10.1177/1077546314547377
https://doi.org/10.1177/1077546314547377
https://doi.org/10.1016/j.nahs.2018.05.005
https://doi.org/10.1016/j.nahs.2018.05.005
https://doi.org/10.1115/1.4041202
https://doi.org/10.1002/mma.4948
https://doi.org/10.1002/mma.4948
https://doi.org/10.15388/namc.2020.25.18128
https://doi.org/10.1002/mma.5677
https://doi.org/10.1002/mma.5677
https://doi.org/10.1007/s41980-020-00417-2
https://doi.org/10.1007/s41980-020-00417-2
https://doi.org/10.1002/rnc.4637
http://www.journals.vu.lt/nonlinear-analysis

Iterative learning control for multi-agent systems with impulsive consensus tracking 149

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

T. Ma, T. Yu, B. Cui, Adaptive synchronization of multi-agent systems via variable impulsive
control, J. Franklin Inst., 355(15):7490-7508, 2018, https://doi.org/10.1016/7.
Jjfranklin.2018.07.030.

T. Ma, T. Yu, J. Huang, X. Yang, Z. Gu, Adaptive odd impulsive consensus of multi-agent
systems via comparison system method, Nonlinear Anal., Hybrid Syst., 3:100824, 2020,
https://doi.org/10.1016/j.nahs.2019.100824.

T. Ma, Z. Zhang, B. Cui, Adaptive consensus of multi-agent systems via odd impulsive
control,  Neurocomputing, 321:139-145, 2018, https://doi.org/10.1016/7.
neucom.2018.09.007.

T. Ma, Z. Zhang, B. Cui, Variable impulsive consensus of nonlinear multi-agent systems,
Nonlinear Anal., Hybrid Syst., 31:1-18, 2019, https://doi.org/10.1016/7j.nahs.
2018.07.004.

J. Shen, J. Cao, Necessary and sufficient conditions for consensus of delayed fractional-
order systems, Asian J. Control, 14(6):1690-1697, 2012, https://doi.org/10.1002/
asjc.492.

X. Tan, J. Cao, X. Li, Consensus of leader-following multiagent systems: A distributed event-
triggered impulsive control strategy, IEEE Trans. Cybern., 49(3):792-801, 2019, https:
//doi.org/10.1109/TCYB.2017.2786474.

X. Tan, J. Cao, L. Rutkowski, G. Lu, Distributed dynamic self-triggered impulsive control for
consensus networks: The case of impulse gain with normal distribution, /EEE Trans. Cybern.,
2019, https://doi.org/10.1109/TCYB.2019.2924258.

Y. Wan, G. Wen, J. Cao, W. Yu, Distributed node-to-node consensus of multi-agent systems
with stochastic sampling, Int. J. Robust Nonlinear Control, 26(1):110-124, 2016, https:
//doi.org/10.1002/rnc.3302.

J. Wang, M. Feckan, Y. Zhou, On the stability of first order impulsive evolution equations,
Opusc. Math., 34(3):639-657, 2014, https://doi.org/10.7494/0pMath.2014.
34.3.639.

Y.-W. Wang, M. Liu, Z.-W. Liu, J.-W. Yi, Formation tracking of the second-order multi-agent
systems using position-only information via impulsive control with input delays, Appl. Math.
Comput., 246:572-585, 2014, https://doi.org/10.1016/j.amc.2014.08.059.

Z.Xu, C. Li, Y. Han, Leader-following fixed-time quantized consensus of multi-agent systems
via impulsive control, J. Franklin Inst., 356:441-456, 2019, https://doi.org/10.
1016/9.3franklin.2018.10.009.

X. Yin, D. Yue, S. Hu, Consensus of fractional-order heterogeneous multi-agent systems, /ET
Control Theory Appl., 7(2):314-322, 2013, https://doi.org/10.1049/iet-cta.
2012.0511.

W. Yu, Y. Li, G. Wen, X. Yu, J. Cao, Observer design for tracking consensus in second-order
multi-agent systems: Fractional order less than two, IEEE Trans. Autom. Control, 62(2):894—
900, 2017, https://doi.org/10.1109/TAC.2016.2560145.

H. Zhang, D. Li, Z. Liu, Schooling for multi-agent systems via impulsive containment control
algorithms with quantized information, Trans. Inst. Meas. Control, 41(3):828-841, 2019,
https://doi.org/10.1177/0142331218774406.

Nonlinear Anal. Model. Control, 26(1):130-150


https://doi.org/10.1016/j.jfranklin.2018.07.030
https://doi.org/10.1016/j.jfranklin.2018.07.030
https://doi.org/10.1016/j.nahs.2019.100824
https://doi.org/10.1016/j.neucom.2018.09.007
https://doi.org/10.1016/j.neucom.2018.09.007
https://doi.org/10.1016/j.nahs.2018.07.004
https://doi.org/10.1016/j.nahs.2018.07.004
https://doi.org/10.1002/asjc.492
https://doi.org/10.1002/asjc.492
https://doi.org/10.1109/TCYB.2017.2786474
https://doi.org/10.1109/TCYB.2017.2786474
https://doi.org/10.1109/TCYB.2019.2924258
https://doi.org/10.1002/rnc.3302
https://doi.org/10.1002/rnc.3302
https://doi.org/10.7494/OpMath.2014.34.3.639
https://doi.org/10.7494/OpMath.2014.34.3.639
https://doi.org/10.1016/j.amc.2014.08.059
https://doi.org/10.1016/j.jfranklin.2018.10.009
https://doi.org/10.1016/j.jfranklin.2018.10.009
https://doi.org/10.1049/iet-cta.2012.0511
https://doi.org/10.1049/iet-cta.2012.0511
https://doi.org/10.1109/TAC.2016.2560145
https://doi.org/10.1177/0142331218774406
https://doi.org/10.15388/namc.2021.26.20981

150

36.

37.

38.

39.

X. Cao et al.

H. Zhou, Z. Wang, Z. Liu, W. Hu, G. Liu, Containment control for multi-agent systems via
impulsive algorithms without velocity measurements, /ET Control Theory Appl!., 8(17):2033—
2044,2014, https://doi.org/10.1049/iet-cta.2014.0084.

W. Zhu, B. Chen, J. Yang, Consensus of fractional-order multi-agent systems with input time
delay, Fract. Calc. Appl. Anal., 20(1):52-70, 2017, https://doi.org/10.1515/fca-
2017-0003.

W. Zhu, D. Wang, Leader-following consensus of multi-agent systems via event-based
impulsive control, Meas. Control, 52:91-99, 2019, https://doi.org/10.1177/
00202940188195409.

W. Zhu, D. Wang, Leader-following consensus of multi-agent systems via event-based
impulsive control, Meas. Control, 51(1-2):91-99, 2019, https://doi.org/10.1177/
0020294018819549.

http://www.journals.vu.lt/nonlinear-analysis


https://doi.org/10.1049/iet-cta.2014.0084
https://doi.org/10.1515/fca-2017-0003
https://doi.org/10.1515/fca-2017-0003
https://doi.org/10.1177/0020294018819549
https://doi.org/10.1177/0020294018819549
https://doi.org/10.1177/0020294018819549
https://doi.org/10.1177/0020294018819549
http://www.journals.vu.lt/nonlinear-analysis

	Introduction
	Preliminaries and notation
	Controllability results
	An example
	Conclusion
	References

