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Abstract. We investigate the existence of positive solutions for a nonlinear Riemann-Liouville
fractional differential equation with a positive parameter subject to nonlocal boundary conditions,
which contain fractional derivatives and Riemann-Stieltjes integrals. The nonlinearity of the
equation is nonnegative, and it may have singularities at its variables. In the proof of the main
results, we use the fixed point index theory and the principal characteristic value of an associated
linear operator. A related semipositone problem is also studied by using the Guo—Krasnosel’skii
fixed point theorem.
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1 Introduction

We consider the nonlinear fractional differential equation

D§, u(t) + Ah(t) f(t,u(t)) =0, te(0,1), (1)

with the nonlocal boundary conditions

u(0) = ' (0) = --- = u"2)(0) = 0, Do u(1 Z/ Giu(t)dH;(t), (2)

where « € R, o € (n—1,n],n,m € N,n > 3,8, € Rforalli = 0,...,m,
0K P < Po< < PBm < Po < a—1,5 =1, \is a positive parameter, and
Dk  denotes the Riemann—Liouville derivative of order k (for k = «, 8o, f1, .- -, Bm)-
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The integrals from the boundary conditions (2) are Riemann—Stieltjes integrals with H;,
i =1,...,m, functions of bounded variation, the nonnegative function f(¢, ) may have
singularity at w = 0, and the nonnegative function h(t) may be singular at ¢ = 0 and/or
t=1

Under some assumptions for the functions h and f, we establish intervals for the
parameter A such that problem (1), (2) has positive solutions (u(t) > 0 for all ¢ € (0, 1]).
These intervals for )\ are expressed by using the principal characteristic value of an
associated linear operator. In the proof of the main theorems, we use the fixed point
index theory. In the case in which h = 1 and f is a function which changes sign and
has singularities at t = 0 and/or t = 1, we present two existence results for the positive
solutions of this problem. In the proof of these results, we apply the Guo—Krasnosel’skii
fixed point theorem. The boundary conditions (2) cover various cases, such as multi-
point boundary conditions when the functions H; are step functions, or classical integral
boundary conditions, or a combination of them.

We present below some papers, which investigate particular cases of our boundary
value problem (1), (2) and other problems related to (1), (2). Equation (1) with h(t) = 1
subject to the boundary conditions

w(0) = w(0) = - =u D) =0, DEu(1) = a D, u(e),
=1

where§; € R,i=1,...,m0<& < <&n<1l,pg€R,pell,n—-2],q€]0,p],
was investigated in [11]. In paper [11], the nonlinearity f changes sign, and it is singular
only at t = 0 and/or ¢ = 1. The authors of [11] apply the Guo—Krasnosel’skii fixed
point theorem to prove the existence of positive solutions when the parameter belongs
to various intervals. Equation (1) with A = 1 and h(t) = 1 supplemented with the
boundary conditions (2) with m = 1, where f may change sign and may be singular
at the points £ = 0, ¢ = 1 and/or v = 0 has been studied in [20]. In the paper [20], the
author presents some conditions for f, which contain height functions defined on special
bounded sets under which he proves the existence and multiplicity of positive solutions.
The existence of multiple positive solutions for equation (1) with A\ = 1 and h(t) = 1
subject to the boundary conditions (2) was investigated in the recent paper [1]. The authors
use in [1] various height functions of the nonlinearity defined on special bounded sets and
two theorems from the fixed point index theory. In the paper [35], the authors prove the
existence of at least three positive solutions for equation (1) with A = 1 and h(t) = 1
with the boundary conditions

w(0) =/ (0) =---=uD(0) =0,  DJ u(l)=A / R(t)DY u(t)dt,  (3)
0

where f > 1,a—f—1>0,0<n<1,0<A [T P~1dt <1, h e L'0,1] is
nonnegative and may be singular at ¢ = 0 and ¢ = 1, and the function f is nonnegative
and may be singular at the points ¢t = 0, ¢ = 1 and v = 0. Our boundary conditions (2)
are more general than the above boundary conditions (3). Indeed, the last relation from (3)
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can be wrltten as Djj, u(1) fo DY u(t) dH (t) with H(t) = {) fo s)ds, t € [0, n];
A fo s)ds, t € (n,1]}, and in the right-hand side of the last cond1t10n in (2), we
have a sum of Rlemann—Stieltjes integrals from Riemann-Liouville derivatives of various
orders. In the paper [35], the authors use different height functions of the nonlinear term
on special bounded sets, the Krasnosel’skii theorem and the Leggett—Williams fixed point
index theorem. We also mention the paper [33], where the authors prove the existence of
positive solutions of fractional differential equation (1) supplemented with the boundary
conditions

U(O) = u'(O) == u(n72)<0) =0, 0+u Zaz 0+u 51 4)
where 5 € [1,n—2],y € [0,8], ; 2 0,i—1,2,...,0< & <& < <&y <
& <o < land (e —7v) > T(a — B) ;fol 150 7= The last condition of the
boundary conditions (4) can be written as Dy, u(1 fo Dy, u(t) dH (t), where H is
the step function defined by H(t) = {0, t € [0, 51]' a1, t € (§1,8]; aon +ag, t €
(&2,&]; -5 Do ai, t € (€ns&nti); -- -}, so this condition is a particular case of

our condition from (2). We mention that condition (I3) (see below, in Section 3) used in
our results was first introduced in the paper [18], where the authors proved the existence
of at least one positive solution for a fourth-order nonlinear singular Sturm—Liouville
eigenvalue problem.

For some recent results on the existence, nonexistence and multiplicity of positive so-
lutions for fractional differential equations and systems of fractional differential equations
with various boundary conditions, we refer the reader to the monographs [10,36] and the
papers [2,3,8,12,13,17,19,25,28,30,31,34]. We also mention the books [14,15,24,26,27]
and the papers [5-7,21-23, 29] for applications of the fractional differential equations in
various disciplines.

The paper is organized as follows. In Section 2, we present the solution of a linear
fractional differential equation associated to equation (1) subject to the boundary condi-
tions (2) and the properties of the corresponding Green functions. Some theorems from the
fixed point index theory, the Guo—Krasnosel’skii fixed point theorem and an application
of the Krein—Rutman theorem in the space C|0, 1] are recalled in Section 2, and they will
be used in the next sections. In Section 3, we give and prove the main theorems for the
existence of at least one positive solution for problem (1), (2). In Section 4, we present
two existence results for the positive solutions of problem (1), (2) with A = 1, where the
nonlinearity changes sign, and it is singular at ¢ = 0 and/or ¢ = 1. Section 5 contains some
examples, which illustrate the obtained results, and in Section 6, we give the conclusions
for our fractional boundary value problems.

2 Auxiliary results

In this section, we present some auxiliary results from [1] that we will use in the proof of
the main theorems. We consider the fractional differential equation

Dy u(t) +x(t) =0, te(0,1), 5)
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with the boundary conditions (2), where x € C(0,1) N L (0,1). We denote

1

o) —~ I(a a—Pi—
4= ['(a — fo) ZFG*@ /S P AHGs).

i=1 0

Lemma 1. (See [1].) If A # 0, then the unique solution u € C|0, 1] of problem (5), (2)
is given by

1
_ / Gt s)x(s)ds, te0,1], ©)
0
where
1
toz—l m
G(t,s) = qi(t,s) + AZ/gngsdH 7) 7
=1 0
and
1 [t t(1—s)e Pt —(t—s)2"t 0<s<t<,
gi(t,s) = =~ -1 —Bo—1
['a) |t (1—s)aPoL, 0<t<s<,
(®)
(t,5) 1 taBiml(1—g)a=ho-l _(t —s)e Bl 0<s<t <1,
i\t,8) =
92 T(a—B;) | to—Fi=1(1—s)e—Fo—1, 0<t<s<,
forall (t,s) € [0,1] x [0,1],i=1,...,m.
Based on some properties of functions g; and go;, ¢ = 1,...,m, given by (8) (see

[11]), we have the following lemma.

Lemma 2. (See [1].) We suppose that A > 0. Then the Green function G given by (7) is
a continuous function on [0, 1] x [0, 1] and satisfies the inequalities:

) G(t,s) < J(s)forallt,s € 0,1], where

J(s) =h +%Z/g217'5 YdH;(T), s€][0,1],
z:lo
hi(s) = ﬁ(l —8) P 1 —(1-5)%), se[0,1];

(i) G(t,s) = t*"rJ(s) forallt,s €[0,1];
(i) G(t,s) < ot* L forallt,s € [0,1], where

1
1 m
_ - a—fF;—1
o= () A; a_/Bz /7’ dH;(7).

0
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Lemma 3. (See [1].) We suppose that A > 0, x € C(0,1) N L'(0,1) and z(t) > 0 for
all t € (0,1). Then the solution u of problem (5), (2) given by (6) satisfies the inequality
u(t) =t Hul| for all t € [0,1], where |Jul| = sup;c(o 1) |u(t)], and so u(t) = 0 for all
t €10,1].

We recall now some theorems concerning the fixed point index theory and the Guo—
Krasnosel’skii fixed point theorem. Let X be a real Banach space with the norm |||,
C C X acone, “<” the partial ordering defined by C' and 6 the zero element in X. For
0>0,let B, ={u € X: ||u|| < o} be the open ball of radius o centered at 6, its closure
B, = {u € X: |Ju|]| < o} and its boundary 0B, = {u € X: ||u|| = o}. The proofs of
our results are based on the following fixed point index theorems.

Theorem 1. (See [4].) Let A : B, N C — C be a completely continuous operator. If
there exists ug € C'\ {0} such that u — Au # Aug forall X > 0 and v € 0B, N C, then
i(A,B,NnC,C)=0.

Theorem 2. (See [4].) Let A : B, N C — C be a completely continuous operator. If
Au # pu forallu € 0B,NC and i > 1, then i(A, B, N C,C) = 1.

Theorem 3. (See [9].) Let X be a Banach space, and let C C X be a cone in X.
Assume (217 and $25 are bounded open subsets of X with 0 € (21, 1 C (2, and let
A:CN(§22\ 21) = C be a completely continuous operator such that either

0 ([ Au] < Ju
(i) [JAul| = [lu

,u € CNOS2y, or
,UECQ@QQ.

,u € C NIy, and || Au|l = ||u
,u € C NIy, and || Au| < ||u

Then A has a fixed point in C N (22 \ ().

Let the space C[0, 1] and the cone P = {u € C[0,1]: u(t) > 0 ¥Vt € [0,1]}. We
present next an application of the Krein—Rutman theorem in the space C[0, 1].

Theorem 4. (See [16,32].) Suppose that A : C[0,1] — C|0, 1] is a completely contin-
uous linear operator and A(P) C P. If there exist v € C[0,1] \ (—P) and a constant
¢ > 0 such that cAv > v, then the spectral radius r(A) # 0 and A has an eigenvector
ug € P\ {0} corresponding to its principal characteristic value \y = (r(A))~%, that is
M Aug = ug or Aug = r(A)ug, and so r(A) > 0.

3 Main results

In this section, we present intervals for the parameter A such that our problem (1), (2)
has at least one positive solution. We consider the Banach space X = C'[0, 1] with the
supremum norm ||u|| = sup,¢(o 1) |u(t)], and we define the cones

P={ueX: u(t)
Q={uecX: u(t)

0 vt € [0,1]},

=
>t Ml Vt € [0,1]} C P.

Nonlinear Anal. Model. Control, 26(1):151-168
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We define the operator A : P — P and the linear operator 7 : X — X by

Au(t) = )\/g(t,s)h(s)f(s,u(s)) ds, te€]0,1], u € P,

10
Tu(t) = /g(t,s)h(s)u(s) ds, tel0,1], ue X.
0

We see that  is a solution of problem (1), (2) if and only if « is a fixed point of operator A.
For r > 0, we denote Q, = B, NQ and Q, = B, N Q.
We introduce now the assumptions that we will use in what follows.

) a € R,a€ (n—1,n], n,m e N,n > 3,08 € Rforalli = 0,...,m
0<fL<Pe< - <PBm<Po<a—-170F >21,H:[0,1 = R, i=
., m, are nondecreasing functions, A > 0, and

1

INEY L I(a / _

Azi s A=A H; (s) > 0.
(Oé—ﬁo ;Fa_ﬁl 0 )

(I2) The function h € C((0,1),[0,00)), and fol J(s)h(s)ds < oo.
(I3) The function f € C([0, 1] x (0,00),[0,0)), and for any 0 < r < R, we have

lim  sup h(s)f(s,u(s))ds =0,
N0 UGQR\QT»A

where A, = [0,1/n] U [(n — 1)/n,1].

Lemma 4. Aisume that assumptions (11)-(13) hold. Then, for any 0 < r < R, the
operator A : Qg \ Qr — Q is completely continuous.

Proof. By (I3) we deduce that there exists a natural number n; > 3 such that

sup h(s)f(s,u(s))ds < 1.
ue@R\QrAn

Foru € Qp \ Q, there exists 71 € [r, R] such that |lu|| = 71, and then
t* e <ty <wu(t) < <R OVEE[0,1].

Let L, = max{f(t,z), t € [1/n1,(n1—1)/n1], = € [r/n$"", R]}. By Lemma 2, (I2)
and (I3) we find

1 1
sup )\/Q(t,s)h(s)f(s,u(s))d < sup )\/j (s,u(s))ds,
UEQR\QT 0 UEQR\Qv 0

http://www.journals.vu.lt/nonlinear-analysis
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1

sup A T (s)h(s)f (s, u(s)) ds
u€QR\Qr

0
(n1—1)/m1
< sup A / T(s)h(s)f(s,u(s))ds+ sup A T(s)h(s)f(s,u(s)) ds
u€QR\Qr A, veQR\Qr "
(ni—1)/m1 1
< AJo+ ALy / J(s)h(s)ds < AJy + ALy /j(s)h(s) ds < oo,
1ns 0

where Jo = max;c[o,1] J (t). This implies that the operator A is well defined.

We show next that A : Qp \ Q- — Q. Indeed, for any u € Qp \ Q. and ¢ € [0, 1],
we have

(Au)(t) = )\/g(t7 s)h(s)f(s,u(s))ds < )\/j(s)h(s)f(s,u(s)) ds,

and then .
[Au|| < )\/j(s)h(s)f(s,u(s)) ds.
0

On the other hand, by Lemma 2 we obtain

(Au)(t) > Mot /J(s)h(s)f(s,u(s)) ds > t* Y| Au|| Vvt €0,1],

0

so Au € Q. Therefore A(Qp \ Q) C Q.

We prove now that A : Qp \ Q. — Q is completely continuous. We assume that
E C Qg \ Q, is an arbitrary bounded set. From the first part of the proof we know
that A(FE) is uniformly bounded. Then we show that A(E) is equicontinuous. Indeed, for
€ > 0, there exists a natural number n, > 3 such that

3

sup h(s)f (s, u(s))ds < o

U«EQR\QrA

no

Since G(t, s) is uniformly continuous on [0, 1] x [0, 1], for the above £ > 0, there exists
0 > 0 such that, for any ¢1,t5 € [0,1] with [t; — t2] < d and s € [1/ng, (n2—1)/ng], we

have
e

~ ALy’
where Ly = max{l,max{f(t,x),t € [1/na,(na—1)/nz}, z € [r/ng~* R]}} and
h = max{1, max{h(t), t € [1/na, (na—1)/n2]}}.

|G(t1,5) — G(ta, s)|

Nonlinear Anal. Model. Control, 26(1):151-168
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Then, for any u € E, t1,ts € [0, 1] with |1 — t2] < J, we deduce

|(Au)(t1) — (Au)(t2))|

=

/ (G(t1,s) — G(t2, s))h(s) f(s,u(s)) ds
0

N

2 /j(s)h(s)f(s, u(s)) ds
Apy
(n2—1)/n2
+ Asup / G(t1,5) — G(ta, s)|h(s) [ (s, u(s)) ds
uel 1/

)\ (ng—l)/ng
13 13
< 2\J _A h(s)ds | L
04/\J0+2>\hL2< / (s) S) 2

1/712

This gives us that A(E) is equicontinuous. By the Arzela-Ascoli theorem we conclude
that A : Qp \ Q- — @Q is compact.
Finally, we prove that A : Qy \ @» — @ is continuous. We suppose that u,,, uy €

Qp\ Q. foralln > 1and |lu, — ugl| = 0asn — oo. Then 7 < |ju,| < R for all
n = 0. By (I3), for ¢ > 0, there exists a natural number ng > 3 such that
€
sup h(s)f(s,u(s))ds < D 9
U‘EQR\QTA 0

n3

Because f(t,z) is uniformly continuous in [1/n3, (ng — 1)/n3] x [r/ng ™", R], we obtain
Tim [£(s,u(s)) = (s, u0(5))] = 0

uniformly for s € [1/ng, (n3—1)/ns]. Then the Lebesgue dominated convergence theo-

rem gives us

(n3—1)/n3
h(s)’f(s,un(s)) — f(s7u0(s)) | ds -0 asn — oo.
1/ns
Thus, for the above ¢ > 0, there exists a natural number /N such that, for n > N, we have
(n3—1)/n3
h(s)!f(s,un(s)) —f(s7uo(s))’ds < 2;—%. (10)

1/TL3
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By (9) and (10) we conclude that

||Aun - .AU()H
< sup A / T ()h(s)| f (s, un(s)) — f(s,uo(s))|ds
uE@g\Qr
(”3—1)/"3
+ sup A / j(s)h(s)|f(s7un(s)) f(s,u0(s !ds
u€QR\Qr 1/ns
)\JQ4)\JO +)\JO4/\J() + 2)\J0>\J0 =¢&.

This implies that A : Qz\Q, — Q is continuous. Hence A : Qz\Q, — Q is completely
continuous. L]

Under assumptions (I1)—(I3), by the extension theorem the operator .A has a com-
pletely continuous extension (also denoted by A) from @ to Q.

Lemma 5. Assume that assumptions (11), (12) hold. Then the spectral radius r(T) # 0,
and T has an eigenfunction iy € P\ {6} corresponding to the principal eigenvalue

r(T), that is Tip1 = (T )1. Sor(T) > 0.

Proof. The operator 7 : X — X is alinear completely continuous operator. By Lemma 2
we know that G(t,s) > 0 for all t,s € (0,1). By (I2) we deduce that there exists an
interval [c,d] C (0,1) (0 < ¢ < d < 1) such that ~(t) > 0 for all ¢ € [c, d]. We consider
a function ¢ € C|0, 1] satisfying the conditions ¢(t) > 0 for ¢t € (¢,d) and ¢(t) = 0 for
t ¢ (c,d). Then, for all ¢ € [c, d], we have

(Te)(t) =/g(t,s)h( /g (t,s)h(s)p(s)ds >0 Vt € [c,d).
0

Hence there exists a constant a > 0 (@ = maxye[c,q) ©(t)/ minge(c,q (T ) (t)), which
satisfies the inequality a(7T¢)(t) = o(t) forall t € [0, 1]. By Theorem 4 we conclude that
the spectral radius (7)) # 0 and 7 has an eigenfunction ¢»; € P \ {6} corresponding
to its principal characteristic value A\; = (r(7))~! such that T+ = (7)1, and so
r(T) > 0. O

Using a similar argument as that used in the proof of Lemma 4 for operator A, we
obtain that 7(Q) C Q.

Theorem 5. Assume that assumptions (11)-(13) hold. If

, i L,
0 < f5, :=limsup max f(tw) < fi:=liminf min 1w
u—oco t€0,1] U u—0+ tel0,1] U

< 0o,

then, for any X € (1/(fir(T)),1/(f5r(T))), problem (1), (2) has at least one positive
solution u(t), t € [0, 1] (with the conventions 1/04 = oo and 1/00 = 04).

Nonlinear Anal. Model. Control, 26(1):151-168
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Proof. We consider A € (1/(fér(T)),1/(f5r(T))). For fi, we have the cases: f§ €
(0,00) with f§ > 1/(Ar(T)) and f¢ = oo. In the first case, f& € (0,00) with f& >
1/(Ar(T)), we obtain

[t u)

u

Ve >0,35() >0 st > fl—e Vte[0,1], ue (0,6(c)].
By taking e = f¢ — 1/(Ar(T)) we deduce that there exists 74 > 0 such that f(¢,u)/u >
1/(Ar(T)) forall t € [0,1] and w € (0,71], and so f(¢,u) = u/(Ar(T)) forallt € [0, 1]
and u € [0,7]].

In the case f§ = oo, we have

f(t,w)

u

Ve >0,36(s) >0 st >e Vte[0,1], ue (0,4()].

Sofore = 1/(A\r(T)), we deduce that there exists r{ > 0 such that f(¢,u) > u/(Ar(T))
forall ¢ € [0,1] and u € [0,77].

Hence, in the above both cases, we conclude that there exists 7; > 0 such that
ft,u) = u/(Ar(T)) forallt € [0,1] and u € [0, 4]

Then, for any u € 0Q),.,, we find

Au(t) = )\/g(t, s)h(s)f(s,u(s)) ds
0

1

Z M

1
1
O/Q(t, s)h(s)u(s)ds = WTu(t) vt € [0,1].

We assume that A has no fixed point on 0Q),,, (otherwise the proof is finished). We will
prove that
U—Au#l“/fl Vue&‘Qm,u>O, (11)

where 1), is given in Lemma 5. We suppose that there exist u; € dQ,, and p; > 0 such
that u; — Au; = p1¢p1. Then p; > 0 and w3 = Aug + a1 > pp. We denote
po = sup{p: uy = pab1}. Then pg > iy, uy = potbr and

1 1
Auy > WTUI > WMOT% = pot1.

Hence uy = Auy+p11 = potr+p1t1 = (po+ )11, which contradicts the definition
of pg. So relation (11) holds, and by Theorem 1 we deduce that

i(A,Qr,,Q) = 0. 12)

For f5 , we have also two cases: f3, € (0,00) with 3 < 1/(Ar(T)) and f3, = 0.
In the first case, f5, € (0,00) with f5 < 1/(Ar(T)), we obtain

f(t,w)

Ve >0, 35(e) >0 s.t. < fi,+e VEe[0,1], u>d(e).

http://www.journals.vu.lt/nonlinear-analysis
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By taking ¢ = 1/(2Ar(T)) — f5,/2 we deduce that there exists 5 > 1 such that
flt,u) < 01/(Ar(T))u for all ¢ € [0,1] and u € [r},00), where 6 = 1/2 +
faAr(T)/2 € (0,1).

In the case f3 = 0, we have

f(t,w)

Ve >0,3d6(e) >0 st ”

<e Vtel0,1], u=d(e).

So for ¢ = 1/(2Ar(T)), we deduce that there exists 75 > ry such that f(t,u) <
1/(2Ar(T))uforall t € [0,1] and u € [}, 00).

Therefore, in the above both cases, we conclude that there exist § € (0,1) and o > 71
such that f(¢,u) < 01/(Ar(T))uforall t € [0,1] and u € [ra, 00).

We define now the operator 7; : X — X by

1
1 6
Tiu = HWTu = 7 b/g(t,s)h(s)u(s) ds, tel0,1], ue X.

The operator 77 is linear and bounded, and 7;(Q) C Q. Because 6 € (0, 1), we obtain
r(71) = 6 < 1. We consider the set
Z={ueQ\By: pu=Auwith u > 1}.

For u € @, we denote D(u) = {t € [0,1]: u(t) > r2}. Then, for u € Q, we have
u(t) = rq forallt € D(u), and so

ftu(t) <6 u(t) Vte€ D(u). (13)

Ar(T)
By (13) and the definition of operator 7, for any w € Z, 4 > 1 and ¢ € [0,1], we
deduce
1
u(t) < pu(t) = (Au)(t) = )\/g(t, s)h(s)f (s, u(s)) ds
0
= / G(t,s)h(s)f(s,u(s)) ds + A / G(t,s)h(s)f(s,u(s))ds

D(u) [0,1]\D(u)

0 / ~
< 7 / G(t, s)h(s)u(s) ds+/\0/j(s)h(s)f(s,u(s)) ds

s)ds + AJoMy = (Tru)(t) + AJog My, (14)
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where 4(t) = min{u(t),ry} for all ¢ € [0,1] (which satisfies 712*~1 < @(t) < 7y for
allt € [0,1]), Jo = supyepo,1) J (s), and M; = SUDLeG, \Q., fol h(s)f(s,u(s))ds (as
in the proof of Lemma 4, we obtain that M; < c0). By the Gelfand formula we know
that (1 — 77) ! existsand (I — 77)~' = Y72, 7, which implies (I — 77)"*(Q) C Q.
This, together with (14), gives us u(t) < (I — T1) " (AJoMy), and so u(t) < A\JoM; x
|(I —T1)~! for all ¢ € [0, 1], which means that Z is bounded. Now we choose R >
max{rs, sup{||u||, w € Z}}. Then we obtain that pu # Au forall u € OQr and p > 1.
By Theorem 2 we conclude that

By (12), (15) and the additivity property of the fixed point index we deduce that
Z(Av QR \@7’17 Q) = Z(Aa QRv Q) - Z(A7 er ’ Q) =1

So operator A has at least one fixed point on Qg \ @Tl, which is a positive solution of
problem (1), (2). O

By using a similar approach as that used in the proof of Theorem 5, we obtain the
following result.

Theorem 6. Assume that assumptions (11)-(13) hold. If
f(t,u)

; . i .. . t,u
0 < f§ :==limsup max ———= < fi :=liminf min f(t, )
u—04 t€[0,1] U u—oo te0,1] U

< 00,

then, for any A € (1/(fir(T)),1/(f5r(T))), problem (1), (2) has at least one positive
solution u(t), t € [0, 1].

4 Some remarks on a related semipositone problem

In this section, we present two existence results for a semipositone problem associated to
problem (1), (2). More precisely, we consider the fractional differential equation

Dg u(t) + Mf(t,u(t)) =0, te(0,1), (16)

subject to the boundary conditions (2). We suppose that assumption (I1) holds and fsat-
isfies the conditions

(I2') The function f € C((0,1) x [0,00), R) may be singular at ¢ = 0 and/or
t = 1, and there exist the functions p,q € C((0,1),[0,00)), g € C([0,1] x
[0, 0), [0, 00)) such that —p(t) < f(t,u) < q(t)g(t,u) forall t € (0,1) and
u € [0,00) with 0 < fol p(t)dt < 00,0 < fol q(t)dt < oc.

(I3') There exists ¢ € (0,1/2) such that limy,_; oo mingepe 1—¢) f(t, 1) /u = oo.
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By using the Guo—Krasnosel’skii fixed point theorem (Theorem 3) and similar argu-
ments as those used in [11] (Theorems 3.1 and 3.2) we obtain the following results for
problem (16), (2).

Theorem 7. Assume that (11), (12") and (13’ hold. Then there exists \* > 0 such that, for
any X € (0, \*], the boundary value problem (16), (2) has at least one positive solution.

In the proof of Theorem 7, we consider By > o fo t)dt > 0, and we define

1 -1
= min{l, Ry (MQ/j(s)(q(s) + p(s)) ds) }
0

with My = max{max;c(o1], ueo,r,] 9(t,u), 1}. The solution u(t), t € [0,1], satisfies
the condition u(t) > A;t* ! forall t € [0, 1], where A; = Ry — Ufo s)ds > 0.

Theorem 8. Assume that (11), (12") and

(I4) There exists ¢ € (0,1/2) such that the following hold:

=0.

t
lim min f(f,u) =co and lim max (t,u)
u—00 t€[¢,1—(] u—00 t€(0,1] u

Then there exists A\, > 0 such that, for any A > )., the boundary value problem (16), (2)
has at least one positive solution.

By (I4) we know that for ¢ € (0,1/2) and for a fixed number Ly > 0, there exists
Ms > 0 such that f(t,u) > Lo forall t € [C, 1 -] and v > Ms. In the proof of
Theorem 8, we define A\, = M3((* 'o fo s)ds)~!. The solution u(t), t € [0,1],
satisfies the condition u(t) > At forall t € [0,1], where Ay = Mj5/¢>~ 1.

5 Examples
Leta = 10/3,n = 4, B = 11/5,m = 2, By = 1/2, Bo = 5/4, Hy(t) = ¢ for all

t€0,1], Ho(t) ={0fort € [0,1/2); 1fort € [1/2,1]}.
We consider the fractional differential equations

DY u(t) + Ah(t) f ( u(t)) =0, te(0,1), (17)
DY Pu(t) + Af(t, u(t)) = 0, te(o 1), (18)

subject to the boundary conditions

1
w(0) = w'(0) = u"(0) =0, DL/ u(1 / DY2u(t) dt + D/u (2> (19)
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We have A =~ 1.12792427 > 0 and o ~ 0.94443688. So assumption (I1) is satisfied. In
addition, we obtain

(t ) 1 t11/6(1—5)2/15—(t—3)11/6, Og gtg 17
)= ———
9211, F(17/6) t11/6(1 o 3)2/157 0 < <s g 17
t.5) = 1 t13/12(1 _ 3)2/15 —(t— 3)13/127 0<s<t<1,
922(1,8) = F(25/12) t13/12(1 _ 8)2/15, 0 <t<s< 17
_ ; _o\2/15 o \11/5
ha(s) + %{W};/ﬁ) (1= 8)*" — rgry (L —9)'7/0
T = TremlG )I/12(1 — 5)2/15 — (§ — )13/} 0<s <,
hi(s) + A{F(23/6)(1 5)*/15 — F(23/6)(1 — )7/
+r(251/12)( )13/12( )2/15}7 % <s<1
Example 1. We consider the functions
1 1
h(t) = —F——, te(0,1); tu)=vu+t+—, tel0,1], u>0.
(t) Ve (0,1) flt,u) = vu Ta [0,1]

The cone @ from Section 3 is here Q = {u € C[0,1]: u(t) > t7/3||u|| Vt € [0,1]}. For
0<r<Randu € Qp \ Q, we deduce

f(tut)) < \F+1+\/17 vt € (0,1].

Besides, we obtain fo J(s)h(s)ds < JoI'(2/3)['(1/3) < o0, Jo = maxe(o,1] J (s) =~
0.781. Hence assumption (I2) is satisfied.

Foru € Qp\ Q,and A, = [0,1/n] U[(n—1)/n, 1], we find

Cz/()fsu ds—/m(r+s+\/%>d

(f+1+

/\/ﬁ m)ds

=(VR+1) ds,

1 1
| i 7 | s
A, Anp

and then lim,, 0 SUP, 5\, Cn = 0 because fi(s) = 1/({/s(1 —5)?) € L1(0,1)
and fo(s) = 1/(s'V/12(1 = s)2/3) € L'(0,1). Hence assumption (I3) is satisfied. We
also have f5. = 0 and f = oo. Then by using Theorem 5 we deduce that, for any
A € (0,00), problem (17), (19) has at least one positive solution u(¢), ¢ € [0, 1], which
satisfies the condition u(t) > ¢7/3||ul| for all ¢ € [0, 1].
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Example 2. We consider the function

~ w+u+1
t,u) = —————=+1Int, te€(0,1), u>=0.
o = s 0.1

For this example, we have p(t) = —Int and ¢(t) = 1/( t( t)3) for all ¢ E (0,1),
gt,u) = vd +u+1foralt € [0,1] and u > 0, fo t)ydt = 1, fo t)dt =
I'(3/4)T'(1/4) ~ 4.44288. Then assumption (12') is satlsﬁed In addmon for ¢ € (0 1/2)
ﬁxed assumptlon (I3’) is also satisfied. By some computations we obtain that
fo +p(s)) ds & 2.71742073. We choose R; = 2, which satisfies the condition
R > Jfo t)dt ~ 0.944, and then we deduce My = 11 and \* = 0.0669084. By
Theorem 7 we conclude that, for any A € (0, \*], problem (18), (19) has at least one
positive solution u(t), ¢t € [0,1], which satisfies the condition u(t) > A;t"/3 for all
€ [0,1], where A; ~ 1.05556.

Example 3. We consider the function

= 1/3 1
f(t,u)zL/—?, t€(0,1), u>0.
J31—-1)2 Vit

Here we have p(t) = 1/3/t and q(t) = 1/3/t3(1 —t)2 for all t € (0, 1) ( ) =

Vu+1/3 for all ¢ € [0,1] and u 2 0. Because fo t)ydt = 3/2, fo =
3.30327, assumption (I2") is satisfied. In addition, for ¢ E (0,1/2), we obtaln that
limy 0o mingee 1—¢) f(t,u) = oo and limy ;o maxsepo,1] 9(t,u)/u = 0, and then

assumption (I4) is also satisfied. We choose ¢ = 1/4 and Ly = 100, and then we find

M3 = 5805 and A\, =~ 104075. Then by Theorem 8 we deduce that, for any A\ > A\,
problem (18), (19) has at least one positive solution u(t), t € [0, 1], which satisfies the
inequality u(t) > A;¢7/3 forall t € [0, 1], where A, ~ 147438

6 Conclusion

In this paper, we study the existence of positive solutions for the nonlinear Riemann—
Liouville fractional boundary value problem (1), (2), where A is a positive parameter. The
function f is nonnegative, and it may be singular at the second variable, and the function
h is also nonnegative, and it may have singularities at ¢ = 0 and/or ¢ = 1. We present
conditions for f and h and intervals for A\, which are expressed in term of the principal
characteristic value of an associated linear operator. In the proof of the existence theo-
rems, we use two results from the fixed point index theory. We also investigate a related
semipositone problem, namely, equation (1) with h = 1 and f a sign-changing function
with singularities at ¢ = 0 and/or ¢ = 1 subject to the nonlocal boundary conditions (2).
For this problem, we give two existence results for the positive solutions when A belongs
to various intervals. Three examples, which illustrate the obtained existence theorems,
are finally presented.
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