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Abstract. In this paper, we use the Fountain theorem under the Cerami condition to study
the gauged nonlinear Schrédinger equation with a perturbation in R?. Under some appropriate
conditions, we obtain the existence of infinitely many high energy solutions for the equation.
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1 Introduction

In this paper, we study the existence of infinitely many high energy solutions for the
following gauged nonlinear Schrodinger equation with a perturbation in R?:

T () SR R IC I
Au+ NV (z)u + f? +/ U (s)d

||

= f(u) — pg(z)|ul*"u. (1)
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We first list our assumptions for our problem (1):

(V1) V € C(R?,R), and inf,cp> V(x) > Vo > 0, where Vj is a positive constant.
(V2) There exists b > 0 such that meas{z € R?: V(z) < b} is finite; here meas
denotes the Lebesgue measure.

(H1) f e C(R,R), and f(u) = o(|u|) as |u| — 0.

(H2) There exists Ry > 0 such that F'(u) = [ f(t)dt > 0and F(u) = f(u)u/6 —
F(u) > 0for |u| > Ro.

(H3) f(u)u/|ul® — +oo as |u| — oc.

(H4) There exist cg, Rq > 0, and 7 € (1, +00) such that | f(u)|” < agF(u)|u|” for

H5) f(—u)=—f(u)foru € R.

(2) g € LY (R?), and g(z) > 0 (& 0) for z € R2, where ¢ € (1, 2/(2 — q)),
g€ (1,2).

Problem (1) arises in the study of standing wave solutions for the gauged nonlinear
Schrodinger equation

iDop + (D1D1 + DaDs)¢ + g(¢) = 0,
80A1 — 81A0 = — Im(EquS),
00Az — 02 Ag = Im(¢D19),

1
Ay — DAy = —§|¢I2,

where i denotes the imaginary unit, dg = 9/0;, 01 = 0/0x1, 02 = 0/0xs for (t,x1,x2) €
RF2 ¢ : R*2 — C is the complex scalar field, A, : R'*2 — R is the gauge
field, and D, = 9, + 1A, is the covariant derivative for x = 0,1,2. From the initial
study in [8,9] many papers on this system appeared in the literature; we refer the reader
to[1,2,4-8,10,11,13,14,18-21,25,26,28,29] and the references therein.

When A = 1, the authors [12] obtained the existence and multiplicity of solutions
for (1) with concave-convex nonlinearities pg(x,u) + v f(x,u), where g has sublinear
growth, and f has asymptotically linear or superlinear growth. In [20], the authors
studied the existence, nonexistence, and multiplicity of standing waves for (1) (A = 1,
© = 0) with asymptotically linear nonlinearities and external potential, and in [1,2,4—
7,11,13,14, 18,19, 21, 25, 26, 28, 29], the authors studied the existence and multiplicity
of solutions (including sign-changing solutions and ground state solutions) for gauged
nonlinear Schrédinger equation

+oo
—Au + wu + <h29(c||z) + / @zﬁ(s) ds)u— f(u), =eR2

||

Moreover, in [26], the authors also discussed the energy doubling property, i.e., the energy
of sign-changing solutions is strictly larger than two times the least energy. In [10], the
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authors studied the existence and multiplicity of the positive standing wave with f(u) +
ek(z), where the nonlinearity f behaves like exp(ca|u|?) as |u| — oo. Moreover, they
obtained a mountain-pass type solution when € = 0.

There also are some papers in the literature, which consider perturbation terms; see
[15,17,22,23,27] and the references therein. In [15, 17], the authors used the famous
Ambrosetti—-Rabinowitz conditions to study the existence of solutions for the following
fractional equations:

M </ W dz dy> (—A)u+ V(@) |2
R2N
= f(xz,u) + g(z) inRY,
and
(I — A)u+ NV (x)u = flz,u) + pé(z)|ufP2u  inRY,

where (—A)s is the fractional p-Laplacian operator, and (I — A)* is the fractional Bessel
operator. Moreover, [17] also considered the effect of the parameter A, i on the existence
of solutions for their problem.

Motivated by the aforementioned works, in this paper, we study the existence of in-
finitely many high energy solutions under some appropriate conditions, which are weaker
than the Ambrosetti—-Rabinowitz conditions, and also consider the effect of the parameters
and the perturbation terms on the existence of solutions.

Now, we state our main result:

Theorem 1. Suppose that (V1), (V2), (H1)-(HS5), and (g) hold. Then for any u > 0,
there exists A > 0 such that system (1) possesses infinitely many high energy solutions
when A > A.

Remark 1. By virtue of (H1), (H2), and (H4) we can obtain a growth condition for f.
Using (H2) and (H4), for |u| > Ry := max{Ry, R1}, we have

£ < aoP@lal” = a0 (7~ F(0) ) ul” < 5|0}l

and

Letp= (7 +1)/(t —1) 4+ 1= 27/(7 — 1). Then from (H4) we have p € (2, +c0), and
[F)| </ Llul™t for [ul > Re.
On the other hand, using (H1), for all € > 0, we have

’f(u)‘ < elu| for |u] < Rs.

https://www.journals.vu.lt/nonlinear-analysis
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Therefore, by the above two inequalities we have the growth condition for f:

o%)

[f()| < elul +eoful™!, uweR, c= R @)
Note the relation F' and f, and we obtain
€ 9  Ce
|[Fu)| < Sluf® + ol weR 3)

Remark 2. Let f(t) = t5(6log|t| + 1), ¢t € R, and t # 0. Then F(¢) = t®In |¢|, and we
can check that f, F satisfy (H1)—~(HS5). For example, if we take 7 € (1,3/2), we have

6ln |t| + 1 , 6r 1
=

O [ " Jt|=+o0 6 — 4T t| =" N

Consequently, for |¢| large, we obtain

(6t +1)7 _ o

|t|6—4T =6
and
T T (67 T T
F@)| =6t +1)]" < FOMM = aoF ()|t
This implies that (H4) holds. Moreover, this function also satisfies (H1)—-(H3) and (H5).

However, this function does not satisfy the Ambrosetti—-Rabinowitz condition, namely:

(AR) There exists & > 6 such that 0 < pF'(u) < f(u)u foru € R\ {0}.

2 Preliminaries

Note the parameter A\, and we can consider the work space

E = {u € H'(R?): / (IVu]? + AV (2)u?) dz < +oo}.
R2

Then FE is a Hilbert space with the inner product and norm

(u,v) = / (Vu- Vo + AV (z)uww) dz, [|u]] = /(u, u).
R2
Moreover, by [24] we have that the embedding £ < L"(R?) is continuous for 7 €
[2,+00) and E — L"(R?) is compact for r € (2, +0), i.., there are constants 7, > 0

such that ||ul[, < v.|lu|| for 2 < r < oo, where |||, is the norm in the usual Lebesgue
space L"(R?).

Nonlinear Anal. Model. Control, 26(4):626-641, 2021
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In what follows, we present the energy functional Z : E — R for problem (1) defined
as

I(u) = %/(Wu\Z—i—)\V(x)uQ) dz + B(u) —/F(u) dx+§/g(x)|u|qu,

R2 R2 R2

(o) ormd (] 2o

Note (3) and (g). We obtain that 7 is of class C'! and its derivative is

where

(T'(u), p) :/(Vquo—i-)\V( Jup) dz + ( /f Yo dx
R2
i [ @it upds Ve E,
R2

where

9 +o0
<B'(u),<p>=/<h (z]) + / h(s)u2(s)ds>u(x)<p(x)dx Vo € E.

|| 5
R? Bl

Lemma 1. (See [1,13,14,29].) Suppose that {u,, } converges weakly to a function w in E
asn — oo. Then

(1) lim,— 1o B(uyn) = B(u),
(i) limy—yy oo (B (up), un) = (B'(u), u),
(iil) limy,—yo0o(B'(up), p) = (B'(u), @),
(iv) (B'(u),u) = 6B(u),
) B(u) < Collullillull3 < Cor3illull® := Cillul|® for some Co, C1 > 0.

In order to obtain our main result, we need to introduce the Fountain theorem under
the Cerami condition (C).

Definition 1. (See [16].) Assume that X is a Banach space. We say that .J satisfies the
Cerami condition if

(C) J € CHX,R),and forall c € R,

(i) any bounded sequence {u,} C X satisfying J(u,) — ¢, J'(u,) — 0
possesses a convergent subsequence;

(i) there exist o, R, 3 > 0 such that for any v € J~!([c — 0,¢ + o]) with
[ull = R, " (w)[[[u]l = 5.

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

Infinitely many solutions for a gauged nonlinear Schrodinger equation 631

Lemma 2. (See [16].) Assume that X = @ _1 , where X are finite dimensional
subspaces of X. For each k € N, let Y}, = @ 1 X], Zy = @j i Xj- Suppose that
J € C1(X,R) satisfies the Cerami condition (C) and J(—u) = J(u). Assume for each
k € N, there exist py, > 1, > 0 such that

(i) by = infuez,ns,, J(u) = +o0, k — oo,
(i) ar = maxuey,ns,, J(u) <0, where S, = {u € X: |[ul| = p}.

Then J has a sequence of critical points ., such that J(u,) — +00 as n — oc.

3 Proof of Theorem 1

Lemma 3. Let sequence {u,,} converge weakly to a function v in E, u,(x) — u(x) a.e.
in R? as n — oo. Then

Z(upn) = Z(up —u) + Z(u) + o(1) asn — oo, 4)
(T'(un), o) = (T (un —u), @) + (IT'(u), o) +0(1) Vo€ Easn—oo. (5
In particular, if

Z(up) = ¢, T'(up) =0 asn— oo,
then
T(up —u) =c—ZI(u) +o(1) asn — oo, (6)
and
(T'(un —u), ) =o(1) Vo € E asn — oo. 7

Proof. From the compactness of E < L"(R?), for r € (2, +o0), we have

U, — u weaklyin F,
u, — u strongly in LP(R?) for p € (2, 4+00),

un — u forae. z € R2
Let w,, = u,, — u. Then we have

w, =0 weaklyin F,
wy, — 0 strongly in LP(R?) for p € (2, +o0),

w, = 0 forae. z € R2.
Since u, — win E, we have (u,, — u,u) — 0 as n — oo, which implies

unll? = (wn + u, wy +u) = ||w,|* + ||ul|* +o(1) asn — oo.

Nonlinear Anal. Model. Control, 26(4):626-641, 2021
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Note Lemma 1(v), and we have B(u,, — u) < Co|lu, — ul|f||un — ul3 — 0asn — oc.
Consequently, to obtain (4), by Lemma 1(i) we only need to check that

/ (F(up) — F(wyp) — F(u)) dz = o(1) asn — oo 8)
R2

and
/g(:r:)(|un|q wl? — Jul?) dz = o(1) asn — co. ©)
RQ

Note the definition of (-,-), for all n € N, we have (un, ) = (un, — u, @) + (u, p).
Moreover, since w,, — 0 in E and by Lemma 1(iii), to prove (5), it suffices to show that

sup / (f(un) = flwy) = f(u))pdz =o(1) asn — oo (10)
lell=1,
and

sup /g(f)(|un|q72un — = u|T (uy, — ) — |ul|?u)p da

lell=1,

=o0(l) asn— oo. (11)

We first prove that (9) and (11). Using the inequality from page 13 in [17] and the
Holder inequality, for q¢’/(¢' — 1) > 2, we have

< / o) wn? dz < gllg lonll®,,,

" -1

\ [ s@)(ualt = ) az
J

]R2
— 0 asn — oo.
Hence, (9) holds. From Lemma 1 in [3] there exists C;, > 0 such that ||u,|?"%u, —

|u|9"%u| < Cylu, — u|97t. Therefore, from (g) and the Holder inequality we only need
to prove:

/ 9w | 2w da

R2

sup
llell=1

< sup / 9()]wn |7 | d
lel=1,

a'=1 -1
qq’ qq’ _qq’_ =199
<ol ( 1075 a) ™ ([ ar)
R2

R2

< ||9||q"7q7q’|‘wan;} —0 asn — oo.
q’—1 -1

https://www.journals.vu.lt/nonlinear-analysis
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Consequently, (11) is true. Note that we can use similar methods in Lemma 4.7 of [30] to
prove (10). In what follows, we prove (8). Using the ideas in [17,22,23], we have

Flun) — Fun —u) = —/1 (;tF(un - tu)> dt — /1f(un ~ twyudt.

Hence, from (2) we obtain
|F(un) - F(uy, — u)‘ < e1up]|u| + E1|u‘2 + C’61|un|p_1|u\ + Cc, Jul?

for some ¢1,C,, > 0, where p > 2. Therefore, together with (3), using the Young
inequality with ¢ (for all € > 0), we obtain

‘F(un) — F(wy,) — F(u)‘

< 051,051 [5|un|2 + Cepe, |u\2 + elunl? + Cec |u‘p}'

£15Ce
Consequently, we consider the function fn defined as
Fa(x) = max{|F(un) — F(w,) — F(u)| — Cey 0., (Junl? + [unl?), 0}

Then
0< J}vn(x) < 081,051C6,€1|u|2 + Cs1,€1CE,Csl,cs|u|p € Ll(Rz)a

and by the Lebesgue dominated convergence theorem we have
/fn(x)dx—>0 as n — oo. (12)
R2

Note that
|F(un) — F(wn) — F(u)| < fulz) + Cey oo, e (Junl? + [un|P).

Using (12) shows that (8) holds.

Compare (4), (5) with (6), (7). We only need to prove that (Z'(u),¢) = 0 for all
¢ € E. Note Lemma 1(iii), (10), (11), and (u,, — u,») — 0 as n — oo. It suffices
to check that [, f(wn)edz = o(1) as n — co. Note the arbitrariness of ¢ in (2), and
wy, — 01in LP(R?), p > 2. Therefore, from (2) we have

[ ftwnods) < [ (ehol+ edunl el o
R? R?
< e llwnlliel + compllwnls ™ el
— 0 asn — oo.
This completes the proof. O

Nonlinear Anal. Model. Control, 26(4):626-641, 2021
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Lemma 4. Suppose that all the assumptions in Theorem 1 hold. Then T satisfies the
Cerami condition (C).

Proof. For all ¢ € R, suppose that there exists {u, }nen C E is bounded and
T(up) — ¢, I'(up) — 0 asn — oco.

Using (Z'(u), ¢) = 0 for all ¢ € E in Lemma 3 and noting Lemma 1(iv), we have

Z(u) = Z(u) — %<I’(u),u>
_ %HuHZ + /F(u) do + u(; - é) /g(x)|u|qu.
This implies that
1 2 ! q
gl + [Pl dr =200 - G20y (7 - 5) [atwlulras
R2 R2

< Z(u) — é<I’(u),u>.

Recall w,, = u,, — u. From (6) and (7) we have

1
gl + [ Fw,)do

R2
< Z(wy) — %<I’(wn),wn> <c—Z(u) + o(1)
=c— B”“HQ + /F(u) dz + M(; - é) /g(x)|u|‘1 dx} +0o(1)
R? R2

< M forsomeM> 0.

As V(z) < bon a set of finite measure and w,, — 0 in E, we have

1
||wn||§:/|wn\2dx< VA AV(:L’)\wn|2dx+ / |wn|2d1:
B2 Vb V<b

1
<= 2 .
< sz llwnl® +o(1)

Combining this and the Holder inequality, recall p = 27/(t7 — 1) € (2,400), fixed
v € (p,+00), we have

v—p) 2(v

wy,||P = wy|Pdz = w, = wy, [P~ = dz
w5 [wn|”d |wh|
R? R2

p—2

v—p) ve = v e =
< </|wn|2("_;) "_12’ dCE> (/'U)n|(p_2(u_2p))p_2 dlL’)
R2 R2

https://www.journals.vu.lt/nonlinear-analysis
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1 = % 2(v—p) v(p=2)
< 1wl 55 o | 5

1 v—2 V(p722)
= (Ab) Y "7 |w || fory, > 0.

From (H1), for all ¢ > 0, there exists = d(¢) > 0 such that | f(u)| < e|u| for z € R?
and |u| < J. Without loss of generality, we can choose this § > R;, where R; is defined
in (H4). Therefore, we have

/ Fwn)wn dz < & / w2 dz < %HwnH? +o(1).

|wn <Ry [wn |<R1

On the other hand, when |w,,| > R, from (H4) we have

[ swwas= [ Hn) 2 g

‘wn‘>R1 ‘wn‘>R1
T 1/7 (r=1)/7
<< / ‘f(w") dx) (/ |U/n|7271dx)
Wn,

|wn | >Ry |wn | >Ry

1 28 -2
) %W [Jwn [|* 4 o(1).

Consequently, from (7) we obtain
o(1) = (J'(wy), wn)

= ||wn||2+<B/(wn),wn> —/f(wn)wndm+u/g(a:)|wn|qu
RQ

R2

1 ,2)((1;:52 2v(p—2)
b )\b)

> [1-— £ (aoﬂ)l/T ( 'yyp(”*z) :| ||wn||2 + 0(1).

Thus, given the arbitrariness of €, there exists A > 0 such that w,, — 0in £ when A > A.
This implies that u,, — « in E, and Definition 1(i) holds.

Finally, we prove that Definition 1(ii) holds. We argue indirectly, i.e., suppose that
there exist ¢ € R and {uy, }nen C F such that

I(un) = ¢, unll = 00, ||/ (un)||[|un] — 0 asn — oco. (13)

Nonlinear Anal. Model. Control, 26(4):626-641, 2021
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Then we have

c+o(1) = I(u,) — é(I’(un), Un,)
= gl + [ R a(3 - 5) [at@lulras
RQ R2
> [ F(uy)da. (14)
/

Using Lemma 1(iv), (13), and (g), we obtain

O l?
[[unll?
T Bl | S s fes o)l
[[un 2 ||unH2 [[n |2 [[un 2
’ q / Uu. q
Qmw@%7l&2%wmmm%gm
~
noo | [lunll? [un? [un?
Up, ) Uy, d
< limsupﬁRﬂ—nzn (15)
n—o0 [l
Let v, = Uy, /||tn||. Then ||v,|| = 1, and there exists a function v € F such that v, — v

weakly in E, v,, — v strongly in L"(R?) with r € (2, +00), v,(x) — v(x) for ae.
x € R?. Define a set 2,(a,b) = {z € R% a < |u,(z)| < b} with 0 < a < b, and
consider the following two possible cases.

Case 1. The function v is a zero function in F, i.e., v = 0, and v,, — 0 weakly in F,
vp(x) — 0 for a.e. z € R?. From (2) we have

f(un un f u’ﬂ Un 2 -2 2
/ ||Un||2 | 7"2 ‘ TL| dCL’ < (5 + CERT ) |Un| d.'L'
ﬂn(O,R1) Qn(ole)
< (5 + CERf_Q) / |vn|? dz — 0. (16)
R2

On the other hand, by the Holder inequality, (14), and (H4) we obtain

/ flun)ug (o / Fln)tun 12 4

[[n 2 |un?
24 (Ry,00) 2, (R1,00)
- 1 =1
< / f(un)un dz / |Un| 72:—1 dx
|tn|?
.Qn(Rl,OO) Qn(Rlaoo)

https://www.journals.vu.lt/nonlinear-analysis
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<( ] 1A

-Qn(RhOO) -Qn(RhOO)

</ %mn)dx)l

2y, (R1,00) 2y, (Ry,00)

ﬂ
N
—
=
3
™
o
8
S~

< lao(c+ D)7 oal2 = 0. (17)
Combining (16) and (17), we have
fun) Un o fun) Un / fun)un

dr — 0
Iunll2 Iunll2 [[un? ’

1,00

which contradicts (15).

Case 2. The function v is not a zero function in F, ie., v(z) Z 0, x € R2.
Hence, if we set A = {x € R?: v(z) # 0}, then meas A > 0. For z € A, we
have lim, o |un(x)] = oo, and hence A C 2,(Ry,00) for large n. By (H3) and
Lemma 1(iv), (v), noting the nonnegativity of f(u)u, Fatou’s Lemma enables us to obtain

0= lim M

n—oo  [lun
N ”un”2 <B/(un)7un> fRz Un Uup dz ,UIRQ g(x)\un|qd1:
= lim 6 6 6 6
n=o00 | ||un| [l [l [[wall
. [|wnll ”un”6
< lim ullglla, +6C:
e [ A6 FNIN T et [[unl®
_ / f(un)@én de — / f(“n):;‘n| |6 dz
[l |un
2,(0,R1) 2y, (R1,00)
< 6C + limsup f(un 1;” dz — lim inf / JC(L);L”W”\G dr
n—o0 [ n—o0 |tn|
.Q (0 R1 ‘QTL(Rlﬁoo)

p
< 6C1 + limsup % meas(Qn(O, Rl))

.. Un )Un
— liminf / M [Xﬂn(Rl,oo)(m)] ‘Un|6 dz

n—o0 |un|
.Qn (R1 ,OO)

f(un)uy

<6C; — / lim inf E I:X_QH(RI’OO)(.T):I v, |® da

n—oo |un
2, (R1,00)

— —OQ.

This is also a contradiction.
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Combining the above two cases, we have that Definition 1(ii) holds. Thus, Z satisfies
the Cerami condition (C). This completes the proof. O

Proof of Theorem 1. Note that F is a Hilbert space, and let e; be an orthonomormal basis
of E. Then we have

k o)
Vi=@PX;, Z=X;, keN X;=R,,.
j=1 j=k
In what follows, we show that for each k € N, there exist pi > r; > 0 such that
by, = inf Z(u) = 400 ask — oo (18)
UEZy, |lull=rk
and
ap = max T(u) <0. (19)

u€Yy, llull=pr

Note that the compact embedding E — L"(R?) with r € (2, +0oc), and by Lemma 3.8
in [24] we have B;(r) = sup,ez, |ju=1 llull- = 0, k — oo. This, together with (3),
implies that

I(u):f|\u||2+B /F )da + & /(x)|u|qd:c

WV

1
Sl = [ Fwdo > ulP = Sl - =l

R2

1
2 Slull® - *72” I” - H [15- (20

Note that p = 27/(7 — 1), and if we take ¢ < 1/(v3(27 — 1)) and 7y, = (c.5)1/ 7P,
by (20), for u € Zj, and ||u|| = r, we find

1 -1 2
T(w) > 7 ot > (= - T ) ees)

— 400 ask‘%+oo

with 7 > 1, p > 2. Therefore, (18) holds. B
On the other hand, for any finite dimensional subspace £ C F, we show that

Z(u) = —o0, |lu|| = o0, we E. 21

Arguing indirectly, assume that for some sequence {u,} C E with Hun|| — 00, there
exists M > 0 such that Z(u,) > —M foralln € N. Let v, =

and there is a function v € E such that VU, — vin E. Since dim E < 00, we have v,, — v
in E, v, (x) = v(z) forae. z € R2, and ||[v| = 1. Let 2 = {z € R?: v(z) # 0}. Then
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meas 2 > 0, and lim,,_,, |u,,(z)] — oo for a.e. € §2. From Lemma 1(v) and (g) we
have

sllunll® + B(un) = (un) + 4 o 9(2)un|? dz

dz = lim
n—>oo ||’U,nH6 n—00 ||un||6
2llwnll® + Crllunl® = Z(un) + £lglle vy lunl
< lim 5 o1
o0 [[n]|
=C. (22)

From the L’Hdspital’s rule and (H3) we have

F(u)

|u|—o00 |u|6

= 400 uniformly in z € R%.

Fatou’s lemma implies that

F F
lim /%dx} lim 6 z > lim inf (u 6)| n\ﬁdx
oo ) lun n—o0 Hunll noee ) |unl
R

n—roo n—

F(u F(u,
> /liminf(6)| vp|®da > /liminflfuﬁ)[xg(x)“vnfdm
7 7 "

= +o00.

This contradicts (22), and thus (21) holds. As a result, we can take u € Y} and large pj
(pr > ri) such that
J(u) <0 foru e Yy, |ul| = pk.

Thus, (19) holds.

Finally, (H5) implies that Z is an even functional on E, and by Lemma 4 7 satisfies
all the conditions of Lemma 2. Then Z has a sequence of critical points {u,, } such that
Z(un) — 400 as n — co. This means that (1) has infinitely many high energy solutions.
This completes the proof. O
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