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Abstract. In this paper, we establish the results of multiple solutions for a class of modified
nonlinear Schrodinger equation involving the p-Laplacian. The main tools used for analysis are
the critical points theorems by Ricceri and the dual approach.
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1 Introduction

Let £2 be a nonempty bounded open set of the real Euclidean space RY (N > 2) with C'-
boundary 92, consider the multiple solutions for the following quasilinear Schrodinger
elliptic equation with the p-Laplacian and nonsquare diffusion term:

—Apu+ V(z)|[ulP?u — Ay (Ju**) [ul** ?u = Af(z,u) in L2,

1
u=0 ondf2, M

where Apu = div(|Vul[P=2Vu), N < p < 2a, A > 0 is a parameter, f : 2 x R — Riis
a continuous function.
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Multiple solutions for a modified quasilinear Schrodinger elliptic equation 703

Equation (1) involves a quasilinear and nonconvex diffusion term A, (|u[?%) |u|?**~2u.

In the literature, it is referred as so-called modified nonlinear Schrodinger equation. For
the case p = 2, the solution of (1) is related to standing wave solutions of the following
quasilinear Schrodinger equation:

izt + Az — V(z)z + kA (h(|2]?) 2 (|2]*) 2 + g(z,2) =0, z €R", (2)

where z: R x R” — C, V : R™ — Riis a given potential, h and g are real functions, « is
a real constant. Putting z(¢,z) = e~ "#*u(z) in (2), where 8 € R and u(z) > 0 is a real
function, the quasilinear equation (2) reduces to the following modified elliptic form:

— Au+V(z)u — kA(R(Ju]®)) P (Jul*)u = f(z,u), z€R™ 3)
If h(s) = s, then (3) turns into a superfluid film equation in plasma physics
— Au+V(2)u — kA(Ww)u = f(r,u), x=€R" 4)

Kurihara [8] used this equation to model the time evolution of the condensate wave
function in superfluid film. Moreover, if 2(s) = (1 4 s)!/2, equation (3) is transformed
to the following elliptic form:

v
(1 +u2)1/2

which is a model of the self-channeling of a high-power ultrashort laser in matter [7, 16].

Many mathematical methods, such as dual approach [3, 22, 24-26], iterative tech-
niques [19,27-30], fixed point theorem [5, 14,21], variational methods [6,15,23] and nor-
mal boundary intersection method [9, 10], have been employed to solve the properties and
control problems for various differential equations. In particular, by using a constrained
minimization argument Poppenberg et al. [15] established the existence of positive ground
state solution for quasilinear Schrédinger equation (4). Colin and Jeanjean [3], Jodo
Marcos and Severo [6] studied the existence of positive solutions for (4) by the change of
variables. The Nehari method and the symmetric mountain pass lemma were also used to
establish the existence of solutions in [2,4, 11]. In [13], Liu et al. studied the following
quasilinear Schrodinger equation:

—Au+V(x)u — ﬁA[(l + u2)1/2] = f(z,u), zeR",

—Au+V(z)u— A(|u|2a)|u\2a72u = MulP7lu, zeRY, (5)
where A > 0,4a < p+1<4aN/(N —2),a > 1/2,V € C(RY) and

(V) There exists Vo > 0 such that V(z) > Vj in RY. Moreover, V(z) — oo as
|| — oo, or more generally, for every M > 0, meas{z € R™: V(z) < M} < o0,
where “meas” denotes the Lebesgue measure in R,

Condition (V) is an essential assumption, which guarantees that the embedding
E — L*(R") is compact for 2 < s < 2N/(N — 2), where

E= {u e WhH2(RY): /V(x)|u|2dz < oo}

RN
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is a subspace of W12(R™) with the norm

1/2
lullz = < / (\Vu|2+v(x)|u|2) dx) '

RN

Clearly, assumption (V) fails to hold for a ~general continuous and bounded function.
Thus, if the potential V() fails to satisfy (V), whether the multiple solutions of prob-
lem (5) still exist or not? In order to answer this question, in this paper, we investigate the
more general modified nonlinear Schrédinger equation (1) and get a positive answer, i.e.,
if the potential V'(z) is a general continuous and bounded function, then there exist the
multiple solutions to the quasilinear Schrédinger elliptic equation with the p-Laplacian
and nonsquare diffusion term (1) under suitable growth conditions.

The rest of this paper is organized as follows. In Section 2, with help of a change of
variables, we set up the variational framework for problem (1) and give some lemmas of
the functional associated with problem (1). In Sections 3 and 4, by using Riccer’s critical
point theorem we give the proof of main results.

2 Dual approach

Let E = WLP(£2) (p > 1) be the Sobolev spaces with the norm
1/p
Jull = </ (IVul?) + V() ul? d:z:> |
o

We focus on the existence of nontrivial weak solutions of problem (1). A function u is
called a weak solution of problem (1) if u € WP (£2) and for any ¢ € C§°(£2), one has

/ [1+ (20)P~Hu| o= VP|Vu[P~2Vu Ve
Q
+ (2a)P71 (20 — 1)|u\p(2a_1)_2u|Vu|pcp] dx

= 7/V(az)|u|p*2u<pdx + )\/F(az,u) dz,

Q Q
where F'(z,u) = fou f(¢,&) d€. But we notice that the natural functional of problem (1)

I(u) — 1/ [1 + (2a)p*1|u\(2a*1)p|VU|p] dz

p
I7;
+1/V(w)|u|pdx—)\/F(:v,u)dx
P Q

may not be well defined and not Gateaux-differentiable in the corresponding Sobolev
space E.

https://www.journals.vu.lt/nonlinear-analysis
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Thus, inspired by [12], we define a function h by

= ! Lt
Y1+ (2a)p=1a(t)[pCa-D (6)
h(0) =0,  h(—t)=—h(t), t<0.

H(t)

Let u = h(v), then

J(v) =I(h(v)) = ;17/|Vv\p + V(2)|h(v)[" dz — )\/F(x, h(v)) da.
2 9

Moreover, the corresponding energy functional .J(v) is well defined on W1?(£2). Since
C§°(82) is dense in WLP(£2), if v € W1P(£2) is a critical point of the functional J, i.e,
for any ¢ € W1P(£2),

(J'(v), ) = / |VolP~2VoVp + V(:zc)‘h(v)|p_2h(v)h’(v)<pdx
9
—/\/f(x, h(v))h’(v)g&dx,
o

then v is a weak solution of the equation
— Apo = =V (@) |[h(w) P2 h(w)l () + A f (z, h())H (v), =€ 0. (7

Thus, from (6) and (7) it is easy to know that u = h(v) is a weak solution of problem (1).
As the result, it is sufficient to consider the existence of solutions of (7) in W12 (£2).

The following lemma can be found in [2]:

Lemma 1. The function h(t) enjoys the following properties:

(h1) h € C? is uniquely defined, odd, increasing and invertible in R;

(h2) 0 < B/ (t) < 1foralit € R;

(h3) |h(t)| < |t| forallt € R;

(h4) limy_o h(t)/t =1;

(h3) |h(t)] < (2a)1/ Pt/ 2 forall t € R;

(h6) h(t)/2 < ath/(t) < ah(t), t =0, ah(t) < ath’'(t)] < h(t)/2,t < 0;
(h7) There exists a € (0, (2a)Y 2] such that h(t)t=/?%) — qast — +oo;
(h8) There exists by > 0 such that

bolt i1t <1,
ht)| > olt| if |¢]
bolt|"/ ) if [t] > 1;

Nonlinear Anal. Model. Control, 26(4):702-717, 2021
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(h9) For each ™ > 0, there exists

m ift =
+1 ifre(m, m+1),
x(7

m € N, such that |h(7t)| < x(7)|h(t)| forallt € R;
(h10) h%(t)/2 < ath/(t)h(t) < ah®(t) forall t € R.

Notice that p > N, WP(2) — C(£2) is compact. Thus, there exists a constant
¢ > 0 such that
lulloo < cllull, ueWP(£2), ®)
where [[ul|oc = sup, g |u()].
Different from [4, 11, 13], the following assumption on potential is adopted in this
paper:
(V) V € C(£2), and there exist two constants Vy, V4 > 0 such that Vp < V(z) < V4,
x € {2

Now define two functionals @,¥ : £ — R as follows:

&(v) = 119 / (VP + V() |h(v | ) da, U(v) = f/F(x,h(v)) dz.
2

n

For any v,w € E, we have &, ¥ € C'(E,R) and

(' (v), w) = / (IVolP~2VoVw + V(@)|h(0) [ h(o)H (v)w) de,
(9}

(' (v),w) = —/f(x, h(v))h (v)w dz.

9]

Lemma 2. For fixed r > 0 with $(v) < r, v € E, there exists a constant ¢ > 0
independent of r such that

P(v) = eflv]|”. 9

Proof. Let v # 0, otherwise, the conclusion holds. In the following, we argue by contra-
diction to prove (9).

Suppose that there exists a sequence {v,, } C E satisfying v,, # 0 for all n € N such
that

p p
[Vn| der/wdz%O as n — . (10)

[[on|P [[on|P

Set w,, = v, /||vn]], then |jw,|| = 1. Noticing the compactness of embedding F < L*
for s € [1,+00) up to a subsequence, we have wy,(x) — w(z) in E, w,(z) — w(zx) in

https://www.journals.vu.lt/nonlinear-analysis
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L#(02) for s € [1,+00) and w, () — w(x) a.e. on £2. It follows from (10) and

1/p
1= Jjw,| = (/ (|an|l’ + V(:c)|wn|1’) dx)
1?)
that

p

/|an|pdx%07 /de%@ /V(x)wﬁdz% 1.
Uy,

2 2 (]

Now according to the strategy in [26], we claim that for any ¢ > 0, there exists
a constant 7 > 0 independent of n such that meas(B,, := {z € §2: |v,| > 7}) < ¢,
where meas(-) denotes the standard Lebesgue measure.

In fact, if not, there exists g > 0 such that meas(A4,,) > &g, where A,, = {z € 2:
|vn| = n}. By (h8) and the Fatou lemma we get

/(\an|p+V )| h(vn)] /V )| h(vn)]” da > /Vobo\vm/@a) da
Q Q
> Vobon”/@“)ao — 400 asn — oo.
The above fact contradicts with the boundedness of {®(v,,)}. Therefore, the above con-
clusion is valid.

Next, it follows from the Holder inequality and the Sobolev embedding theorem that
there exists € small enough such that

2
/V( yut dz < [Vi meas(By,)] " ?||w w5, < [Vi meas(B,)]"?||w,|5,
o 1
gclemgi, neN, (11

where (' is a constant, which is independent of €.
On the other hand, noticing that if |v,,(z)| < 7, then |v, (z)|/7 < 1, by (h8) we have

‘h('”"(x)ﬂ > by @) (12)
T T
Thus, it follows from (h9) of Lemma 1, (12) and (10) that
/ V(z)wk doe = / Vix) [vn " dz = 7P / V(z) P dz
[[on [P [[on[?

2\B,, 2\B, $2\Bn

-\’ Ih(z)p
< — Vi) —="—dx
(bo) / ) ol

o

n

1\ (7\’ |h(vn)[P
< X<T> <bo) / Vix) Tonll? dz —0 asn —oo. (13)
2\

n
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Combining (11) and (13), one has

1
/V(m)wfl dz = /V(:v)wf’l dz + / V(z)w? da < 1 +o(1),
2 B

2\B,
which implies that 1 < 1/4, a contradiction. So the proof is completed. O

Lemma 3. Assume that V (x) satisfies (V), then &' is coercive, hemicontinuous and
uniformly monotone.

Proof. Firstly, by (h4) and (h7) of Lemma 1 we have

L 1

t—>0 174 {00 tp/(2a) 77

which implies that for any sufficiently small € > 0, there exists a constant C. > 0 such
that
Ih@®)[" = (1= e)t? — Ct?/ )t € (0, +00). (14)
On the other hand, for any v € E with ||v]| > 1, (h10) of Lemma 1 and (14) yield
(@' (v),0) _ Jo(VVIP + V(@)|h(v)[P~2h(v)W (v)v) do
[[o] [[o]
Jo (V[P + V() |h(v)|P) do
2al|v]]
S Jo(IVoP + V(2)[(1 — e)vP — CevP/ ]) da

=

=

15
2] ()

Notice that E — L® for s € [p,p*) is continuous, then for any v € E with v > 1,
choose sufficiently small € such that

/ (‘VUV) + V() [(1 —ep? — CEUP/(QQ)]) dx

2
1 1 @
> JIolP ~ Cuta [/ a3 Ll — GVl ol
2
1 —~
> Slloll” = Cellul|P/). (16)

It follows from N < p < 2a, N > 2, (15) and (16) that limjj, | o (?'(v),v)/||v]| =
which implies that &’ is coercive. The fact that &’ is hemicontinuous can be verified usmg
standard arguments. In addition, with the help of Theorem 26(A) in [20], as well as
J(v) = I(h(v)) and the inequality

(P26 = InP=2n) (€ =m) = cpl€ =P, p=2, ¢, >0, &meRY,

we know that @’ exists and is continuous. O

https://www.journals.vu.lt/nonlinear-analysis
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3 The existence of three solutions

In this section, we show the existence of three solutions of (1). The main tool used for
analysis is the Riccer’s critical point theorem [1, 18], which is given below for reader’s
convenience.

Lemmad. Let E be a separable and reflexive real Banach space, ® : E — R be a contin-
uously Gateaux-differentiable and sequentially weakly lower semicontinuous functional
whose Gdteaux derivative admits a continuous inverse on BE*, and V : X — R be
a continuously Gdteaux-differentiable functional whose Gdteaux derivative is compact.
Assume that

(1) 1y 400 (P(2) + A(2)) = +o0 for all X € (0, 400);
(ii) There arer > 0, 29,21 € E such that P(zo) < r < P(z1);

. (D(21) — )P (20) + (r — P(20))¥(21)
(it uE@‘ll(r%f;OOJ)) W(Z) o @(Zl) — q/(Zo) '

Then there exist an open interval A C (0, 00) and a positive real number p such that for
each \ € A, the equation
D'(2) + N\ (2) =0

has at least three solutions in E whose norms are less than p.

Before stating our main results, we firstly denote two constants

k:C(VO|Q|)1/p M:7‘/0
PO ’ Vi

where ¢, Vp, V1 and g are defined by (8), (V) and Lemma 1, |{2| is the Lebesgue measure
of {2. Then some assumptions on F'(x, s) to be used are also listed below:

(F1) There exist a function a(z) € L'(§2) and 0 < o < p such that for all (z,s) €
N2 xR, F(z,s) <alz)(1+]s]7);

(F2) F(z,0) =0 forany x € {2;

(F3) There exists to € R with |tg| > 1 such that
(z,tp) dx

F
sup F(z,2z) < uf“?
(x,|21)€2x[0,k] lto|?

Now we state our main result here.

Theorem 1. Suppose (V) and (F1)—~(F3) hold. Then there exist an open interval A C
(0, 00) and a positive real number p > 0 such that for any \ € A, the quasilinear elliptic
equation (1) has at least three weak solutions whose norms are less than p.

Proof. By the definitions of ¢ and ¥ we know that ¥’ is compact and & is weakly
lower semicontinuous. Further, from Lemma 3 we know that (&')~! is well defined and
continuous. Now we show that the hypotheses of Lemma 4 are fulfilled.

Nonlinear Anal. Model. Control, 26(4):702-717, 2021
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It follows from (F1), (7) and (15)-(16) that for any A > 0

1 C o ”
P(2) + AW (2) = o ll=l1” 5 121”7 = Aclall |27 = Mlalls, 2 € E.

Since 0 < o < p < 2, we have hrnH |Hoo(@(z) + A\ (2)) = oo, and (i) is verified.
Now let 29 = 0, 21 = sog = h~ (o), |to| > 1, then |to| = |h(s0)|. We denote
r = Vu|82|/p, then

1 1 1
b(z) = ;/V(x)|h(so)|pdx > 5‘/})|Q||h(80)|p > 5V0|Q| =7r>0=®(z).

Thus, (ii) of Lemma 4 is satisfied.
On the other hand, from (F2) and (F3) we get [, o F(x,to)dz > 0 and

(P(21) — r)¥(20) + (r — P(20))¥(21)

P(z1) — W(Zo)
(z1) _ pr [, Fz,h(s))dzx _pr Jo F(z,to) dz
(zl) fQ x)|h(sp)|P dz fn x)|to|P dz
pr [ F(x,to)dz Eff? (x,t9) dx

[2Viltolr W lto|?

o
"D

a7

=

Next, we focus our attention on the case when v € F with ¢(v) < 7. By (7) and (8)
we have 7 > ®(v) > o||v]|” > o(||v]|eo/c)?, which implies that |v(z)| < ¢(r/0)*/P =
c(Vo|R2|/(po))'/P = k for all 2 € §2. The above inequality and (h3) of Lemma 1 yield

— inf ¥ (v
vEPL((—o0,r])

= su —V¥(v) < sup F(z,h(v))dx
- ()/ p F(z,h(v))

vEP1((—o0,r Q|U\E[O,k]

<12l s Flh@) <2 s Foh®)
(z,]v])€02x[0,k] (z,|h(v)])€N2%[0,k]

=[] sup F(z,z2). (18)

(z,|2])€ 2% [0,K]

From (17), (18) and (F3) it is easy to get that condition (iii) of Lemma 4 holds.

Thus, all the hypotheses of Lemma 4 are satisfied, and hence, according to Lemma 4,
there exist an open interval A C (0, 00) and a positive real number p > 0 such that for
any A € A, the quasilinear elliptic equation (1) has at least three weak solutions whose
norms are less than p. O

Theorem 2. Assume (V), (F1)—~(F2) and the following condition hold:

(F3*) There exists a constant M > 0 such that F(z,z) < 0, (z,|z]|) € 2 x [0, M]
and lim|;|_,o F(x,2) > 0 for x € £2 uniformly holds.

https://www.journals.vu.lt/nonlinear-analysis
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Then there exist an open interval A C (0,00) and a positive real number p > 0 such
that for any A € A, the quasilinear elliptic equation (1) has at least three weak solutions
whose norms are less than p.

Proof. By (F1), similar as the proof of Theorem 1, it is easy to know that hypothesis (i)
of Lemma 4 holds. Thus, we only need to verify hypotheses (ii) and (iii). In fact, it follows
from (F3*) that for any = € {2, there exists a sufficiently large

M po \'*
' 1, —
ol ()

such that F(z,t9) > 0. We take zo = 0, z; = sg = h™1(tg), then 1 < [to| = |h(s0)].
Denote r = o(M/c)P, we have

1 1 M\"
P(21) = */V(x)lh(SO)l” dz > =Vo|92[to|” > @()
rJ p ¢

:T'>0:@(Zo).

Thus, hypothesis (ii) of Lemma 4 is satisfied.
On the other hand, from (F2) and (F3*) we have

~(D(21) —1)¥(20) + (r — P(20))¥(21)
P(z1) — le’(Zo)
_ ) prfn x,h(sp)) dx prf_o x,tg) dz
"B(z) fQ z)|h(so)lPde [, V(x)|to? da
o(2)P [, F(x,to) da
|2V ltol?

RO

> 0.

=

Moreover, for &(v) < r, v € E, by (8) and Lemma 2 we have

@ 1/P 1/17
0(z)] < |[v]|s0 < cflv]| < c((”)) c(r) —M, zef
0 o

The above inequality and (h3) of Lemma 1 show that

— inf U (v)
ved=1((=o00,M])

= sup )W(v)g/ sup  F(z,h(v))dz

N

vEP—1((—o0,r] P |v|€[0,M]
< |42 sup F(z,h(v)) < |2| sup F(z,h(v))
(z,|v])€N2%[0,M] (z,|h(v)])€2x][0,M]
= |12 sup F(x,2) <0. (19)

(z,|z])€N2x[0,M]

(18) and (19) show that condition (iii) of Lemma 4 holds.
According to Lemma 4, the conclusion of Theorem 2 also holds. O

Nonlinear Anal. Model. Control, 26(4):702-717, 2021
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4 The existence of infinitely many solutions

In this section, we use an infinitely many critical points theorem to obtain the multiple
solutions result of problem (1).

Let E be a reflexive real Banach space, # : E — R be a (strongly) continuous, co-
ercive sequentially weakly lower semicontinuous and Gateaux-differentiable functional,
¥ : I — R be a sequentially weakly upper semicontinuous and Gateaux-differentiable
functional.

For all » > infg &, let

su oo V(2)) —¥(2
o(r) = inf (sup,eq L((—o0,r)) (2)) (2)
z€d—1((—oc0,r)) r—®(2)

and
= lim inf 0 = liminf .
v = liminf o (r), i inf o(r)
Lemma 5. (See [17].) Suppose E, @, U satisfy the above assumptions, then the following
conclusions hold.:

(i) If v < 400 then, for each A € (0,1/7), the following alternative holds: either
the functional & — N\ has a global minimum, or there exists a sequence {z,} of
critical points (local minima) of ® — AV such that lim,, , 4 o P(z,,) = +00.

(ii) If § < +oo, then for each A € (0,1/0), the following alternative holds: either
there exists a global minimum of @, which is a local minimum of & — AV, or
there exists a sequence {z,} of pairwise distinct critical points (local minima)
of ® — N\ with lim,,_, oo D(2,) = inf g @, which weakly converges to a global
minimum of .

Suppose f : 2 x R — R is continuous and denote

maxy <, F(x,t)de F(z,k)dx
[ = liminf fn s () , L = limsup M
K—+00 KP K— 400 KP

We state the result of the multiple solutions as follows:

Theorem 3. Assume that |/L < po/(cPV1|82|) hold. Then for any A € (V1]£2|/(pL),
0/(cPl), the quasilinear elliptic equation (1) has an unbounded sequence of weak solu-
tions in WHP(92).

Proof. Firstly, for any v € F, define

&(v) = %/ (|Vo|P + V(m)|h(v)|p) dz, ¥U(v) = /F(x, h(v)) dz.
[0}

0

Then @ : E — R is a continuous, coercive sequentially weakly lower semicontinuous
and Gateaux-differentiable functional, ¥ : E — R is a sequentially weakly upper semi-
continuous and Gateaux-differentiable functional.
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Take A € (V4]92]/(pL),1/(pcPl)), and let {x,} be a real sequence satisfying
lim,,—y oo K, = 00, and so we have
a w F(x,t)d
! — Tim inf J2 2201 - (z,t) dz. (20)

n—-+oo Kn

Let r, = o(kn/c)?, n € N, and consider $(z) < r,. According to (8) and Lemma 2,

we have
P 1/p . 1/p
)] < el <l <o P T <e(2) T = we
Y Y

Consequently, from (20) and (h3) of Lemma 1 one has

N

(SUP.ea1((—o0,rn)) P(2)) — ¥(2)

QO(T ) ze@*l(l?—oo,rn)) Ty — @(Z)
e, VC) ) _ iy, Sy Pl b)) da
 B(2)<rn T — P(2) = T
- Jomax|. <, F(x, h(2))dx - Jo max|pz)<n, Fx,h(z))dz
h Tn h Tn
Jomaxy <, Flz,t)de & [, max ., F(z,t)dz
= " = o , neN
which implies that
lim inf @(r )<ﬂ<—|—oo
’Y B r—-+4oo 80 0 ’

Now we show that the functional @ — AV is unbounded from below. To do this, we
take a real sequence {e,, } such that lim,,_, - e, = +00. Noticing (h8) of Lemma 1, we

have h(e,) > > boe/ @Y 5 00, n — 00, and then

= lim /F z¢n) = lim de. (21
n—-+o00 n——4oo h(en)P
Q

Let w,(x) = ep,n € N,z € (2, then we have

#un) = & [ Vi)t ar < T (e,
0]

and

V1|12

D(wy) — AN (wy,) < hP(en) — )\/F(a:7 h(ey,)) dz.

9}

We divide into two cases for L to prove that @ — AV is unbounded from below.
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Case 1. If L < +oo, choose 0 < ¢ < L — V4|§2|/(Ap), then by (21) there exists
Ny > 0 such that for any n > Ny, we have

/F(x, h(en)) dz > (L — €)h(ey,)".
Q

Thus,

Vil en) — x, h(e x
D)~ M (wn) < 0 c,) )\/F( h(en)) d

2

< Vllamh”(en) — ML = e)hP(en)
= hP(en) (Vlng - ML - e)).

It follows from the choice of e that V1|£2|/p — A(L — €) < 0, and then one gets
limy, o0 (P(wy,) — A (wy,)) = —o0.

Case 2. If L = +o0, we can choose sufficiently large My > Vi|£2|/(\p), and from
(21) there exists Ny, > O such that for any n > Ny, we have

/F(x, h(ey)) dz > Moh®(ey).
0
Consequently,

_ W MP@ — €T e xT
B(un) W) < (e, )\!F(,|h( D) d

V1|02
< th’(en) — AMoh? (en)
p

= hP(ep) (Vll)m - )\M0>.

It follows from the choice of M that

nh—>120 (P(wn) — A (wy,)) = —o0.
The above facts show that the functional @ — A\ is unbounded from below. According
to (i) of Lemma 5, the functional ¢ — \¥ admits a sequence {v,, } of critical points, that
is, {h(v,)} are exactly the weak solutions of the quasilinear elliptic equation (1). O

It follows from Theorem 3 that we have the following corollary:

Corollary 1. Assume (V) holds, and | < +oo, L = +oo. Then for any A € (0, 0/(cPl)),
the quasilinear elliptic equation (1) has an unbounded sequence of weak solutions in
Whr().
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Denote

~ W« Fz,t)d ~ F(z,k)d
[ = liminf fQ maxy<r F(@, 1) x, L = lim sup M
r—0t KP k—0+ KP

)

then, with help of (h3)—(h4) of Lemma 1 and arguing as in the proof of Theorem 3, we
easily obtain the following results:

Theorem 4. Assume (V) holds, and c?V4|2|l < Lpo. Then for any A € (V1|2|/(pL),

0/(cPl)), the quasilinear elliptic equation (1) has an unbounded sequence of weak solu-
tions in WP (92).

Theorem 5. Assume (V) holds, and | < +oco, L = +0c. Then for any X € (0, o/(c?l)),
the quasilinear elliptic equation (1) has an unbounded sequence of weak solutions in
WLp(92).
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