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Abstract. In this paper, the Hopf-zero bifurcation of the ring unidirectionally coupled Toda
oscillators with delay was explored. First, the conditions of the occurrence of Hopf-zero bifurcation
were obtained by analyzing the distribution of eigenvalues in correspondence to linearization.
Second, the stability of Hopf-zero bifurcation periodic solutions was determined based on the
discussion of the normal form of the system, and some numerical simulations were employed to
illustrate the results of this study. Lastly, the normal form of the system on the center manifold was
derived by using the center manifold theorem and normal form method.
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1 Introduction

In more recent decades, the bifurcation theory in dynamical system has become a research
hotspot, which is widely used in the fields of physics, chemistry, medicine, finance, biol-
ogy, engineering and so on [3,12,13,15,19,20,22,24,30-35]. In particular, the bifurcation
phenomenon of the system is analyzed, and the dynamic characteristics of the nonlinear
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model are characterized. In real life, the mathematical models to solve practical problems
have been described based on nonlinear dynamical systems, in which, how to study
the dynamic characteristics of the high-dimensional nonlinear system is very important.
In engineering, Toda oscillators (named after the Morikazu—Toda) refer to a dynamical
system employed to model a chain of particles with exponential potential interaction
between neighbors. The Toda oscillators model has been extensively applied in engineer-
ing [21,23,25]. It is noteworthy that it acts as a simple model to clarify the phenomenon
of self-pulsation, namely, a quasiperiodic pulsation of the output intensity of a solid-state
laser in the transient regime [16].

For the different control parameters of the chains of coupled Toda oscillators with
external force, most scholars have investigated the effect of external force (F,w) on the
system from the numerical continuation and experimental simulation, they suggest that
the system eventually produces the coexistence stable limit cycle in synchronous region
[10,11,17]. Under the action of external force (F,w), the coexistence stability limit cycle
is generated in the synchronous region. This shows that the final trajectories of the Toda
oscillators are asymptotically stable in the synchronous region, that is to say, there is a
regular stable transmission between the oscillators, and the industrial productivity reaches
the maximum. Thus far, the bifurcation phenomenon caused by coupled delay in nonlinear
differential equations has been extensively studied, especially, the Hopf-zero bifurcation
[1,2,4,5,18,26-29], but no studies have been conducted on the Hopf-zero bifurcation of
the ring unidirectionally coupled Toda oscillators with delay as we know today. Therefore,
it is of great significance to probe into the Hopf-zero bifurcation of system (1). Under
the guidance of the bifurcation theory, our study is majorally under the premise that the
external force does not exist (considering only the coupled effect between oscillators).

In this study, we investigate the ring system of three unidirectionally coupled Toda
oscillators [6]

1 = y1,

g1 =1 —exp(z1) — ay1 + vH(v3) + Fsin(wt),

To = Yo, 0
Y2 =1 — exp(x2) — ayz +vH(21),

T3 = ys,

Y3 =1 —exp(z3) — ays + vH(z2),

where =1, Y1, T2, Y2, 3 and y3 are the dynamical variables of system (1), « is the damping
coefficient, y is the coupled coefficient (v > 0), H(z) = exp(z) —1 is the coupling func-
tion, F' and w represent the amplitude and the frequency of the external force, respectively.
The symbol (F,w) denotes the effect of external force on the coupled system (1). In [6],
with XPPAUT software package, the author has summarized the dynamic characteris-
tics of system (1) with numerical integration of differential equations and Runge—Kutta
method, such as exponential spectrum, projections of phase portraits, bifurcation diagram
and periodic multiplier on the parameter plane. The author mainly investigated the pecu-
liar phenomena of the ring structure of the coupled oscillators with the change of coupled
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Figure 1. The ring of unidirectional coupled Toda oscillator model with time delay. Arrows denote coupled
direction.

coefficient v under the effect of external force (F,w). In other words, with the threshold
of self-oscillation birth, the further increase of coupled coefficient v will be followed by
the new ring resonance phenomenon, besides when the threshold of self-oscillation birth
is exceeded, the interaction between external oscillations and the inner oscillatory mode
of system (1) will result in the synchronization region in the parameter plane [6,7].

In the small neighborhood of the equilibrium point of system (1), the coupled time
delay should be considered since the propagations between oscillators x1, o and x5 are
no longer instantaneous. Assuming (F,w) = 0, system (1) generated the rich dynamic
characteristics with the joint change of the coupled coefficient ~y, the coupled time delay
7 and control parameters. Furthermore, the appropriate coupled time delay is introduced
to facilitate the understanding of high-dimensional bifurcation analysis followed by the
generation of a new Toda oscillators model with delay, and the coupled direction in the
model is shown in Fig. 1.

In this paper, we mainly study the dynamic behaviors of the following simplified
system:

Ty =y,

71 =1 —exp(z1) — ayr + y[exp(zs(t — 7)) — 1],

Ty =y,

U2 = 1 —exp(xz) — ayz + y[exp(1(t — 7)) — 1], @
T3 = Y3,

U3 =1 —exp(a3) — ays + V[GXP(@@ - T)) - 1]‘

In engineering fields, such a time-delay feedback indicates an unidirectional interaction
between oscillators x1, x5 and x3. That is to say, the dynamic characteristics of system (2)
are determined uniquely by the effect of connection when the oscillators have coupled
delay in a ring structure.

The rest of the paper is organized as follows. In Section 2, the existence of Hopf-zero
bifurcation in the ring of unidirectionally coupled Toda oscillators with delay is consid-
ered. In Section 3, according to the normal form of system (2), the dynamic bifurcation
analysis and numerical simulation are conducted. Lastly, in Section 4, the conclusion is
drawn.
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2 Existence of Hopf-zero bifurcation

In this section, we will give the existence conditions of Hopf-zero bifurcation of sys-
tem (2). To convenience for expression, we make the following assumptions:

z1(t) = ui (1), y1(t) = ua(t), wa(t) = us(t),
ys(t) = ua(t),  a3(t) =wus(t),  ys(t) = us(?).

Then system (2) can be written as

ul = U2,

iy =1 —exp(uy) — aug + V[GXP(Us(t - 7')) - 1]7

1-143 = Uy,
' 3)
g =1 —exp(uz) — auy + V[GXP(Ul(t - T)) - 1]7
Us = Ug,
g =1 — exp(us) — aug + V[GXP(U:i(t - T)) - 1]'
Clearly, system (3) is equivalent to system (2), where (u1, ..., ug) = (0,...,0) is an

equilibrium point of system (3). The characteristic equation according to the linear part
of system (3) at the equilibrium point is given by
(oA + A2 +1)% — 42 3 = A3 (W) A5(M)A5(N) = 0, (4)
where
AL(N) = ad+ A2+ 1 —ye 7,

1
Ay(N) =aX+ X2 +1— §~ye*“ + i?ve’”,

1
Az(N) =ad+ A2 +1— ifye*” - i?ve*”.

There exists three types of bifurcations as follows:

Case 1: Fixed-point bifurcation. Substituting A = 0 into equation (4), we obtain
v = 1 under which the three roots of equation (4) with 7 = O are Ay = 0, A\g3 =
—1/2 4 /3i/2, then system (3) undergoes a fixed-point bifurcation.

Case 2: Hopf-bifurcation. Substituting \ = iw; (w; > 0, i2 = —1) into A;(\) = 0
and separating the real and imaginary part, we obtain

coswiT =1 —w?, sinwiT = —aws. )
Then the time delay 7 can be solved from system (5) as

8 = L 2r( 4 1) - avccos(1 - )] ®

http://www.journals.vu.lt/nonlinear-analysis
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where j = 0,1,2.... Under the assumption 0 < o < /2, we have w; = V2 — 2.
After a simple calculation, the transversality conditions are shown by

AT at2r 7
dr T de M)
-1
Re<d>\> =2—0a%>0,
dT 1

T=T
J

(7

where “Re” represents the real part.

Next, let A = iwq, (wo > 0) be the root of Ay(A\) = 0. It is not difficult to verify
that A\ = —iws is the root of A3(\) = 0. In order to study the distribution of the roots
of A3(\) = 0, we only need to investigate the distribution of the roots of A2(A\) = 0.
Substituting the root A = iws into A3(\) = 0 and separating the real and imaginary parts,
we obtain

1
COSWaT = 5(—w§ —V3aws + 1),
®)
1
SinweT = 5 (\/§(w§ — 1) — awz),
then the time delay 7 can be solved from system (5) as
7w27\/§aw 1 .
o i[arccos(%) + 2jm], V3(w2 —1) — awy >0, ©

L[(2) + 1)1 — arccos( A=Yty /502 1) — aw, < 0.

Under the assumption 0 < a < V2, we have wy = v/2 — a2. After a simple calculation,
the transversality conditions are shown as follows:

(d/\)_l B o+ 2)
dr )\e—)\‘r(_% +i ) —

!
Re() =2—-a%>0.
dT 2

T=T%
J

%
>3

(10)

Case 3: Hopf-zero bifurcation. Combining cases 1 and 2, we have the following
theorem.

Theorem 1. Assume v = 1 and 0 < a < V2, we have wy = wie = V2—al
The critical time delays and the transversality conditions are given by systems (6), (9),
(7) and (10), respectively. Moreover, when T € [0,70), where 79 = min{7a, 73}, the
roots of characteristic equation (4) are O and —c«. Then the Hopf-zero bifurcation occurs
associated with eigenvalues 0 and +iw of system (3). When T > 1y, the trivial equilibrium
of system (3) is asymptotically unstable.
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3 Hopf-zero Bifurcation analysis and Numerical simulations

In the present section, a clearer analysis of the dynamic bifurcation of system (3) is to
be conducted. The normal form on the center manifold of system (3) is reduced to the
following form:

i1 = iwzy + (a1 + a12p2)21 + arzzixs + (biy + c11)zias
+ (b12 + 612)1’1$§ + h.O.t.,
iy = —iwwy + (@110 + Gr2pa) T2 + G132 + (D11 + C11)zias (11)
+ (7)12 + 512)$1CL§ + h.O.t.,
5.63 = a2142T3 + 31212273 + h.o.t.
The detailed calculation and analysis of system (11) are made in the Appendix. Since
T1 = T9, through the change of variables 1 = a1 — ig, 2 = a1 + ie, x3 = a3 and
x 29 = p?, if we use double polar coordinates or; = pcos x, ay = psinx, az = (, then
we get 1 = pe X = pcosy —ipsiny, xo = pe'X = pcos x +ipsiny, r1z2 = p?, and
system (11) becomes
p = (Re[a11]p1 + Relara]uz) p + (Re[bi1] + Re[ena]) p°
+ (Re[b12] + Relei2]) p¢? + Refais]p¢ + heo.t.,
¢ = azpal + es1p°C + hoot.,
X =— [(Im[alﬂ,ul + Im[alg],ug) + w + Im[aq3]¢
+ (Im[by] + Imen]) p® + (Im[bi2] + Imfe12]) %] + heo.t.
Since the third equation describes a rotation around the y-axis, it is irrelevant to our

discussion, and we shall omit it. Hence we get the system in the p, (-plane up to the third
order

) = k1 ()p + B11pC + Baop” + Br2p¢? + ho.t.,

; (12)
¢ = k()¢ + 121p°¢ + heont,
where
k1(p) = (Refarn]pn + Refara]pa), ka(1) = agpe, Mot = C31,
Bu=Relas),  fio = (Relbna] + Relera]), S0 = (Relbu] + Refens]).

From Section 2 we have e*'™ = TFiaw—w?+1, then the coefficient 31, is sufficiently
small. For simplicity, we only discuss the case of 517 = 0. So system (12) becomes

p = r1(p)p+ B3op” + Pr2pC* + heovt.,

; (13)
¢ = ra(p)C+ 7721p2C + h.o.t.

System (13) is equivalent to system (3), we can analyze the dynamic behaviors of sys-
tem (13) in the neighborhood of the bifurcation critical point, which are obtained by

http://www.journals.vu.lt/nonlinear-analysis
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p = ¢ = 0. Note that: My = (p,¢) = (0,0) stands for the coexistence equilibrium point;

Mi=(p,{)=(/—r1(1)/B30,0) is a Homogeneous periodic solution for x1 (1) /F30 <0;
My = (v/—r2(w)/m21, £/ (Baok2 (i) — n21k1 (1)) /(Branar)) is a pair of inhomoge-
neous periodic solutions for ko (1) /n21 < 0 and (Bsor2 (1) — ne1k1(1))/(Brane1) > 0.

When p = 0, system (13) has no solution, then the spatially inhomogeneous steady
states does not exist.

In order to give a more clear bifurcation picture, we choose o = 1.35, which satisfy
the assumption 0 < o < v/2 of Theorem 1. Then we have

w=1+2-0a%2=0421307, —V3aw—w?+1=-0.16263 <0,

1
o = ;(277 — arccos(l — w2)) = 13.4775,
1 —V3aw —w? +1
(27T — arccos( V3ow —w? + )) = 10.9919.
w

2

We take 79 = Tg = 10.9919, the characteristic equation (4) has a zero root and a pair
of purely imaginary eigenvalues +0.421307i, and all the other eigenvalues have negative
real part. Assume that system (3) undergoes a Hopf-zero bifurcation from the equilibrium
point (0,0, 0,0,0,0). After a simple calculation, we get 830 = Re[b11+c¢11] = 0.534691,
512 = Re[bu + 031] = —455396, 21 = Re[Cgl] = —407092, K1 (/J) = 00359584/11 —
0.0873093 2, k2(p) = 0.890617 1.

By analyzing the above contents we can obtain the bifurcation critical lines

Ly: {(k1(p), ra(p) | k() =0, Ka(p) <0)},
Loz {(k1(w), ka(p) | m1(p) <0, ra(p) = —7.61359%1(u)) },
Ls: {(k1(n), k2(p) | k1(p) =0, ka(p) > 0)},
Ly {(r1(n), m2() | a(p) > 0, ko) = 0)}

and phase portraits as shown in Fig. 2.

From [14] the dynamic characteristic of system (13) in D;—Dy4 near the critical
parameters (o, 7o) are as follows:

In D, system (13) has only one trivial equilibrium My, which is a sink.

In D, the trivial equilibrium (corresponding to M) becomes a saddle from a sink,
and an unstable periodic orbit (corresponding to M) appears.

In Ds, the trivial equilibrium (corresponding to M) becomes a source from a saddle,
the periodic orbit (corresponding to M;) becomes stable, and a pair of unstable periodic
solution equilibria (corresponding to MQi) appears.

In Dy, the trivial equilibrium (corresponding to M) becomes a saddle from a source,
the periodic orbit (corresponding to M) remains unstable, and the unstable periodic orbit
(corresponding to MQi) disappear.

Nonlinear Anal. Model. Control, 26(3):375-395
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Figure 2. (a) Bifurcation diagrams of system (13) with parameter (x1(u), k2()) around (0,0); (b) phase

portraits of region D1—Djy.
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Figure 3. Region Dj: the stable trivial equilibrium point of system (3) with initial values (—0.012, —0.05,

—0.08, —0.015, —0.0015, —0.0135).
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Figure 4. Region Ds: the solution curves of system (3) with initial values (—0.0492, —0.05,0.051,0.055,

0.0415, —0.035).
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Figure 5. Region Ds3: a stable periodic solution of system (3) with initial values (—0.012,0.015, —0.016,
0.014,—-0.013,0.011).
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Figure 6. Region Dy: the solution curves of system (3) with initial values (—0.02, —0.05, —0.04, 0.052,
0.011,0.043).

The first, we choose a group of perturbation parameter value: (x1(p), k1(p)) =
(0.012,—0.1), which determined by (1, 12) = (0.012,—0.1) and belong to region D,
(see Fig. 3).

The second, we choose a group of perturbation parameter value: (k1(u), k1(p)) =
(—0.006, —0.0116), which determined by (y1, p2) = (—0.2, —0.013) and belong to the
region D5 (see Fig. 4).

The third, we choose a group of perturbation parameter value: (k1(u),x1(p)) =
(—0.00141,0.089), which determined by (1, 42) = (—0.015,0.01) and belong to the
region D3 (see Fig. 5).

The last, we choose a group of perturbation parameter value: (k1(u),k1(u)) =

(0.0045,0.0089), which determined by (u1,p2) = (0.15,0.01) and belong to the
region Dy (see Fig. 6).
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4 Conclusions

In this paper, we have investigated the Hopf-zero bifurcation in the ring of unidirectionally
coupled Toda oscillators with delay. We mainly conclude the singularity in a small enough
neighborhood of system (3) near equilibrium point, such as the phenomenon of stable
coexistence periodic solution and unstable quasiperiodic solution caused by the self-
pulsation without external force (F, w). Moreover, the Hopf zero bifurcation of system (3)
on the parameter plane is determined according to the change of control parameters
(11, pi2) and the time delay 7. It shows that there may exhibit a stable trivial equilibrium
point, an unstable periodic equilibrium point orbit and a pair of unstable periodic solutions
(see Fig. 4(b)). Firstly, the stability of equilibrium and existence of Hopf-zero bifurcation
induced by delay were discussed through characteristic equation. It is then followed by
the normal form on the center manifold so that the bifurcation direction and stability
of Hopf-zero bifurcation could be determined. Finally, in two-dimensional space, we
presented numerical simulations to illustrate a homogeneous periodic solution bifurcating
from the positive equilibrium when o« = 1.35 and 7 = 7.

According to the physical meaning of the Toda oscillator model, the trajectory of the
oscillator in the synchronous region is asymptotically stable because the more stable the
system is, the more regular the transmission between the oscillators is, and the higher
the industrial productivity is. In our conclusion, Hopf-zero bifurcation of the model with
(F,w) = 0,7 = 1 occurs when the control parameters « and time delay 7 vary in a small
range. Then we find that the dynamic characteristics of system (3) will change from
stable to unstable, that is, an unstable region will be generated near the equilibrium point.
However, the neighborhood is small enough to be ignored in industrial production and can
almost be regarded as a stable region. We further confirm that the effect of time delay and
the mutual coupling between oscillators will eventually lead to the synchronization region
in the parameter plane indicating that the external oscillations and internal oscillations of
the system are equally important. Therefore, it is meaningful to analyze the Hopf-zero
bifurcation of the Toda oscillators model without external intervention (F,w).

Appendix

In this section, we will derive the normal form of system (3) by using the Faria and Ma-
galhdes method [8, 9] regrading -y and 7 as bifurcation parameters. Suppose 0 < o < v/2,
then system (3) undergoes a Hopf-zero bifurcation from the trivial equilibrium at the
critical point (v, 7) = (1, 7). After scaling ¢t — ¢/, system (3) can be written as

1'L1 = TUsz,

g =7 — Texp(uy) — Taus + 7 [exp(u5(t — 1)) - 1],

U3 = TUy,
co (A1)
Uy =7 — Texp(ug) — Tauy + 7Y [exp(ul (t— 1)) — 1],
?.L5 = Tug,

Ug =T — Texp(u5) — TQue + 7Y [eXP(UB(t - 1)) - 1]'

http://www.journals.vu.lt/nonlinear-analysis
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Consider the linearization of system (A.1)

X(t) = LoX,.

Choose the space C' = C([—1,0],R%) and, for any ¢ € C, define that ||¢| =
SUp_1<g<o |#(0)], then the phase space C' can be chosen as the Banach space of con-
tinuous function from [—1,0] to R3 with the supremum norm. Since L is a bounded
linear operator, then we define

0
Lop = / a(0)p(6), peC,

—1

where 7 : [—1,0] — R3*3 is a matrix-valued function whose components are bounded
variation, and its definition is given by

0, 0+£0,
77(9) :TON15<9)+TQN2(5(9+1), (5(6) = {1 9750
and

0o 1 0 0 0 0 000000
-1 —a 0 0 0 0 00 0O0T10
o 0 0 1 0 0 000000
Ni=149 0o -1 -2 0 ol No=17 000 0 0
o 0 0 0 0 1 000000
0o 0 0 0 -1 -« 001000

Take the Taylor expansion of system (A.1) at the equilibrium point, and let v = p1+1,
T = p2 + 70. Set p = (w1, p2), then p is the bifurcation parameter, and system (A.1)
becomes

U1 = (u2 + 70)u2,
Uy = (p2 + 70)(—u1 — auz) + (p2 + 70)(p1 + Dus(t — 1)

+ (p2 +To)<—1§ - uj) + (p2 +70) (1 + 1)<u§(tz_1) + ug(tG_l)),

Uz = (p2 + 7o) U4,

Uy = (po + 70)(—usz — aug) + (2 + 70) (1 + Dug (t — 1) (A2)

Hm+mm1§§>+Wﬁrmm+n<m%ly+ﬁ%1»,

s = (p2 + 7o) us,

U = (2 + 70)(—us — aug) + (p2 + 70) (11 + Dug(t — 1)

Hm+mmqé@>+Wﬁﬂﬂm+D<%aly @@16.

2 * 6
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Let
X = (ul,UQ,Ug,U47U5,U6)T,
F(Xi,p) = (F2+F}, F} + F}, F} + F§, F§ + F}, F2+ F2, F2 + F¢)",
where

2 3
Fl :,LLQUQ, Fl :0,
) 2

F3 = po(—u1 — qus) + (7o + pro)us(t — 1) — 5 1+ 2 5(t—1)
+
F§ = pupaus(t — 1) = P20 = 0ud 4 B0 TR 2¢0 1) 4 31— 1),
2 6 2 6
F3 = pisuy, F$ =0,
-
Ff = po(—us — qug) + (pamo + po)us (t — 1) — 20 §+50 ui(t — 1),
T To + T
F = o (¢ — 1) = P20 = 0 BOTR2 2000y 4 e - 1),
2 6 2 6
F52::u2u67 Fg’:Oa
T T
F62:#2(*%*OKUG)+(H170+H2)U3(t*1)*50 uf + 20 uz(t — 1),
T To +
F3 = ppous(t — 1) — %ug - Jult wug(t 1)+ Eu?,(t ~1).

Then system (A.2) can be transformed into

N

X(t) =L X: + F(Xt,p), Xe=X(t+6), —-1<6<0,

and the bilinear form on C' and C* (x stand for adjoin) is

0 0
<w<s>,w<6>)=w<0>w<0)—//w§ 0)dn(6.0)p(€) dE, ¢ € C*, p e C,

©(0) = (91(0), ©2(0), 03(0), 04(0), 05(0), ps(0)) € C,
Y(s) = (¢1(3)a¢2(5)7¢3(5)7¢4(8)7¢5(8),we(s))T e C*.

Because L has a simple 0 and a pair of purely imaginary eigenvalues +iwy, all other
eigenvalues have negative real part. Let A = {iwy7y, —iwgTo,0}, and let P4 can be the
generalized eigenspace associated with A and P} the space adjoint with P4. Then C can
be decomposed as C' = Py @ Qa, where Q4 = {p € C: (¢, ) = 0forall ¢y € P}}.
Choose the bases @ and ¥ for P, and P} such that (¥(s),d()) = I, & = &J and
—¥ = J¥, where J = diag(iwg7o, —iwg7o, 0). Suppose that the bases for P, and P} are
given by

— (¢1(6),61(0),02(0)),  W(s) = (1(6),v1(6),v2(6)) ",
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where

$1(0) = ™% (1, iwg, 1,iwp, 1,iwp) T, #2(0) = (1,0,1,0,1,0)T,
7;[}1 (0) Defis‘rowo
X ( a+1w0 —2iTowo ef2i-row0’ (a+iw0)ef4”°‘”°, 67417'(](.«)[)7 (a+in), 1)’
lbg(e) = Dl(a, 1,04, 1,a 1)
D

[(1 4 e—217’0w0 + e—417-0w0) (Toe—irgwo + 2iOJ0 + Oé)] —17

= [Ba+m)] "

Thus system (A.2) becomes an abstract ODE in the space BC', which can be identified
as C' x R3

du
o = Au+ XoF(ur, ). (A3)

The elements of BC can be written as ¢ = ¢ + ngc with p € C, ¢ € R3, and

0, 6el-1,0),
0 =
() {I, 6=0,

where u € C' and A is defined by

A: C — BC, Au =1+ no[Lou—u(0)]
and
Fu,p) = [L(p) — Lo]u + F(u, p).
Then the enlarged phase space BC' can be decomposed as BC' = P4 @ Kerw. Let

= ®z(t) + y; with z(t) = (21,22, 23)", yr € Q' := QN C' C Kerm, and Ag is
the restriction of A as an operator from Q' to the Banach space Ker 7, namely,

uy (6) elfTowo ) e 70700 gy 4 25 + 11 (6)
uz(0) iwpel? w0z — iwge 1T zy 4 g5 (6)
us (0) _ eiG‘r(?woxl + efiGTow0:?2 + 3 + y3(0)
ua(6) itwge o0z — iwge 0700z, + 14 (6)
us(0) elf0Towo ) 70T Ty 4 25 + y5(6)
u(6) iwge w0 zy — iwge 0w 1y + g (0)

Equation (A.3) is decomposed to the form
& =J+W(0)F(Px +yy, ), i = Agi ¢+ (I — )Xo F (D + ys, ).

Using the method of Faria and Magalhies [8, 9], the above system can be written as

x—JerZ =1 @y ), y_AQlyt+Z wiy7 n), (A4

]>2 ]>2
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where f;(z,y, ) is homogeneous polynomials of degree j about (z,y, 1) with coeffi-
cients in C3. Here, define M; to be the operator in Vj5 (C? x Ker ) with the range in the
same space by

Mj: V2 (C?) = VP (C®),  (M]p)(x,p) = Dapla, p)Jz — Ip(x, ),

where Vj5 (C?) represents the linear space of the second-order homogeneous polynomials

in seven variables (1, T2, T3, i1, fl2) With coefficients in C3, and it is easy to verify that
one can choose such a decomposition

V3 (C?) =Im(My) @ Ker(My),  V5(C®) =1Im(M3) & Ker(Ms),

where Ker (M) and Ker(M3) represent the complimentary space, respectively, and the
span elements of Ker(M3) are

{x%eg, T1To€3, T1jki€3, [412€s, TaT3€s, Toll;€2, T1T3E1, :cl,uiel}, i =1,2.
Similarly, we can get that Ker()M3) is spanned by
{1‘363, T1xo2x3€3, U1H2T3€E3, $§Mi€3, HiZ1T2€3, ,u?l‘3€3,
(Egl‘geg, 1‘11‘%62, xgu?eg7 12T 2€2, /14121'2627 x%xlel,

2 2 .
T1T2€1, UiT1T3€1, [ T1€1, M1H21161}, 1=1,2.

Let
Y1 Y12 Yz e Yis Yie
U(0) = | 21 o2 thaz thoa a5 o6 |,
P31 Y32 P33 Y3 P35 P36
where
P11 = De?T0%0 (o —iwy), 19 = De?iTowo, 13 = DeliT0%0 (o —iwy),
b4 = DetiTowo, Y15 = D(a—iwp), g =D
Vo1 = De” 20 (at+iwg), g = De” 20w, P23 = De™ M0 (i),
toq = De~HT0w0, Y95 = D(a+iwg), 26 = D,

P31 = P33 = Y35 = D1, W32 = P34 = P36 = D1.

Next, we will do a little more detailed calculation:

1 1
@ (0)F (24, p) = gle(x, Y, 1) + gfé(:v, y, 1) +ho.t.

Y11 F? + 10 FF + Y13 FF + p1aFf + 15 F2 + 16 FE
Vo1 FE + 100 F3 + o3 Fg + 1oa FZ + a5 F2 + b FE
a1 FE + 32 F5 + 33 F5 + haa Ff + thas F2 + a6 Fg
1/}12F23 + ¢14F4:13 + wlﬁFg
+ | Y22 F3 + voaF} + o6 F§ | + huout.,
V32 F3 + Ysa Fy + )36 Fg
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then we have

1 Vi1 FE 4 V12F3 + 13FF + 1aFf + 15 F2 + YieFg
Ele(l‘,yvli) = | Y21 F2 + Yoo F5 + o3 F3 + 1oa Ff + o5 FZ + hos FE
’ V1 FE 4 Y30 F3 + 1033 F3 + s Ff + a5 F2 + se P

and
1, V12 F3 + Y14F} + 16 F3
gf?, (z,y, 1) = | V22 F5 + Voa F} + o F
' V32 F3 + Y34 F + a6 3

On the center manifold, the first equation of system (A.4) can be transform as the
following normal form:

1 1
T=Jz+ Eg%(x,(),u) + 5g§(1’,0,0) + h.o.t.

with 921 (x7 Oa /u‘) - PrOchr(le) f21 (I’, 07 M) and g% (g:? Oa /u‘) - PrOchr(M:%) f31 (I‘, 07 :u)

Step 1. Calculate g2 (z,0, u1):

1 1 .
igé(%ovﬂ) =5 Projer(ary) o (2,0, 1) + O(|p?])

(@111 + a12p2)1 + a132123
= (@11p1 + Gr2p2) T2 + Q132223 )
2
(@211 + a2opi2)xs + a23x1T2 + a2473

where
a1y = De—irgwo (6217'00.)0 4 e4iTgw0 + 1) (1 4 (wg _ :l)eirgcuo)7
(13 = _DToefiTowo (ei‘rowo _ 1) (e2i7'0wo 4 e4i7’()w0 + 1)’

az1 = 3D azs =0, azz =0, az4 = 0.

Step 2. Calculate g3 (z, 0, ;1) according to the expression from [27] as follows:

1
5193(@,0,1)
. 1z
= Pro.]Ker(Ml) Qf?} (z,0,p)

= Projger(ar; f3 (,0,0) + O(|uf*|2]) + O(|ullz|?)

)3!

- ProJKcr M1 f3 (.’E O 0)

) 31
+ Prolicaag) |1 (De2) 0,003 (,0) + 1 (Dy}) (,0,0)U3(x,0)|.
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We need to calculate step by step. First, calculate Projg (a1 (1/3") f4(x,0,0):
1 - DO, (—65 + 63)
51/3(2,0,0) = | DOI(-05 +6%) |,
' 3D:(=63 + 63)
where
0, = (1 + e2imowo 4 64170”0)7 Oy =21 + 29 + 23,

93 — efl‘l’[)u}()m1 + elTOwOZQ + x3’

then we have

2 2
biixixs + biaz123
; 1 5 2,7 2
Projker(ay) f3(2,0,0) = | brizias + biowars |
3
bo1217273 + ooy

1
3!

where
by = bya = —%DT()@l(l — e imowoy, b1 = baz = 0.
Second, calculate (1/4) Projge,(arg)[(Dz f3 (x,0,0))U3 (, 0)] since
Uy (2,0) = Us (, 1) | =0 = (My) ™" Projyary fa(2,0,0) = (11,72, 13) ",
where

Y, = % 22 (e—2iTowo _ glitowo) _ g3=1,2 (Gitowo _
1 1 2
1Wwo

— Zoxs (elTOWO o e21‘rowo + e3lT0w0 o e41‘rgwg + eSl‘rgwg o 1) }’
T, — Dy {3’1:52 (efﬁirowo . 1) _ 2 (GZi‘rowo . e"“TWO)
2 — iOJO 1 2
+ T1T3 (efi‘l'owo + 675i7—0w0 _ 67417'00.)0 + ef3i7'00.)0 _ 672i7—0w0 _ 1)}
)
e = %{2*1$2 (e*QiTowo o 1) . 2711,2 (e2i‘row0 _ 1)
3 in 1 2

— 2913 (eimwo — 1) + 2x123 (e*imwo — 1)}
with the elements of Im(M3) (1 = 0)

2 2 2
{961372617 L2T3€1, L1€1, To€1, T3€1, T1X2€2, T1T3€2,

2 2 2 2 2
Tr1€2, Ty€2, T3€2, T1X3€3, T2X3€3, T1€3, 1'263}.

Then we have

811 812 813
D,(f3(2,0,0)) = | g21 &2 82|,
231 832 833
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where
g11 = 2D7001 (— (1 + x3) + (T10 27090 4 700 g5)),
g2 = 21_)7'0@1( (x2 + x3) + (62”0“’03:2 + eiTO‘*’Omg)),
g13 = 2D7001 (— (21 + z2) + (2167700 4 29e040)),
g1 = 2D7001 (— (1 + x3) + (z10 27090 + 700 g5)),
g2 = 2D7001 (—(x2 + x3) + (09025 4 090 33)),
823 = 2D7001 (— (w1 + x2) + (1€ iTowo | 22€' 7040 )

g31 = 6D170(—O2 + (w17 270 f 1y + @700 3)),

32 = 6D179(—O2 + (21 + €20z, + €00 13)),

833 = 6D179(— (21 + 32) + (1677090 + 29e040)),
Combining to the above, we obtain

2 2
1 C1121%2 + C122123
. 1 1 _ 2 2
Projker(ary) E(Dwa )(2,0,0)Uy (2,0) | = | corx125 + cooxa23 |
C312122%3 + 63215%

where
DT26761T00.10 ) . . .
e = 0 i (9D1641mw0 (elT()w() + 6617'00-)0 o e71'rgwo o 1)
1210.}0
i 2
—2D(—1+ e%mw0) %),
DDTQG—E}iTOwO . . . . . 9
Cla = — O. (el‘l'owo _ teTowo _|_e317-0w0 _ e41TgW0 + e517’0w0 _ 1) )
2iwg
C21 = Cl1, C22 = C12,
3D17_2675i7'0w0 . 9, . . .
C31 = 0. (71 +elTow()) (elT(]w() +621‘row0 +edl7'0wo +e41‘r0w0
21w0
+ eSl'rgng + 1) (7D + DeBVrowo)’
C3g — 0.

Step 3. We compute Projy e, (az1)[(Dy f2)(2,0,0)U3 (2.0)]. Define h = h(z)(0) =
UZ2(z,0). Then we have

R (6) hiooe? 1 + h(()20372 + By a1ws + iy wams

h2(0) héo)o 1+ h((J22)0 T3+ h%)lxlmfi + h(()1)1$2333

h(9) = hzz; (9) _ h%?(’))oxl + h%g)ox% + hé%)lx 123 + honxgxg
W) | | g s g

©)(g h200$1 + h 0332 + h101331933 + ho11$2333

R (6) hgo)o 1+ h(()g)o 23 + hig 1@ + hi) w213

2 2
= haooT + ho20Ts + hoo223 + hi10T122 + 1012123 + ho11 7923
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and
F2(®x,0) = Aggox? + Ag2023 + Agoazs + Ar1oz129 + Aro12123 + Ag112973,

where h200, 7020, Poo2, P10, 101, ho11 € QY. Aiji € C% 0 < i,j,k < 2andi+j +
k = 2. Comparing the Coefﬁcient§ of m%, x%, xglxlmg, 123, Toxs from the equation
Ago2 = A110 = 0 and hago = ho20, h101 = ho11, we can get hgga = hi19 = 0.
According to the definition of A1 and 7, we obtain that hogo, k101 satisfy the following
differential equations, respectively:

hago — 2iwoTohao = P(0)¥(0) Aso, hio1 — iwoTehio1 = B(O)¥(0) Ayor,

h200(0) — L(h200) = Az00, h101(0) — L(h101) = Aso1.
Since
0
(61 +11(0))? — (O3 + y5(—1))?
2 2 7o 0
o 0) = AP0, 00 = =5 1 (6, 4 5a(0))? — (05 + ma(~1))2 |
0

(01 +95(0)* — (O3 +y3(—-1))*
we have

%le(x, y,0) = U(0)F*(®z +y, 0)

De? 00 [—(01 + y1(0))* + (O3 + y5(—1))?]
+Detim0w0[— (O +y3(0))? + (O3 + y1(—1))?]
+D[— (01 +y5(0))* + (@3 + y3(—1))?]

De~ 20w [ (01 +y1(0))? (93 +y5(—1))?]

=T +De~ 47090 [—(O1 + y3(0))* + (O3 + y1(—1))?]
+D[ = (©1 +y5(0))* + (O3 + y3(~1))?]

D1[=(01 4+ 1(0))* + (O3 + y5(—1))?]
+D1[—(61 + y3(0))* + (O3 + y1(—1))?]
+D1[—(601 +y5(0))* + (O3 + y3(—1))?]

(

]

Continue to find the derivative of y and get the value of D,, f5 (z,0, 0)). Then we have

De?imowo[—@1 h1(0) + e?iTowo@5h1 (—1)]
D[ —etim%00, h3(0) + O3h3(—1)]
+D[—@1h5 (0) + 62i70w093h5(—1)]

1 1 De—2imowo [ - @1h1(0) + G_Qimw()@z;hl(—l)]

ZDyf; (z,0,0)h(0) = 370 +D[—e~ 410w 09 h3(0) 4+ O3h3(—1) . (A5)

D[~6113(0) + e~ 270w 9315 (—1)
D1[~61h(0) + O3 (~1)]
D1[-01h%(0) + O3h°(~1)]
D1[=01h%(0) + O3h°(-1)))
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By expanding the original equation F'2(®x + 3, 0) we have

(_1 + e—21'rowo) (_2 + 26—1700-10)
0 0
Asopo = (_1 + e—Qi‘Fowo) y Ao = (_2 + 2e—i~r0w0) )
(_1 _~_67217'0w0) (_2 _’_26717()(‘)0)

s A3, = A = A = A, = AB) = A 0, en 8y = 15, — 45 —
h%)o = h(;(’))o = hg%)o = 0. So we know that A () = h3(0) = h®() = 0. According to
system (A.5), we have Proj.,(a1) [(Dy f3)(2,0,0)U3 (2.0)] = 0.

From Steps 1-3 the normal form (11) has been obtained.
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