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Abstract. In this paper, we investigate the stabilization of a one-dimensional thermoelastic
laminated beam with structural damping coupled with a heat equation modeling an expectedly
dissipative effect through heat conduction governed by Gurtin—Pipkin thermal law. Under some
assumptions on the relaxation function g, we establish the well-posedness of the problem by using
Lumer—Phillips theorem. Furthermore, we prove the exponential stability and lack of exponential
stability depending on a stability number by using the perturbed energy method and Gearhart—
Herbst—Priiss—Huang theorem, respectively.

Keywords: laminated beam, Gurtin—Pipkin thermal law, well-posedness, exponential stability, lack
of exponential stability.

1 Introduction

In this paper, we investigate the well-posedness and asymptotic stability of a thermoelastic
laminated beam with structural damping and Gurtin—Pipkin thermal law, i.e., for (z,t) €
(0,1) x (0, +00),

PPt + G('(/) - QOL)L =0,

Ip(SU} - w)tt - D(3w - ql))xz - G("/) - Qaz) + 60£ = Oa

4 4
I wyy —wax+G(¢—<ﬂm)+§’7w+§awt =0, QY
1 oo
Ko — / 9(8)02s(t — ) ds + 5(3w — )y = 0
0
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with the initial and boundary conditions

e(2,0) = po(z), ¥(z,0) = o(z) z € [0,1],
w(x,0) = wo(z), O(z,0) =0bh(x), z € [0,1], @)
ee(2,0) = p1(x),  Pe(2,0) =¢1(x), 2 €[0,1],
wi(x,0) =wi(x), 6(—=s)|s>0 =00(s), z€][0,1],
0 (0,8) = (0,t) = w(0,t) = 0,(0,¢£) =0, ¢ €]0,+00), )
o(1,t) = . (1,8) = we(1,) = 0(1,t) =0, ¢t € [0,+00),

where the functions ¢(z,t), ¥(x,t), 3w(x,t) — ¥(x,t), 0(x,t), g(s) denote the trans-
verse displacement of the beam, which departs from its equilibrium position, rotation
angle, effective rotation angle, relative temperature, and the memory kernel, respectively;
w(x,t) is proportional to the amount of slip along the interface at time ¢ and longitudinal
spatial variable x; g(s) is the heat conductivity relaxation kernel, whose properties will
be specified later; (1); describes the dynamics of the slip; p, G, 1,,, D, vy, § are the density
of the beams, shear stiffness, mass moment of inertia, flexural rigidity, adhesive stiffness
of the beams, and adhesive damping parameter, respectively. Moreover, p, G, I,,, D, 6, 7,
«, k, B are positive constant.

Problem (1) is closely related to 1D thermoelastic Timoshenko beam model in the
sense that (1) reduces to the Timoshenko system with Gurtin—Pipkin thermal law [12]
studied by Dell’Oro and Pata [9] if the slip w is assumed to be identically zero. When
there is no thermal effect, problem (1) is called laminated beam. Hansen [13] derived
a model for a two-layered plate in which slip could occur along the interface. Concerned
with the beam analog, with strain-rate damping as in the above described plate model [13,
Eq. (3.16)], the basic evolution equations for the system are given by

pﬁptt+Sz:0, Ip(3w—¢)tt—Mm—S:07

4 4
Tywy — Dwgy + S + ng + gozwt =0,

where S is the shear force, and M is the bending moment. The constitutive equations are
S =G — ), M = D(Bw — 1),. Hansen and Spies [14] derived the mathematical
model for two-layered beams with structural damping due to the interfacial slip, namely,

PPt + G(i/f - Saz)m = Oa
Ip(?’w - w)tt - D(Sw - w)xa: - G(T/J - (,Ow) = 07 (3)

4 4
Ipwtt — Dwgg + G(i/f - (Pm) + g’yw + gawt =0
for (z,t) € (0,1) x (0,+00). Later on, Wang et al. [29] considered system (3) with the
cantilever boundary conditions and two different wave speeds (/G/p and /D/I,), they
pointed out that system (3) can reach the asymptotic stability, but it does not reach the
exponential stability due to the action of the slip w. To achieve the exponential decay
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result, the authors in [29] added an additional boundary control such that the boundary
conditions become

©(0,t) = £(0,t) = w(0,t) =0, we(1,t) =0,
3w(l,t) —&(1,t) — @ (1, ) = ur(t) == k1pe(1,1),
Ex(1,t) = ua(t) := —ka&(1,1),
where £ = 3w — 1, and k; and ks are positive constant feedback gains. Furthermore,

Cao et al. [3] proved the exponential stability for system (3) with following boundary
conditions:

¢(Ovt) - Qpa:(oat) = ul(t) = —]{;14)0,5(0,75) - QO(O’ t)v
S (1,1) — o (1,) = us(t) i= —ka&a(1,£) — £(1,4),

provided k; # +/p/G and ky # +/I,/D. More importantly, the authors proved that the
dominant part of the system is itself exponentially stable.

Concerning a laminated beam with thermoelastic dissipation effective in the bending
moment, we have

p‘ﬂtt"'S:c =0, Ip(3w_¢)tt - M, - 5=0,

4 4
I,wy — Dwgy + S + ng + gawt =0, “4)

k(gt + dz + 5(311} - 1p)ta: = 07

where 0 is the temperature difference, ¢ denotes the heat flux, S = G — ¢s), and
M = D(3w — ), — 66. Derivative of the heat flux term in the formulation of the rate
equation

Tqt + kg + 0, =0 (5)

was introduced independently by Cattaneo [4] and Vernotte [28] with a fixed constant
# > 0 and small 7 > 0. Combining (4) and (5), Apalara [1] considered a laminated beam
with structural damping and second sound

peie + G(b — pz)e =0,
IP(Sw - ¢)tt - D(3w - w)x:c - G("Z) - 90:5) + 40, =0,
4 4
Iywy — Dway + G(Y — g) + zyw + sawy =0, 6)

3 3
ket + dz + (S(SIU - w)tx = 07
Tq +kq+0, =0

for (z,t) € (0,1) x (0,400). The stabilization of system (6) has been analyzed in [1],
where Apalara obtained the well-posedness and uniform stability results depending on
the following stability number:

<1 TkG) <D G) TG§?
Xr = e —_— = — | — .
P I, p pl,
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Mukiawa et al. [23] studied a thermoelastic laminated beam system without structural
damping, but with a finite memory acting on the bending moment and established a gen-
eral and optimal decay estimate. If we assume Gurtin—Pipkin thermal law [12] of heat
conduction

Ba(t) + / 9()6,(t — s)ds = 0, )
0

where ¢ is called the memory kernel, we can obtain equation (1)4. The aim of this paper
is to study the well-posedness and asymptotic stability of a thermoelastic laminated beam
with structural damping and Gurtin—Pipkin thermal law, i.e., (1)—(2). In fact, Cattaneo
law (5) can be reduced as a particular instance of (7), which have been proved in [9]. For
other asymptotic behavior results to laminated beams, we refer the reader to [6,14, 16,21,
29] and the references therein.

For the case of the beams with Gurtin—Pipkin thermal law [12], a large number of
interesting decay results depending on the stability number have been established. Re-
cently, Dell’Oro and Pata [9] considered Timoshenko system with Gurtin—Pipkin thermal
law, i.e., for (z,t) € (0, L) x (0, +00),

p1o1t — K(Pe +1)e =0,
prtt - b'(/)mc + H(‘Pm + w) + 69;6 = 0;

o0

1
p39t - B g(S)ewz(t - 5) ds + 6'(/):‘,9: =0,
0

where p1, K, p2, b, §, p3, B are positive constants. The authors obtained the exponential
stability depending on the stability number

¢ - (m_ﬁ)<m_ﬂ2)_5m52

7\ 90 )\ kb)) g(0)parb
Later on, Dell’Oro [8] considered the thermoelastic Bresse—Gurtin—Pipkin system, i.e.,
for (z,t) € (0, L) x (0,400),

prpee — k(@ + 1 + lw), — kol(w, — lp) =0,
prwee — ko(wy — 19)e + kl(s + 1 +1lw) =0,

30y — k1 /g(s)@mx(t —s)ds + 0y, = 0,
0

and obtained that the system is exponentially stable if and only if

p1 1 p1 P2 1 p6?
(P LENCN . = d k= k.
o (Psk g<o>k1)<k b> OY Y 0

For other related results, we refer the reader to [5, 17-20, 26].
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In this paper, we first prove the well-posedness by using Lumer—Phillips theorem.
And then, by using the perturbed energy method, we establish an exponential stability
result depending on the stability number

v (5w ) (2 -5) o

To overcome the difficulty brought by Gurtin—Pipkin thermal law, we use some appropri-
ated multipliers to construct a Lyapunov functional. For the case x, # 0, we prove the
lack of exponential stability by using Gearhart—Herbst—Priiss—Huang theorem.

The remaining part of this paper is organized as follows. In Section 2, we introduce
some hypotheses and present our main results. In Section 3, we prove the well-posedness
for problem (1)-(2). In Section 4, we establish an exponential decay result to prob-
lem (1)—(2). In Section 5, we prove the lack of exponential stability for problem (1)—(2).
Section 6 is devoted to the conclusion and open problem. Throughout this paper, we use
c to denote a generic positive constant.

2 Preliminaries and main results

In this section, we first introduce some notation and present our hypotheses. Then we give
some lemmas, which will be used in the proof of main results.

To deal with the memory, following [7], we introduce a new auxiliary variable n =
n'(x, s) by (see also [9, 10])

n=n'(z,s) = /G(x,t —o)do, (x,t,8) €[0,1] x [0,00) x RT,
0
which satisfies the boundary conditions n'(1,s) = 0, %(0,s) = 0. Then 6 satisﬁes
ne + ns = 6(t), where n'(z,0) = 0, ¢ € [0,00) and 1°(z,s) = no(s) = [ 6o(0)
s € R*. Assume g(oo) = 0, a change of variable and a formal integration by parts yleld

o0 oo

/g Opz(t —s)ds = —/g’(s)nm(s) ds.
0 0
Now, we denote 11(s) = —g'(s), then [ g(5)0a0(t—s) ds = [;° 11()n22(s) ds. Hence

system (1)—(2) can be written as

PP + G('(/) - QOL)L = 07
I,(3w — ¥)4t — D(Bw — ) pe — G(¢ — ¢z) + 60, =0,

4 4
Ipwtt - Dwxr + G('l/) - SDI) + -yw + soaw = Oa
3 3 (8)

kO; — % O/,u(s)nm(s) ds+ 63w — )tz =

77t+773=9
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for (x,t) € (0,1) x (0, 4+o00) with initial and boundary conditions

o(x,0) = @o(x), ¥(x,0)=1o(x), w(z,0)=wo(x), ze€]l0,1],
0(z,0) = 0g(x), x€][0,1],

Pl 0) = pi(e), 0,0 = va(@), wi(e,0) —wi(e), we 1],
n(z,0) =0, mnolz,s)= [ O(z,0)do, =z €]0,1],
/
©2(0,t) = '@[J(O’ﬂ =w(0,t) = 0,(0,t) = ni(()? s) =0, te [07 +OO)7
(92)

o(1,t) = Yo (1,t) = wa(1,8) = 0(1,t) = ' (1,5) =0, t € [0,+00).
For the memory kernel g, we assume g € C*(RT) N WH1(R*) and

(G1) g is a bounded convex summable function on [0, c0);
(G2) g has atotal mass [ g(s)ds = 1;
(G3) ¢’ is an absolutely continuous function on RT so that

g'(s) <0, ¢"(s)=0,  ¢'(0) =limg'(s) € (—o0,0);

s—0

(G4) There exists a positive constant £ so that, for almost every s > 0,

g"(s) +&9'(s) = 0.

Remark 1. In particular, ;¢ is summable on R* with [ yu(s) ds = g(0). Furthermore,
noting that g(s) has total mass 1, we have [~ su(s)ds = 1.

Next, we introduce the vector function U = (¢, u, 3w — 1, 3v — u, w, v, 6, n)T
with u = ¢ and v = w;. Then system (8)—(9) can be written as

3tU = AU,

(10)
U(z,0) = Up(x) = (g0, ¢1, 3wy — o, 3wy — b1, wo, wi, o, 1m0)",

where A is a linear operator defined by

u
_g(w_@w)w
3v—u
%(311) w)zm + T (/(/)_(pm) - [6 91
AU = v

G 4 4
Ipwxx - 7(1#—@%) - %w - ﬁv

5 Zou(s)nm(s) ds — (30— u),
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We consider the following spaces:

H(0,1) ={n|neH (0,1 ?70—0}
HY0,1) = {n|ne H(0,1): n(1) =0},

H2(0,1) = H*(0,1) N HL(0,1), fi?(o, 1) = H?(0,1) N H(0,1)
and the energy space

H = H0,1) x L2(0,1) x H'(0,1) x L?(0,1) x H}(0,1)
x L*(0,1) x L*(0,1) x M,

where

M = Li(]}{ﬂf[ﬁ((}, 1) = {n ‘Rt — H(0,1) ‘ /M(S)an(s)szs < oo}
0

equrpped with the norm ||¢[|3, = fo s)||¢=(s)||3 ds and inner product (g, V)M =

fo fo ©02(8)(s)dzd. In partrcular, (—ns, Mm = (1/2) fo s)||n=(s)]|3ds
Moreover in light of (G4) on u, we deduce

f/u(s)an(s)Hgds < */ul(S)Hm(S)H;dS- (11)
0 0

Besides, H is the Hilbert space equipped with the norm
2 2
U113, = pllull3 + LolI3v — ull3 + 3L, ]|0l3 + G| (¥ — wa)||, + DI| (3w — ¥)a]|,
1
+4yllwl3 + 3D|lws |3 + K[19]13 + EIIUII%

and the inner product

1

1 1 1
(U,U)y :p/uﬂdx—l—Ip/(Z’w—u)(317—ﬂ)dx—I—SIp/vﬁdx—l—k/Oédx
0 0 0

0

1 1
G [ (¥ —¢a)¥h—@z)da+ D [ (3w — 1), (30 — ¥), dw
/ /i

1

1 1 o'}
1
+4’y/wlbdx+3D/wmﬁ)zdz+E/u /nrﬁmd:cds
0 0 0

0

for U = (¢, u, 3w—1), 3v—u, w, v, 0, n)T and U = (@, @, 30—, 3o—i, v, v, 0, 7)7.

http://www.journals.vu.lt/nonlinear-analysis
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The domain of A is given by

D(A) = {Ue?—t’@eﬁf(o,l), we HN0,1), 3w—1 € H2(0,1),

3v—uc HN0,1), we H*0,1), v H(0,1),

9eH(01),neN/ (s)ds € H2(0,1),

@z(ovt) = wx(lat) = ww(lvt) = ar(ovt) = 7796(0’5) = O}v

where N' = {n € M | ns € M,n(0) = 0}. Clearly, D(A) is dense in H.
The energy associated with problem (8)—(9) is defined by

1 1 1
1
E(t) = 2(p/gpfda:—&—%/(fﬁwt—¢t)2dm+4fy/w2dx

0 0 0
1

+ 31, /wtdm+G/w 0z)? dx+D/3w¢ ¥)*d

—|—3D/w dx+k/92dx %/ )| )Hids). (12)
0

Now, we give our main results in this paper as follows.

Theorem 1. Let Uy € H, then problem (10) admits a unique weak solution U € C(R™; H).
Moreover, if Uy € D(A), then U € C(RT; D(A)) N CHRT;H).

Theorem 2. Assume that xg = 0. Let Uy € H, then there exist positive constants a, b
such that the energy E(t) associated with problem (8)—(9) satisfies

E(t) <ae™®, t>o0. (13)

Theorem 3. Assume that x4 # 0. Let Uy € H, then problem (8)—(9) is not exponentially
stable.

Based on two propositions from [9, Props. 11, 12], we give the full equivalence
between Cattaneo law and Gurtin—Pipkin thermal law.

Theorem 4. [fthe laminated beam with structural damping and Cattaneo law is exponen-
tially stable, then so is the laminated beam with structural damping and Gurtin—Pipkin
thermal law, and vice versa.
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3 Well-posedness: proof of Theorem 1

To obtain the well-posedness, we need to prove that A : D(.A) — # is a maximal mono-
tone operator. To achieve this goal, we need to prove that A is dissipative and Id — A is
surjective.

Using the inner product and integration by parts, we can easily obtain

oo

1
(AU, U)y = _4a/w§ dz + % /u’(s)“nx(s)nzds <0
0 0

forany U € D(A). Hence A is dissipative.
Next, we turn to prove Id — A is surjective, i.e., for any F' = (f1, fo,..., fs) € H,
there exists V' = (v1,va,...,vs) € D(A) satisfying

(Id — AV = F, (14)
that is,
v — vy = fi, v3 — vy = f3, vs — v = [, vs + Osv8 — v7 = fs,
pv2 — GOrppvn — GOpv3 + 3GO,v5 = pfa,
I,v4 + GOyv1 + Guz — DOypv3 — 3Gus + 60,07 = 1, f4,

(Ip + ;la> Ve — Gaz’Ul - G’US + <3G + 4;)’05 - DameS = IﬂfG’ (15)
1 [ee]
kvy — 3 /,u(s)amvg ds + 60,v4 = kf7.
0

From (15); and vg(0) = 0 we have

vy =1 — fi, vy =3 — f3, vg = v5 — fs,
i 16
vg = (1—e *)ur + /eT_ng(T) dr. (16)
0
Inserting (16) into (15);, (15)3, (15)4 and (15)s, we obtain
pv1 — GOpav1 — GOz + 3G v5 = p(f1 + f2),
(I, + G)v3 + GOyv1 — Dyyvs — 3Gus + 60,07 = I,(f3 + fa),
4 4 4
(Ip + 3G + ?'y + ;)Us — GOyv1 — Guz — DOyyvs = Ip(f5 + fo) + gaffn
1 ? (17)
kv — E / (1 - e_s)u(s)é)mw ds + 80,v3
0
1
=kfr+ 3 wu(s) /eT*Scp)‘mfg(T) drds + 0, f5.
0 0

http://www.journals.vu.lt/nonlinear-analysis
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Multiplying (17) by 91, U3, 305, and 7, respectively, and integrating over (0, 1), we can
obtain

1 1 1 1

/pvlfjl dzr — /Gazzvlfn dzr — /G@zvgﬁl dx + /3G6mv5171 dz
0 0 0 0
1
— [t +
0

1

1 1 1 1
/(Ip + G)’Ug’[)g dx —|—/ G@sz)g dx —/Damvgf)g dz —/3G'U5'l~}3 dx +/681’U71~)3 dx
0 0 0 0

1

= /Ipf4173 dJ},

0
1 1 (18)

1 1
/(3],, + 9G + 4y + 4a)vs 05 dz —/36‘895111175 dx —/SGU3'D5 dzx —/3D8M1}5175 dx
0 0

0 0

1 1
= [1.s + s o+ [4afasas,
0

0
1 1
/kvf; dw—l/ﬂ
707 3 7
0 0

/58 favrdz + ;0/1 7/oou(s)/eT_S ez f3(T) desdx+0/1k:f7f)7d:c.

0 0

0\8

1
(1 — e_s)u(s)amw dsdz + /5836113177 dz
0

From (18) we have the following variational formulation:
B((v1,v3,vs,07) ", (01,03, 05, 07) ") = F((1, 03,75, 7)) (19)
for all (@1, 05, 05, 97)T € H(0,1) x HL(0,1) x HL(0,1) x L%(0,1), where

B((v1,vs,vs,v7) ", (01, B3, D5, 07) ")

1 1 1
= /G(—@zvl — v3 + 31)5)(—(91171 — 03 + 3175) dx + /pvlﬂl dz + /IPU31~13 dz
0 0 0
1 1 1 1
+ /(BIP + 4v + 4a)vs0s dx + / kvrvr dz + / DO,v30,03 dx + /3D6zv561175 dx
0 0 0

oo

1 1 1
+ / % (g(O) — /efsu(s) ds) O, 070,07 dx + 6/(39;1)7)173 dx + 6/(811)3)177 dz
0 0 0 0
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and

F((f)l» 537 657 67)T)
1

= / [p(f1 + f2)01 4+ I, (f3 + fa)0s + 3L,(f5 + f6)0s

0
+ 4Oéf51~)5 + 58:,3f3f17 + kf71~)7] dx

+% 0/1 570/%”(5) O/ D fo(7) dr ds da.

Now, we introduce the Hilbert space V. = H(0,1) x H}(0,1) x HL(0,1) x L2(0,1)
equipped with the norm

||(U1,US,U5,U7)H%/
= || — 8av1 — v3 + 3vs[5 + l|v1 13 + 1020313 + [|0zvs]I3 + |0z v7l3.

Then B(-,-) and F(-) are bounded. Furthermore, we obtain that there exists a positive
constant ¢ such that

B((Ul, U3, U5,U7)T7 (v1,v3, V5, U?)T) =2 CH(UMU:’,,Us, U?)Hf/-

Hence B(-, -) is coercive.
As a consequence, by applying Lax—Milgram lemma [24] we can obtain that (18) has
a unique solution (v1, v3, vs, v7)T € V. Then, substituting v1, v3, vs into (16);, we obtain

vy € HI0,1), v €HN0,1), vs€HL0,1).

Using (16), and the method in [30, Prop. 2.2], we have

oo

/M(S)Hazvs(S)H;ds < 29(0)[18av7 3 + 20 fsllas

0

which gives us vg € M. Then from (15); we can obtain Jsvg = v7 — vg + fg € M.
Hence, vg € N. Next, we turn to prove that

U1 Eﬁf(o,l), U3 EHf(Oal)v Us EHE(O’ 1)7 v7 Eﬁi(o,l),
(%vl (0) = 895’[13(1) = 81;115(1) = 814)7(0) =0.

Now, if (3, U5, 97) = (0,0,0) € HL(0,1) x HL(0,1) x L?(0,1), then (19) reduces to

1 1
/G(@xvl —v3 + 3u5)0,01 do = /pvlvl do — /p fi+ fo)orda (20)
0 0

http://www.journals.vu.lt/nonlinear-analysis
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for all 5, € H1(0,1), which implies

GOyov1 = pv1 — GOpu3 + 3GO,vs — p(f1 + f2) € L*(0,1). 21
From the regularity theory for the linear elliptic equations, we obtain v; € H 2(0,1).
Moreover, (20) is also true for any ¢ € C*([0,1]) € HL(0,1) (¢(1) = 0). Thus, we get

1

1 1
/G8I1}18I¢da:+/pv1¢dx—/G@ngcﬁdx—i—/SGam%(bdx
0 0 0

0

1

p(f1+ f2)pdx

o _

for all ¢ € C1([0,1]), (1) = 0. Using (21) and the integration by parts, we have
9:v1(0)9(0) =0, ¢ € C'([0,1]), ¢(1) = 0.
Hence, 9,,v1(0) = 0. In the same way, we get

vs € H2(0,1), w5 € H2(0,1),  vr € H(0,1),
Bwvg(l) = 8;&15(1) = 81’07(0) =0.

From the classical regularity theory for the linear elliptic equations we know that there
exists a unique solution U € D(.A) such that (14) is satisfied. So the operator Id — A is
surjective.

As a consequence, A is a maximal monotone operator. Therefore, we established the
well-posedness result stated in Theorem 1 by using Lumer—Phillips theorem (see [2]).

4 Exponential decay: proof of Theorem 2

In this section, we prove the exponential stability for system (8)—(9) when x4 = 0. It will
be achieved by using the perturbed energy method. Before we prove our result, we need
some useful lemmas.

Lemma 1. Let (o, 9, w, 0) be the solution of problem (8)—(9). Then the energy function
E(t) satisfies

oo

1

d 9 1 2

aE(t) = —4a/wt dz + B/NI(S)’|7730(3)H2C15 <0, t=0. (22)
0 0

Proof. Multiplying (8); by ¢4, (8), by (3w — )¢, (8)3 by 3wy, (8)4 by 6 and integrat-
ing over (0, 1), using integration by parts and the boundary conditions in (9), we can
obtain (22). This completes the proof. O
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Lemma 2. Let (¢,v,w,0) be the solution of (8)—(9). Then the functional Fy(t) =
—(k/9(0)) J5° n(s) fol 0n(s) dz ds satisfies the estimate

];/1 dx—c( 1) 7//(5)“%(5)”2&9
0

+61/ 3wy — (23)
0

forany e; > 0.

Proof. Taking the derivative of F(¢) with respect to ¢, using (8)4, (8)5 and integrating by
parts, we get

oo

/1 )/u(s)/lm(s) dzds + f(o)

1
1

— (3 «(s) dx ds.
g(oo/uo/wwm)xs

Using integration by parts, Poincaré’s inequality [27, Lemma 2.2], and Young’s inequality
with € > 0 and 1 > 0, we infer that

0

2

7#(8)%(8) ds

2

Ons(s) dzds

1 1 o0
_ _g(ko) ,/(s)/en(s) deds < 5/92 da — g/u’(S)Hm(S)H;dS
0 0 0
. 2
1
w(s)n.(s)ds
Bg(0) 0/ 2

[ee) o) 1
1)
<o [ @ Fas s [ uls) [Gu=vpmtsavas
0 0 0

oo

1
<é&r /(3wt —y)? da + i /,u(s)an(s)Hids
0

0

Here we take ¢ = k/2, then we can get (23) by using above inequalities and (11). This
completes the proof. O
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Lemma 3. Let (¢,9,w, 0) be the solution of (8)—(9). Then the functional F5(t) =
(kI,/5) fo (3w — )¢ [ 0(y) dy da satisfies the estimate

1 1 1

I

Ep/?)wt d:r—i—sg/w ©Oz) dx—i—eg/Swz Uy)
0 0 0

—l—c(l—i—E )/92dx—c/u Hnm H2 (24)
2
0

for any g5 > 0.

Proof. Taking the derivative of F5(t) with respect to ¢, using (8),, (8)4 and integrating by
parts, we get

Fy(0) = 1, [~ v do+ 5 [0 - ) [0 ayas
0 0

0

1 1 - .
_ ?/(310 —#J)m@dx—kk/ez dr + %/u(s)/(?)w — 1) ¢na(s) dz ds.
0 0 0 5

Using (11), Young’s and Cauchy—Schwarz inequalities with €5 > 0, we establish esti-
mate (24). O

Lemma 4. Let (v, v, w, 0) be the solution of (8)—(9). Then the functional

Fy(t) = pD/ (3w — ), do — I G/ 3w — ) — ) da
0

1 o0 1
+ka <—)/9<pt <I—)/u /1/1 ©z)Nz(s) dads
0 0 0

satisfies the estimate

1 1
2
Flt) < —%/(¢_¢m)2dx+c/[(3wt—¢t>2+wf] do
0 0

(o}

—C/MI(S)H%(S)HZdS- (25)

0
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Proof. By (8)1, (8)2, (8)4 and integrating by parts, we get

1

1
Fé(t):—G2/(z/J—cpI)2dx—I G/ (3w — ) dx
1
p(s / Y1 (s) deds

(' (s) /(w — 02)Nz(s) dads

Similarly as in [1, Lemma 2.4], using x, = 0, Young’s and Cauchy—Schwarz inequalities,
and the fact that ¢, = —(3w; — ¥) + 3wy, we get (25). O

Lemma 5. Let (p, 1, w,0) be the solution of (8)—~(9). Then the functional Fy(t) =
—p fol wpy dx satisfies the estimate

1 1 1
Fi(t) < —p/tpf dz + &4 /(wa - wx)zdx+e4/widx
0 0 0
. 1
c<1 + > /(u) — ) de (26)
€4
0

forany g4 > 0.

Proof. By differentiating F(t) with respect to ¢, using (8); and integrating by parts, we
obtain

1 1 1
Fi(t) = —p/sofdxm/w—%>2dm—a/w<w—%>dx
0 0 0

Using Young’s and Poincaré’s inequalities, we obtain

1

1 1
Fi(t) < /@td+c<1+ >/1/1 ©x) dx+54/¢idx
0 0 0
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for £4 > 0. Note that

1

1 1
/widx = /(% — 3w, + 3w,)?dzr < 2 /(311& — ) 2dx + 18/w§dx.
0 0

0 0

1

Then estimate (26) is obtained. L]

Lemma 6. Ler (o, ¢, w,8) be the solution of (8)—(9). Then the functional F5(t) =
1, fol (Bw — ¥)(Bw — ) dx satisfies the estimate

D
F5(t) < Y

—

1
(Bw, — ¥y dx—i—Ip/ 3wy —
0

(1 —pg)?dz+ ¢ / 6 da. 27)

O\H -

Proof. Taking the derivative of F(t) with respect to ¢, using (8), and integrating by parts,
we get
1 1

ﬂ@:—D/&M—%Vm+5/@W—me

0 0
1 1
G| (W—p)Bw—9y)dx+0 | (Bw—1),0dx.
o/ 0/

Then, using Poincaré’s and Young’s inequalities, we arrive at (27). O

Lemma 7. Let (p,9,w,0) be the solution of (8)—~(9). Then the functional Fgs(t) =

1 . .
1, fo ww, dx satisfies the estimate

1 1
%/ de—D/w dx—l—c/wtdx—i—c/w <pm xT. (28)
0 0

Proof. By differentiating Fis(t) with respect to ¢, using (8); and integrating by parts, then
use Young’s inequality to obtain (28). This completes the proof. O

Now we define the following Lyapunov functional

L(t) = NE(t) + Ny Fy(t) + NaFy(t) + Ny Fy(t)
+ Fy(t) + F5(t) + Fs(1),

where N, N1, Nao, N3 are positive constants to be selected later. Then we have the lemma
as follows.
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Lemma 8. Ler (p, v, w, ) be the solution of (8)—~(9). For N large enough, there exists a
positive c such that, for any t > 0,

(N — ) B(t) < Z2(t) < (N + ) E(t).

Proof. Using Young’s, Poincaré’s and Cauchy—Schwarz inequalities, and the fact that
(see [22])

1 1 1 1 1
/<p2dx < /gpidx§ 2/(1&—<pac)2das—|—2/(3wgc —wm)2dx+18/widx,
0 0 0 0 0
we can easily obtain that
}f(t) —NE( )]
1 1
<o /cptdx+a2/3wt d$+043/wt2d1'
0 0
1 1 1
+a4/(1/)—goz)2dx+a5/(3wm—1/11)2dx+046/w2dx
0 0 0
1 1 00
—|—a7/wi dx+ag/92dm+ag/u(s)Hnm(s)Hst, (29)
0 0 0

where o; (2 = 1,2, ...,9) are positive constants. It follows from (12) and (29) that there
exists a positive constant ¢ such that |.Z(t) — NE(t)| < cE(t), which completes the
proof. O

Now, we are ready to prove the main result in this section.

Proof of Theorem 2. From (23)—(27) and (28) we can obtain

1 1
1
f’(t) < _p/@tzd.%‘— |:2pN2 —N1€1 —CN3 — p:| / 3’11}75
0

1
- (4ozN—cN3—c)/wt2da:
0

G? /
— |: N3N2€26<1 > 2C:| / d) (pT
0
D 1 1
— (2—N262—54>/3’wm— ?’7/
0 0
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1 1
— (D—a;)/widm— {kNl—cNg(l—i—l) —c] /92dx
2 E2
0 0
1 1 7 , 2
+ BN —cNy 1+ ol ¢Ny —cN3| [ (s)Hnm(s)H2ds
1
0

At this point, we need to choose our constants very carefully. First, we choose €1 =
IpNQ/(4N1), €9 = miH{GzNg/(ZlNQ), D/(8N2)}, &4 = D/8, so that

1 1
I
Z'(t) < —p/go? dz — Lng — cN3 — } / 3w —
0

1 Ny i
+ [ﬁN —cNy (1 + N2> —¢Ny — CN3:| O/,u’(s)Hng;(s)Hz ds. (30)

Then, we select N3 large enough so that (G2/4)N3 — (8/D)c — 3¢ > 0. Next, we select
Ny large enough so that (I,/4)Ny — ¢N3 — I, > 0. Furthermore, we select V; large
enough so that (k/2)N; — c¢Na(1+ 1/e3) — ¢ > 0. Finally, we select N large enough so
that 4aN — ¢N3 — ¢ > 0, (1/8)N — ¢N1(1 + N1/N2) — ¢Na — ¢N3 > 0. Using (12),
we obtain that there exist positive constants M7 and M> such that (30) becomes

L) < —ME(E) + My /MI(S)Hnw(s)Hids < _ME(®), t>0.
0
From Lemma 8 we obtain
(1) < -bL(t), t>0, (31)

where b = M; /(N + c¢). Then, a simple integration of (31) over (0, t) yields
ZL(t) < L0 t>o. (32)

At last, estimate (32) gives exponential stability result (13) when be combined with
Lemma 8. This completes the proof. O
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5 Lack of exponential stability: proof of Theorem 3
Our result is achieved by using Gearhart—-Herbst—Priiss—Huang theorem to dissipative
systems (see Priiss [25] and Huang [15]).

Lemma 9. Let S(t) = et be a Cy-semigroup of contractions on Hilbert space H. Then
S(t) is exponentially stable if and only if

y. _ . — . . -1
p(A) D {ix: AeR} =iR and |/\1\11>noo||(1)\1 A) HL(H) < 00

hold, where p(A) is the resolvent set of the differential operator A.

Proof of Theorem 3. We will prove that there exists a sequence of imaginary number A,
and function F), € H with || F,|l3 < 1 such that |(A\, I — A) " F, |l = ||Uulln — oo,
where

AU, — AU, = F, (33)
with U,, = (v1, v, v3, V4, Us, Vg, U7, ’Ug)T not bounded. Rewriting spectral equation (33)
in term of its components, we have for A, = A,
Ay — V2 = g1, A3 —V4=g3, AUs—Us=(gs, U8+ JsUg— V7= gg,
p>\U2 — Gamvl — G@zvg + 3G8zv5 = pga,
I, vy + GOyv1 + Guz — DOyvz — 3Gus + 60,v7 = 1,94,

4 4
Ip)\Uﬁ — GO,v1 — Gus + <3G + ;)U5 + ?OérUﬁ — DOyyvs = 965

1 oo
k\vy — B /u(s)ﬁmvs(s) ds + 00,v4 = kg7,
0

where A € Rand F = (g1, 92,93, 94, 95, g6, g7, 98) * € H. Take g1 = g3 = g5 = 0, then
the above system becomes

p>\2’l}1 — Gﬁmvl — Gazvg + 3Gaz’U5 = pg2,
Ip/\2v3 + GOzv1 + Gus — DOppv3 — 3Gug + 00,07 = ng4,

4 4
Ip)\21)5 — G@xvl — Gz + <3G + % + ?:)[/\) U5 — Daaca:US = 1pgs6;

o}

1
kXvy — B /u(s)ﬁmvg(s) ds + A60,vs = kgr,
0
Avg + Osvg — V7 = gs.

Due to the boundary conditions in (9), we can suppose that v; = A cos(urz/2), v3 =
Bsin(urz/2), vs = Csin(urz/2), v; = Ecos(pmz/2), vs = ¢(s)cos(umx/2).
Choosing

1 T
92p008<ﬂ299)7 ga =96 =9gr =9z =0,
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then we can obtain
2
[,;AQ + G<“27T> }A - G%”B + SG%TC —1,

2
—G%TA—&- [Ipﬁ +G+D(u27T) }B-:;GC—&“;E —0,

4y 4 2
G%A—GEH [IPA2+3G+;+§‘A+D(‘?) }czo, (34)

NPT B 4 kB + <’”>2 7u(s)¢>(s) ds=0
) 3 / :

& (5) + \o(s) — E = 0,

In the above equations, we take A=\, :=iy/G/pg(pm/2) such that pA? +G(um/2)? =
Solving (34)s, we get

p(s) = ~(L—e™™). (35)

Then substituting (35) into (34)4, we can get

Gé pm
E= e 2

g(0) _ 1
en L L B

s)e~*sds

The combination of (34), and (34); gives
(P _G\(mm\'p
r I, »p 2
4 D
i A —)\+ ¢ C— 5‘” = 0. (36)
3 Ip p 2

Substituting E into (36), we get C' = —A,, /T, B, where

G§?

2 Go?
A_I(f G)(z) T 90 _ kG ﬂp(i
p P N e ol R
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Similarly, substituting C' into (34)3, we get

_ GL A+ ALy +3GA, , GL,+ AL, +3GA,
GET, G2(T, + 34,)(5X)?

A

At this point, we introduce the number v, = 1—(kG/p)(8/¢(0)) and consider separately
two cases.

Case vy = 0. Let u — oo, we get

Bs?

A— — = , B—0,C—0.
PG [y u(s)e=rsds
Case 4 # 0. Let i — 0o, we get
Lxo(£ =)
A— — PL L, b , B—0,C—=0.

G2[(£ — F)vg + 3xy]

Thus,
1 T 2
Uil > 3650 -5+ (M) a] w oo v

This implies that |U, ||y — oo as u — oo. Therefore, there is no exponential stability.
This completes the proof. O

6 Conclusion and open problem

In this paper, we first prove the well-posedness for a laminated beam with Gurtin—Pipkin
thermal law and structural damping. Then we prove that the system is exponentially stable
if and only if that stability number is equal to zero (x, = 0). When the stability number
is not zero (x4 # 0), the problem of whether it is possible to get the polynomial stability
for system (8)—(9) is still an interesting open problem.

Recently, Guesmia [11] considered the stability of the laminated beam with interfacial
slip and infinite memory acting only on the transverse displacement, the rotation angle,
and the amount of slip, respectively. He combined the energy method and the frequency
domain approach to show that the infinite memory is capable alone to guarantee the strong
and polynomial stability of the model, and mentioned also that “when the exponential
stability is not satisfied, obtaining the optimal decay rate of solutions is, in our opinion,
a very nice and hard question”.
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